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The effects of finite macroscopic velocities on axisymmetric ideal equilibria are examined using
the two-fluid (ions and electrons) model. A new equilibrium solver, the code FLOW2, is introduced
for the two-fluid model and used to investigate the importance of various flow patterns on the equi-
librium of tight aspect ratio (NSTX) and regular tokamak (DIII-D) configurations. Several
improvements to the understanding and calculation of two-fluid equilibria are presented, including
an analytical and numerical proof of the single-fluid and static limits of the two-fluid model, a dis-
cussion of boundary conditions, a user-friendly free-function formulation, and the explicit evalua-
tion of velocity components normal to magnetic surfaces. VC 2015 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4929854]

I. INTRODUCTION

Toroidal axisymmetric systems, such as tokamaks, are
currently the main candidates for demonstrating a burning
plasma in the laboratory. One of the cornerstones of our
understanding of tokamak behavior is the study of their equi-
librium properties. Based on experimental and theoretical
results, it has been observed that macroscopic plasma rota-
tion plays an important role in determining the behavior of
the plasma. Equilibria of rotating plasmas have mostly been
studied using single-fluid magnetohydrodynamic (MHD)
models, see, e.g., Refs. 1–5. More recently, several authors
have included the modification that will occur to the equilib-
rium if ions and electrons are described as two different flu-
ids, instead of being considered as a single entity, see, e.g.,
Refs. 6–11. This line of research has been focused on axi-
symmetric plasmas.

The two-fluid model allows to differentiate the fluid
properties of ions and electrons, in particular pressures,
velocities, and in principle densities (even though the simpli-
fying quasi-neutrality assumption neglects this effect). Since
electron inertia is negligible with respect to ion inertia,
plasma macroscopic mass flow is determined by ion veloc-
ities. An effect of this fact is that, contrary to the MHD case,
plasma flow will be on surfaces that are not magnetic flux
surfaces. As a consequence, there will in general be a finite
plasma normal velocity to any magnetic surface, a fact which
is not allowed in MHD theory. An additional fact worth
mentioning (even though it is not further examined in this
work) is that, contrary to MHD theory, two-fluid theory
allows to distinguish how much current is separately carried
by ions and electrons.12

The study of axisymmetric two-fluid equilibrium was pi-
oneered by Steinhauer,6 who first expressed the equilibrium
problem in a differential form similar to the one used in this
paper. A variational formulation was considered by
Goedbloed8 and Hameiri and coworkers.10,13,14 Steinhauer

was also the first author to highlight that a two-fluid equilib-
rium is a perturbation of a single-fluid one.7 The same
approach was later considered by Hameiri.10 Remarkably,
the problem of formally expressing the MHD equilibrium
problem as a limit of the two-fluid one was not solved until
recently.10 Numerical solutions of the equilibrium problem
are a challenging problem: the only code that implements a
two-fluid equilibrium numerical solution is the one presented
in Ref. 15. Applications to equilibrium reconstruction have
been proposed,12 but have not yet become a standard practice
in tokamak research.

In the present work, we continue this latest line of
research and introduce the numerical code FLOW2 for the
solution of the two-fluid equilibrium problem. The code will
be made freely available to the community, with the purpose
of allowing other researchers to explore two-fluid effects on
tokamak physics. For this reason, much emphasis is put on
the flexibility of the code and its input and on the ease of
use. Several sample applications are presented, both to stand-
ard aspect ratio tokamaks and to spherical tokamaks, to illus-
trate the properties of the system. The main innovations in
our implementation and results are as follows. The code
input is formulated in terms of “quasi-physical” free func-
tions, which allow for an intuitive and user-friendly inter-
face. It is proven that FLOW2 reproduces the analytical
limits described below, emphasizing that the code is capable
to handle a wide range of input conditions. The issue of
boundary conditions is critically analyzed, and an original
formulation of boundary conditions is implemented.
Equilibria in regimes other than the traditional slow-poloidal
flow one are calculated. Applications to both spherical toka-
mak and standard tokamak configurations are presented.

The paper is organized as follows. In Section II, the
equilibrium equations are briefly derived. In Section III, the
MHD (single-fluid) limit is examined, in conjunction with
the definition of the input free functions, which is done paral-
leling the MHD definition. In Section V, details are provided
on the approach for the numerical solution of the problem. In
Section VI, spherical torus examples, with special reference
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to the national spherical torus NSTX, are shown. In Section
VII, applications to standard aspect ratio tokamaks, in partic-
ular DIII-D, are shown. In Section VIII, a class of equilibria
with high poloidal rotation is explored. In Section IX, possi-
ble effects of two-fluid physics on macroscopic tokamak sta-
bility are discussed. Finally, the results of the paper are
summarized in Section X.

II. EQUATIONS

In this section, we briefly review the two-fluid equilib-
rium formulation. The two-fluid system of equations in the
approximation described in this paper has been obtained by a
number of authors, see, e.g., Refs. 6, 8, 16, 9, and 10. No
matter the details of the derivation, all models start from the
ideal two-fluid equilibrium equations, complemented by the
low-frequency Maxwell equations

r ! ðnjujÞ ¼ 0; (1)

mjnjuj !ruj þrpj ¼ &mjnjrKþ qjnjðEþ uj ' BÞ; (2)

r ! E ¼ 1

!0

X
njqj ’ 0ð Þ; (3)

r' E ¼ 0; (4)

r ! B ¼ 0; (5)

where all symbols have their usual meaning (nj ¼ species
number density, uj ¼ species fluid velocity, mj ¼ species
mass, pj ¼ species pressure, qj ¼ species charge, E ¼ elec-
tric field, B ¼ magnetic field, !0 ¼ permittivity of free space,
and j is the species label), with K being the gravitational
potential, which will not be used in the applications
described in this paper, but can be included in the derivation
without any additional complication. It is also necessary to
express the plasma current as

J ¼ 1

l0

r' B ¼
X

njqjuj; (6)

where l0 is the magnetic permeability of vacuum. From Eq.
(4), it is also E ¼ rU. Moreover, an expression for enthalpy
and a closure are needed for each species. As closures, we
assume the existence of two conserved quantities (one per
species) along the fluid motions

ui;e !rSi;e ¼ 0; (7)

where Si;e are functions of pressures and densities. We work
in cylindrical coordinates ðR;u; ZÞ and assume axisymmetry,
@
@u ¼ 0.

For the derivation of the equilibrium system, we define

B ¼ rw'ruþ F(ru F( ¼ F(ðR; ZÞ ¼ RBu; (8)

where the F( notation is used to emphasize that, contrary to
the classical Grad-Shafranov (GS) case, BuR is not a flux
function. From Eqs. (1) and (6), we write

njuj ¼ rCj 'ruþ Gjru; (9)

& 1

l0

D(wruþ 1

l0

rF( 'ru

¼
X

qjGjruþ
X

qjrCj 'ru; (10)

where D(w ) R2r ! ½ðrwÞ=ðR2Þ+. Eq. (9) holds because of
axisymmetry; the quantities Cj and Gj will be defined shortly,
after their physical meaning becomes clear. It is expedient to
use the curl of the “extended” momentum Pj (the
“generalized vorticity” of Ref. 10)

Kj ) r' Pj ¼ r' ðmjuj þ qjAÞ; (11a)

where A is the vector potential. Straightforward algebra
gives

Kj ¼ qj F( &
mj

qj
D(nj

Cj

! "
ruþrWj 'ru

# $
: (11b)

In Eq. (11b), D(nj
Cj ) R2r ! ½ðrCjÞðnjR2Þ+ and

Wj ) wþ
mjGj

qjnj
; (12)

which serves as a definition of Gj. Using the fact that Sj

¼ SjðWjÞ due to Eq. (7), and writing

r mj

u2
j

2
þ mj

cj

cj & 1
Sjn

cj&1 þ mjK& qjU

" #

) rHj; (13)

after some more straightforward algebra, we obtain the final
form of the momentum equations

rHj & mj

n
cj&1

j

cj & 1

dSj

dWj
rWj ¼ uj ' Kj; (14)

where cj is the polytropic index of each species (the isother-
mal closure is recovered taking the limit cj ! 1), and
explicit expressions for species enthalpies have been intro-
duced. The ru; Kj and rWj components of Eq. (14) give,
respectively,

Cj ¼ CjðWjÞ; (15)

Hj ¼ HjðWjÞ; (16)

mjr !
/j

nj

rWj

R2

 !

/j & qj
F(

R2
/j þ

qjGj

R2

¼ nj
dHj

dWj
& mj

n
cj&1

j

cj & 1

dSj

dWj

 !

; (17)

where /jðWjÞ ) C0jðWjÞ (not to be confused with U, intro-
duced earlier to denote the electric potential).

We complete the derivation by introducing two standard
assumptions: (1) we neglect electron inertia, and (2) we
assume quasi-neutrality. By taking the limit of large plasma
parameters, two-fluid effects related to finite Debye
length8,17 are neglected in this paper, as is common practice
in two-fluid equilibrium theory. Setting for convenience
ne ¼ ni ) n; Wi ) W; We ¼ w [setting me¼ 0 in Eq. (12)],
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summing over the two species the Kj components of the mo-
mentum equations and after some straightforward algebra,
we obtain the expression for the electric field

E ¼ &rpe

en
& v' Bþr' B' B

el0n
; (18)

and the summary of the equilibrium equations

v ¼ ui ¼
1

n
/rW'ruþ Giruð Þ

¼ /
n
rW'ruþ e

mi
W& wð Þru; (19)

F( ¼ BuR ¼ l0eðCi & CeÞ þ F0; (20)

v2

2
þ ci

ci & 1
Sin

ci&1 þ ce

ce & 1
Sence&1 þ K

¼ 1

mj
Hi Wð Þ þ He wð Þ
% &

; (21)

/mir !
/
n

rW
R2

! "
& e

/F(

R2
þ e2n

miR2
W& wð Þ

¼ n
dHi

dW
& mj

nci&1

ci & 1

dSi

dW

 !

; (22)

D(wþ e2l0n

mi
W& wð Þ þ el0F(/e

¼ &l0R2n
dHe

dw
& mj

nce&1

ce & 1

dSe

dw

 !

: (23)

The definitions

/ ) dCi

dW
; /e )

dCe

dw
; (24)

have been used. In the following, we will use the fact that
vu / dw ¼ W& w, as seen from Eq. (19), often. In order to
solve the system of equations (21)–(23), it is necessary to
assign the free functions CiðWÞ; CeðwÞ; HiðWÞ; HeðwÞ;
SiðWÞ; SeðwÞ. This is a delicate task, since there is in princi-
ple no guarantee that an equilibrium will exist for an arbi-
trary set of input free functions (indeed, direct experience
shows that the opposite is much more likely to be true). It is
not entirely clear at this stage what makes the choice of input
functions for the two-fluid system more challenging than for
the single-fluid equilibrium with flow problem and much
more so than for the static equilibrium case. One may con-
jecture that the added physics more strongly constrains the
input by limiting the space of self-consistent input combina-
tions. On the other hand, since the relaxation method used
for the solution (see Section V) resembles a time-dependent
evolution, one may also conjecture that the lack of conver-
gence indicates the presence of strong instabilities in the sys-
tem, rather than its lack of equilibrium. The investigation of
this issue is postponed to future work. The approach fol-
lowed in the implementation of FLOW2 and for the remain-
der of this work is to assign a set of “intuitive” or “quasi-
physical” functions18 in a fashion similar to what is done for

the code FLOW.5 It is convenient to do this starting from the
derivation of the MHD limit of the two-fluid system of equi-
librium equation, which gives useful guidance on the way to
assign the input. This is carried out in Secs. III and IV.

III. THE MHD LIMIT

The MHD reduction of the two-fluid equilibrium
formulation was an open problem for several years, see,
e.g., Ref. 7 and was only recently solved by Hameiri.10

Here, we briefly sketch a derivation formally different from
Hameiri’s variational one, even if equivalent to it. The
MHD limit is recovered from the two-fluid model by taking
the limit dw ¼ W& w! 0 or equivalently the vanishing ion
skin depth limit7

di ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

mi

ne2l0

r
! 0: (25)

The crucial element of the derivation is in the definition of
Bernoulli functions, Eq. (13). The largest term on the left-
hand side of Eq. (13) is the electric potential U. As stated by
Hameiri, if qi¼ 1, HeðwÞ and HiðWÞ are to lowest order (in a
di expansion) the same function up to a sign. When calculat-
ing the single-fluid MHD limit, all terms of order dw )
W& w can be ignored, except the terms multiplying the elec-
tric field. Notice that

U ¼ USFðwÞ þ UTF; (26)

with UTF , USF, where the subscripts refer to the single-
and two-fluid parts. From single-fluid theory1

X wð Þ ¼ dUSF wð Þ
dw

: (27)

We first recover the MHD expression for the toroidal
field, by following Ref. 7. In order to satisfy the requirement
that Bu be of order 1 (in terms of the expansion parameters
dw or ion skin depth), it is useful to define

CiðWÞ ¼
ðW

0

/ðxÞdx; (28)

Ce wð Þ ¼
ðw

0

/ xð Þdx& F wð Þ
el0

; (29)

where the second term in Eq. (29) is one order smaller than
the first one. Notice that (obviously) /ðxÞ is the same /ðxÞ
defined by Eq. (24). We absorb the F0 constant of Eq. (20) in
Ce and write

CiðWÞ ’
ðw

0

/ðxÞdxþ /ðwÞdw: (30)

To complete the derivation of the lowest order expression
for Bu, we also need the lowest order toroidal velocity,
which with the notation of the present document is written as

vu ’
/ wð ÞF(

nR
þ RX wð Þ: (31)
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This is easily recovered from the lowest-order part of
Faraday’s þ Ohm’s laws. Using Eqs. (28)–(30), accompa-
nied by Eq. (31) in Eq. (10), the MHD expression for the to-
roidal field is also consistently and trivially recovered

BuR ¼ F wð Þ þ l0miR2/ wð ÞX wð Þ
1&M2

Ap

; (32)

where

M2
Ap ¼ l0mi

/2

n

jrWj2

jrwj2
: (33)

(observe that the function / has the same meaning in the
present paper and in MHD equilibrium formulations, e.g., in
Refs. 5 and 1, but different physical dimensions).

Next, we consider the Bernoulli equation, Eq. (21).
Direct substitution using obvious definitions (e.g.,
c ¼ ce ¼ ci; S ¼ Se þ Si) gives

mi
v2

2
þ c

c& 1
Snc&1 þ miK ¼ He wð Þ þ Hi wð Þ þ dHi

dw
dw;

(34)

which using Eqs. (12), (26), and (27) reduces to the single-
fluid limit

mi
v2

2
þ c

c& 1
Snc&1 þ miK& miRXvu ¼ H wð Þ: (35)

For the Grad-Shafranov equation, summing Eqs. (22)
and (23) divided by ð&l0R2Þ leads to

r ! 1

R2
rw& l0/

2mi

n
rW

! "# $zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{‹

þ el0F( /& /eð Þ
R2

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{›

þ l0mi
//0

nR2
jrWj2

zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{fi

¼ l0n

 
dHi Wð Þ

dW
þ dHe wð Þ

dw

zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{fl

& nci&1

ci & 1

dSi

dW
& nce&1

ce & 1

dSe

dw

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{! !

: (36)

Simply replacing W! w and defining Ci þ Ce ¼ C for ev-
ery function C gives most of the correct terms by inspection.
Term ‹ reduces to

‹ ¼ r ! 1&M2
Ap

* +rw
R2

# $
: (37)

Terms fi and ! are also trivial, giving

fi ¼ mil0vp ! B
d/
dw

and n! ¼ nc

c& 1

dS

dw
; (38)

(up to some difference in notation). Term › requires some
work and was correctly expressed by Steinhauer in Ref. 7.
Using the results of Eq. (32), we can express term › using
the definitions Eqs. (24), (28), and (29)

/ Wð Þ ¼ dCi Wð Þ
dW

¼ @Ci wð Þ
@w

þ @
2Ci wð Þ
@w2

dw

¼ / wð Þ þ /0 wð Þdw; (39)

/e wð Þ ¼ dCe wð Þ
dw

¼ / wð Þ & F0 wð Þ
el0

: (40)

Substitution into › gives

› ¼ Bu

R

dF

dw
þ mil0Buvu

d/
dw

: (41)

Combining the terms derived so far, all terms in Eq. (19a) of
Ref. 5 are recovered, except the term involving HðwÞ and the
term involving nRX0ðwÞvu. We finally focus on the terms

n
dHi Wð Þ

dW
þ dHe wð Þ

dw

" #

; (42)

in the right-hand side. Using the same procedure as in
Bernoulli equation leads to the following:

dHi Wð Þ
dW

¼ dHi Wð Þ
dw

þ d2Hi Wð Þ
dw2

dw

¼ dHi Wð Þ
dw

þ miR
dX wð Þ

dw
vu; (43)

the last term of which is exactly the term apparently missing
in the combination of Eqs. (22) and (23). Defining (to lowest
order, which is the only order needed)

HðwÞ ¼ HeðwÞ þ HiðWÞ ¼ HeðwÞ þ HiðwÞ; (44)

completes the derivation. The derivation of the single-fluid
limit is useful for drawing a parallel between the two- and
single-fluid systems and expressing the input free functions
through a different set of free functions, which we call
“intuitive” or “quasi-physical” in a way similar to what is
done in Refs. 18 and 5 for the single fluid system. This is
done in Sec. IV.

IV. THE INTUITIVE SET OF INPUT FREE FUNCTIONS

We assign the six input free functions [CiðWÞ;
CeðwÞ; HiðWÞ; HeðwÞ; SiðWÞ; SeðwÞ] using quasi-physical
free functions as is done for the single-fluid case.5 Free func-
tions are written starting from Bernoulli equation Eq. (21),
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which was defined with dimensions of ½mass' velocity2+
and not ½velocity2+ as in FLOW. This explains the ion masses
appearing in the definitions. Looking at Eq. (32), we can
immediately write

FðwÞ ¼ R0B0ðwÞ: (45)

In order to be able to recover the FLOW expressions of the
free functions in the one-fluid limit, it is necessary to define
a “sound speed” free function as

C2
s xð Þ ¼

ciPi xð Þ þ cePe xð Þ
miDTF xð Þ

: (46)

For clarity, we indicate the two-fluid equivalent of FLOW’s
DðwÞ with DTF, since the latter has the dimensions of a num-
ber density, while the former has the dimensions of a mass
density (we drop the subscript where there is no ambiguity).
Based on Eq. (19), we can write /ðxÞ as is done in Ref. 5 for
/FLOWðwÞ

/ xð Þ ¼
1
ffiffiffiffiffi
mi
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ciPi xð Þ þ cePe xð Þ½ +DTF xð Þ

p Mh xð Þ
B0 xð Þ

: (47)

For XðxÞ, we can use the result of Eq. (27), which states that
XTWO FLUIDS ¼ XFLOW

X xð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ciPi xð Þ þ cePe xð Þ

DTF xð Þ

s
Mu xð Þ &Mh xð Þ

R0
: (48)

Entropies have trivial expressions

Sj xð Þ ¼
Pj xð Þ

mi DTF xð Þ½ +cj
: (49)

For HjðxÞ, we need (1) the single-fluid electric potential

UðwÞ ¼
ðw

0

XðxÞdx; (50)

where XðxÞ is given by Eq. (48), and (2) an additional term
related to ion pressure, the meaning of which will become
clear later

UP Wð Þ ¼ 1

e

ðW

0

1

DTF xð Þ
dPi xð Þ

dx
dx: (51)

This allows us to write the Bernoulli functions

Hi Wð Þ ¼ ciPi Wð Þ þ cePe Wð Þ
DTF Wð Þ

Mh Wð ÞMu Wð Þ &
M2

u Wð Þ
2

# $

þ ci

ci & 1

Pi Wð Þ
DTF Wð Þ

þ
ðW

0

eX xð Þ &
1

DTF xð Þ
dPi xð Þ

dx

# $
dx;

(52)

and

He wð Þ ¼ ce

ce & 1

Pe wð Þ
DTF wð Þ

&
ðw

0

eX xð Þ &
1

DTF xð Þ
dPi xð Þ

dx

# $
dx:

(53)

Observe that if X is an angular frequency as in FLOW, there
is no mass in front of the X terms in Hj. There is a subtlety in
the definition of Eq. (52) that is worth pointing out. In short,
it is necessary to define Eq. (52) as written in order to
recover the MHD expression for the free functions, and not
only for the equilibrium equations. The practical approach is
to start from the one-fluid expression of the LHS of the
Bernoulli equation, subtract the electron pressure, define the
0th order Hi, and then add back the electric field piece.
Another way to look at it is that the 0th order piece of the
electric field term should also enter independently to define
Hi. Notice that we have set the gravitational potential K to 0
in order to more closely parallel the expressions in Ref. 5. In
the expressions above, the free functions DTFðxÞ; PiðxÞ;
PiðxÞ; MhðxÞ; MuðxÞ, and B0ðxÞ are the new input free func-
tions. The definitions of the free functions are summarized in
Table I. The user-friendly, intuitive input free functions used
in the definitions above are two quasi-pressures, PiðxÞ and
PeðxÞ, the quasi-toroidal magnetic field B0ðxÞ, the quasi- to-
roidal and poloidal Mach numbers MhðxÞ and MuðxÞ, and
the quasi-number density D½TF+ðxÞ. In the definitions above,
“x” can be either w or W and the word “quasi” refers to the
fact that each physical quantity in the calculated equilibrium
will be similar to the corresponding input free function and
in fact reduce to it in the static cylindrical limit. In FLOW,
the argument of every free function is normalized to the
maximum value of w in the system, so that the numerical
value of the independent variables in free function defini-
tions is always between 0 and 1. The same approach is used
in FLOW2. Since several free functions are used as functions
of either w or W, arguments are normalized to the largest of
the two (typically W for the runs in the present work).

Before proceeding with the details of the implementa-
tion and results of equilibrium calculations, it is appropriate
to close the discussion of the MHD limit of the two-fluid sys-
tem with a numerical verification of the analytical result.
This is done by running a series of realistic DIII-D (Refs. 19
and 20) like equilibria. Each equilibrium in the series is run
in both single- and two-fluid descriptions. Each equilibrium

TABLE I. Summary of free-function definitions in FLOW form.

Function Definition

FðwÞ R0B0ðwÞ
/ðxÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ciPiðxÞ þ cePeðxÞ+DðxÞ
mi

s
MhðxÞ
B0ðxÞ

XðxÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ciPiðxÞ þ cePeðxÞ

miDðxÞ

s
MuðxÞ &MhðxÞ

R0

HiðWÞ ciPiðWÞ þ cePeðWÞ
DðWÞ MhðWÞMuðWÞ &

M2
uðWÞ
2

# $

þ ci

ci & 1

PiðWÞ
DðWÞ

þ
ðW

0

eXðxÞ & 1

DðxÞ
dPiðxÞ

dx

# $
dx

HeðwÞ ce

ce & 1

PeðwÞ
DðwÞ

&
ðw

0

eXðxÞ & 1

DðxÞ
dPiðxÞ

dx

# $
dx

SjðxÞ PjðxÞ
mi½DðxÞ+cj
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in the series has the same input free functions, except for the
free function D½TF+ controlling the density, which is increased
by a factor of 10 going from one equilibrium to the next. As
shown by Equation (25), a 10-fold increase in density corre-
sponds to a reduction of the ion skin depth di by a factor offfiffiffiffiffi

10
p

. Numerical results are shown in Fig. 1.
Figure 1(a) shows the relative difference between

W and w for two-fluid equilibria with five different input
densities. Results are normalized to the single-fluid local val-
ues of w; the single-fluid equilibrium is also recomputed for
each level of density for consistency, even though changing
the input “quasi-density” free function does not modify the
equilibrium. Results are shown in logarithmic scale with a
line cut along the midplane. As expected, the difference
decreases for increasing density. Moreover, the decrease is
approximately one order of magnitude for each two orders of
magnitude increase of the density, as expected from Eq.
(25). The higher difference at the edge is due in part to the
fact that edge values are close to 0 and in part to boundary
condition issues, to which we will come back in Section V.
Next, Fig. 1(b) shows a similar plot, but for the difference
between the “magnetic” w in the two- and single-fluid case.
Results are similar to the ones shown in Fig. 1(a): error
decreases with increasing density. Since in this case the dif-
ference changes sign in the plasma, the plot uses a linear
scale. The larger relative error at the edge is due to boundary
condition issues. Also, since w (both single- and two-fluid)
approaches 0 at the edge, the relative error appears large for
numerical reasons, even though the actual difference is
small.

In summary, in this section, it was shown that (1) ideal
MHD is the single-fluid limit of the two-fluid system consid-
ered in this work and (2) the equilibrium results obtained by
the numerical code FLOW2 approach single-fluid equilib-
rium results in the appropriate limit. This result also consti-
tutes a solid benchmark for FLOW2. Details about the code
are given in Sec. V.

V. NUMERICAL SOLUTION

The numerical implementation of FLOW2 is based on
the SOR (successive over-relaxation) multi-grid, red-black
algorithm used in FLOW. A Cartesian grid in cylindrical
coordinates ðR;u; ZÞ is used (u is the ignorable coordinate).

Equations (21)–(23) are solved iteratively one at a time.
Some manipulations are done to improve the convergence
and numerical properties of the system. It is known that not
all terms in Eqs. (22) and (23) are formally of the same
order.6,7,10 In particular, terms containing the difference
between W and w are the product of a large term and a small
one and may create issues in the numerical solution. The
approach that was found to be successful requires the follow-
ing steps:

(1) Solve the sum of Eqs. (22) and (23), i.e., Eq. (36), for w
(this eliminates all formally large terms).

(2) Solve Eq. (22) for vu, i.e., dw ¼ ðW& wÞ instead of W
(see Ref. 15).

(3) Solve Eq. (21) for n after obtaining vu from Eq. (22)
(densities inside the differential operator are evaluated
using the previous iteration, so that the equation remains
algebraic); this makes the Bernoulli equation like the one
in the single-fluid case.

Differently from Refs. 15 and 12, we do not use an ana-
lytic solution for n and adopt the same bracketing and solu-
tion search approach used in FLOW. This is done because
Eq. (21) in general has more than one solution. The approach
in Refs. 15 and 12 corresponds to always choosing the same
(“heaviest”) solution. Steps 1–3 above are repeated on each
grid until convergence, defined by a required reduction of
the global error in each of the differential equations. After
convergence the code proceeds to the next, finer grid. The
initial guess for the first grid is given by the converged MHD
solution on the same grid and with the same input free func-
tions. The variables w and n are initialized from the MHD
ones, while W is initialized from vu.

The input free functions DTFðxÞ; PiðxÞ; PeðxÞ;
MhðxÞ; MuðxÞ; and B0ðxÞ can have any desired shape. Some
default polynomial shapes are implemented, but in practice it
is usually more convenient to assign the input through nu-
merical tables (arguments are normalized to the largest of
the maximum values of w and W). As already mentioned, in
general, there is no guarantee that an equilibrium will be
found for any given set of free functions. Indeed, the input is
much more “delicate” than its one-fluid equivalent: if it is
relatively easy to find a functioning input for FLOW, the
task is quite more challenging for FLOW2. Part of the issue
is related to the boundary conditions.

FIG. 1. Comparison between single- and two-fluid equilibrium. (a) Relative difference between W and w in a two-fluid equilibrium shown in log scale as a
line cut along the midplane. Differences are normalized to the single-fluid values of w for five different densities. (b) Relative difference between single- and
two-fluid values of w shown in linear scale as a line cut along the midplane. Differences are normalized to the single-fluid values of w for five different den-
sities. Same colors correspond to the same equilibrium in the two panes of the figure.
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Plasma boundary in FLOW2 is defined in the same way
as in (the current version of) FLOW. Some default analytical
shapes are implemented, and tabulated values for the bound-
ary shape are also allowed. Therefore, any desired shape can
be assigned for the boundary. Since the grid is Cartesian,
boundary w values are assigned in FLOW using linear inter-
polations: values just outside the boundary are determined so
that the value of w at the intersection between the boundary
curve and the normal to the boundary through the external
point is equal to the required value, typically w ¼ 0, even
though in principle it is not necessary to assign the boundary
conditions on a magnetic surface (this property has been
used in the past for calculating free-boundary equilibria).

The same approach is used in FLOW2, but with an im-
portant modification regarding W. For simplicity, in the pres-
ent work, we will assume that the plasma boundary
corresponds to a magnetic surface (the last closed flux surface,
LCFS), where we set w ¼ 0 for convenience. However, in
general, there is no reason why the LCFS should also be a sur-
face of constant W. As expressed in Eq. (12), on a magnetic
surface the value of W will vary due to the fact that the toroi-
dal velocity is varying. If the plasma density at the edge was
known, one could obtain a self-consistent boundary condition
by assigning vu on the boundary, which is typically finite in
experiments, using Eq. (19). On the other hand, still using Eq.
(19), one may want to also, or instead, assign the poloidal ve-
locity on the boundary, and thus the gradient of W rather than
its value. Ideally, it could be desirable to assign both toroidal
and poloidal velocity, but this is not allowed by the elliptic
characteristic of the problem (unless the poloidal flow van-
ishes). All the results contained in this work are obtained in
the elliptic region of the system given by Eqs. (19)–(22). The
issue of ellipticity of the equilibrium equations with flow is
discussed in Refs. 21 and 22. Coming back to boundary condi-
tions, the approach that was implemented is the following. An
approximate toroidal velocity is determined by using the
MHD expression Eq. (31) and edge values for free functions
instead of the corresponding physical quantities (e.g., DTFð0Þ
instead of n). Since the first term in Eq. (31) is proportional
to the plasma sound speed, which is small at the edge in the
equilibria considered in the remainder of this paper, in prac-
tice one only needs to assign Xedge ’ Xð0Þ. Setting vu

¼ vðMHDÞ
u at the edge, i.e., Xedge ¼ Xð0Þ is in general suffi-

cient to obtain converged equilibria, but an accurate solution
requires an iterative approach, in which the correct boundary
condition is part of the solution of the problem.

The issue should not be underestimated. This is high-
lighted in Fig. 2, which shows results obtained for a DIII-D
like equilibrium with an arbitrary boundary condition for W,
intentionally set to a value not consistent with the input. In
the run, Xedge ¼ 3' 105 instead of the free-function value
Xð0Þ ¼ &4:4' 103; we indicate this run as “p300 k.”
Similar runs with other, positive or negative, large values of
Xedge were computed, with similar results. Figure 2(a) shows
the poloidal velocity profile along the midplane (on the mid-
plane, Vp ¼ Vz) for the maximum resolution used in the runs,
512 ' 512 points. The velocity peak on the last grid point
before the boundary is highlighted with a red circle. A simi-
lar peak for Vp is found in every boundary point in the grid.
Figure 2(b) shows the height of the peak in the outboard mid-
plane for different grid resolutions, showing an increase of
the peak height with increasing resolution. The code will not
converge with higher resolutions, because the poloidal veloc-
ity at the edge (proportional to rW and thus related to rvu)
becomes so large that a solution of the Bernoulli equation
cannot be found.

After concluding the discussion of formulation and code
implementation, we proceed with some numerical results.

VI. NSTX EQUILIBRIA

In the present section, the code FLOW2 is applied to
NSTX23 equilibrium calculations. Since high toroidal veloc-
ities are routinely obtained in NSTX and the difference
between w and W is proportional to the toroidal velocity,
NSTX plasma is an excellent test bed for verifying the im-
portance of two-fluid effects. Several equilibria with differ-
ent inputs were calculated and only a selected subset is
shown in the present work. The starting point for our calcula-
tions is an EFIT24 static single-fluid reconstruction for shot
138146. FLOW2 implementation allows arbitrary input as
numerical tables for any input free function, so the free func-
tions B0 and all quasi-pressure are entered as numerical
tables. Single-fluid quasi-pressure is divided between ions
and electrons. To prove the versatility of the implementation,
the pressure is divided unevenly, with a larger fraction being
assigned to the electrons at the edge and to the ions in the
core. Toroidal frequency is extracted from experimental
measurements and entered as input in the calculations also as
a numerical table. Since the purpose of the present work is to
show the capabilities of the new code FLOW2, we start by
considering the effect of finite rotation at the plasma edge.
This is highlighted in Fig. 3. The figure was obtained from a

FIG. 2. (a) Poloidal velocity along the
midplane for a “p300 k” BC and a reso-
lution of 512' 512 points. Unphysical
edge peaks in poloidal velocity are
circled in red. (b) Poloidal velocity edge
peak value on the outer midplane as a
function of resolution. The code does not
converge for finer grids.
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numerical equilibrium with 256 grid points in each direction.
An adiabatic closure is used for both ions and electrons. A
few magnetic surfaces (w¼ const.) and flow surfaces
(W¼ const.) inside the plasma are shown, in black and blue,
respectively. For the purpose of illustration, surfaces that are
tangential in the outer midplane are plotted, showing the dif-
ference between the two sets of surfaces anywhere else in
the plasma. A “special” flow surface is shown in red: this
surface crosses the plasma boundary (assigned from input).
Thus, if the plasma is surrounded by a conforming wall, all
plasma between the outmost blue (W) surface and the out-
most black (w) surface will stream directly into the wall. If
we assume that the plasma streaming into the wall is
absorbed or neutralized, there will be no plasma between the
outmost blue and black curves, so the actual plasma bound-
ary will be the outmost blue curve and not the outmost mag-
netic surface. If instead there is an X-point with an open-
field-line vacuum region outside the w ¼ 0 curve and the
edge toroidal velocity is finite, it is not obvious what consti-
tutes the plasma edge, as outer “flow” surfaces will cross the
LCFS and be in part in the closed-field-line region and in

part in the open-filed-line region. This is left as an open
question, with the only firm point being the case of no edge
toroidal velocity, for which the w ¼ 0 and W ¼ 0 surfaces
coincide and univocally define the plasma edge.

The next issue that is explored is the importance of the
closure equation. The same equilibrium calculation is
repeated four times: first, as a single-fluid, adiabatic equilib-
rium; second, as a two-fluid equilibrium with adiabatic ions
and electrons; third, using adiabatic ions and isothermal elec-
trons; and fourth, using isothermal ions and electrons. All
equilibria have the same (smooth) input free functions
obtained from an EFIT equilibrium reconstruction provided
by Dr. Bortolon. In particular, a smooth profile is assigned
for the rigid toroidal rotation XðwÞ, resulting in a maximum
toroidal Mach number Mt ¼ Vu=Cs - 0:8. Other relevant
data are bt ¼ 2l0hpi=B2

u - 0:11; Ip - 750k A (values
change slightly between equilibria). The results of the differ-
ent calculations are compared in Figs. 4 and 5. The first fig-
ure shows the one-dimensional plot along the mid plane of
the plasma current density for all equilibria. The single-fluid
equilibrium is in black, the other curves show the two-fluid
results with ions and electrons both adiabatic (red), isother-
mal electrons and adiabatic ions (blue), and both species iso-
thermal (brown). Results are qualitatively similar, but some
differences are noticeable. First, the two-fluid equilibria have
smaller current density in the inboard part of the plasma.
Second, larger currents (corresponding to larger gradients)
are obtained at the outboard edge of the plasma (note that a
large edge current is obtained also with the single-fluid
model and that this is typical for NSTX equilibria and not
specific to the equilibrium under consideration). The single-
fluid equilibrium also has a larger current peak near the mag-
netic axis. One should be careful in drawing conclusions
such as “two-fluid equilibria will have larger edge currents”
from these results. The real take home statement is that dif-
ferent (current) profiles are obtained if one uses the two-fluid
model or the single-fluid one; if the purpose is to reproduce
an equilibrium with a given current profile, one should use
different inputs (hence the need for a two-fluid reconstruc-
tion code12). It may appear from Fig. 4 that the choice of clo-
sure for the two species does not have any importance, as all
current density curves for two-fluid equilibria are rather sim-
ilar. In fact, closure effects on macroscopic equilibrium
properties become relevant only with high rotation, even in
the single-fluid case.25 One important effect of the choice of
closure is seen in Fig. 5, which shows isothermal surfaces
for the series of equilibria considered in this section. Two-
dimensional constant temperature curves are shown for the
various equilibria at fixed level, either 1 and 2 keV (for the
single-fluid equilibrium) or 0.5 and 1 keV for each species.
Ion temperatures are shown in blue, electrons’ in red. The
three subplots correspond to the three different choices made
for the closures: both species adiabatic (a), isothermal elec-
trons and adiabatic ions (b), and both species isothermal (c).
Due to both the uneven way temperature is divided between
ions and electrons and to the difference between single and
two-fluid equilibria, single and two-fluid curves are not coin-
cident in any of the considered equilibria. Moreover, the
curves change with different choices for the closure. It is

FIG. 3. Constant w (black) and W (blue) surfaces for an NSTX equilibrium.
A constant W surface that crosses the plasma boundary is shown in red.

FIG. 4. Current density profiles along the midplane for single- (black) and
two-fluid (color) equilibria. Adiabatic and isothermal closures are used for
ions and electrons.
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worthwhile to remember that all “free” functions in fluid
equilibrium calculations are in reality determined by trans-
port. Even though it is in principle possible to calculate equi-
libria with completely arbitrary profiles for the free
functions, the user should be careful in checking that the
results do not violate intuitive transport principles, in partic-
ular, in the two-fluid case.

We now proceed to consider some standard aspect ratio
tokamak results.

VII. DIII-D EQUILIBRIA

We now explore equilibria in the standard-tokamak
range, with lower b and higher aspect ratio. Direct calculation
shows that these are less challenging from a numerical point
of view, in the sense that it is easier to construct a well-
converging equilibrium and that the input can be modified
fairly arbitrarily without convergence issues. We consider a
“standard” DIII-D equilibrium with smooth analytic input free
functions and examine different levels of rotation to highlight
a point that has not yet been discussed. Some of the main
plasma parameters are Ip ’ 1 MA, bt ’ 0:01; and q( ’ 2:5
(values change slightly between different equilibria). We start
with a “nominal” level of rotation and calculate a series of
equilibria with the input free functions related to plasma
rotation (Mu and Mh, see Table I) multiplied by factors from

0.001 to 2. The “nominal” equilibrium has a maximum
toroidal Mach number Mt ) Vu=CS ’ 0:66, already a high
rotation for DIII-D. It is trivial to extend the calculation to
lower rotations, but there is an upper limit to the level of toroi-
dal and (especially) poloidal rotation that can be included in
the system.

We consider the toroidal rotation shown in Fig. 6. The
figure shows a line cut along the midplane of the velocity
profile for five different level of rotation (all in the two-fluid
model, except for the nominal rotation, which is also shown
for the single-fluid case). The black curve corresponds to the
nominal rotation level, while the color curves show the
results for nominal rotation multiplied by 0.001 (red), 0.01
(blue), 0.2 (orange), and 2 (green). The resulting rotation is
what one would have expected: the equilibria with 0.2' and
2' nominal rotation have a rotation profile that is approxi-
mately 1=5 and twice the nominal one, and the equilibria
with 1% and 0.1% of the nominal rotation in the input have a
very small level of calculated rotation (indistinguishable in
the scale of Fig. 6). This should not be surprising, but there
is a subtlety in the formulation that is required to correctly
model the low rotation case, which is highlighted next.

The static case is obtained by writing Eq. (22) and con-
siders its limit for vanishing free functions Mu and Mh (com-
pare to Table I). By setting Mh ¼ 0, one immediately obtains

e2n

miR2
W& wð Þ ¼ n

dHi

dW
& nci&1

ci & 1

dSi

dW

 !

; (54)

which can still be solved for W (in fact, the terms that vanish
for no poloidal rotation are always taken to the right hand
side in FLOW2’s numerical approach, see Section V).
Further setting Mu ¼ 0, one obtains

e2

miR2
W& wð Þ ¼ ci

ci & 1

d

dW
Pi Wð Þ
D Wð Þ

" #

& 1

D Wð Þ
dPi Wð Þ

dW

& nci&1

ci & 1

d

dW
Pi Wð Þ
D Wð Þci

" #

: (55)

If one now allows that the Mh ¼ Mu ¼ 0 equilibrium under
consideration does indeed correspond to a static equilibrium

FIG. 5. Isothermal surfaces for single-
(black) and two-fluid (color) equilibria.
Single-fluid curves are at 1 and 2 keV,
two-fluid ones at 0.5 and 1 keV for
each species. In pane (a), both species
are isentropic, in (b) ions are isentropic
and electrons isothermal, and in (c)
both species are isothermal. Ions are in
blue, electrons in red.

FIG. 6. Toroidal velocity (in km/s) in DIII-D two-fluid equilibria. The dif-
ferent colors correspond to nominal rotation (black) and nominal rotation
multiplied by 0.001 (red), 0.01 (blue), 0.2 (orange), and 2 (green). The
single-fluid equilibrium with nominal rotation is included for reference.
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and therefore that W ¼ w [recall that the toroidal velocity vu

is proportional to ðW& wÞ], the Bernoulli equation Eq. (21)
gives n ¼ nðwÞ ¼ DðwÞ. Substitution in Eq. (55) shows that
Eq. (55) is automatically satisfied. The subtlety consists in
the expression of the electric potential piece of the Bernoulli
functions HiðWÞ and HeðwÞ (the term under the sign of inte-
gration in Table I), which needs to include the electrostatic
term P0i=D, without which it would not be possible to balance
Eq. (22) in the static case. Numerical results show that for
vanishing rotation the plasma density is indeed a flux func-
tion (not shown).

Next, we investigate the importance of two-fluid effects
in a different class of equilibria.

VIII. SUPERSONIC EQUILIBRIUM

We have so far considered only equilibria with relatively
small poloidal flows, with the poloidal velocity smaller than
the poloidal sound speed ðvp < Csp ¼ CsBp=BÞ. It is well
known that in single-fluid equilibria with poloidal rotation,
the Bernoulli equation can have more than one root for the
plasma density, with each root corresponding to a different
velocity. The two roots with the smaller velocity correspond
to a subsonic and a supersonic root, as referred to the poloi-
dal sound speed. In previous work by other authors, only the
subsonic root was considered. Even though the slower poloi-
dal rotation velocity is the most relevant one for tokamak
equilibria, it is worthwhile to explore the possibility to obtain
an equilibrium with rotation faster than the poloidal sound
speed. This is easily accomplished in FLOW2 since the
Bernoulli equation solver is built on the framework of the
one developed for FLOW, which allows to select sub-,
super-, or transonic equilibria.

For our investigation, we consider a “simple” set of free
functions with smooth analytic profiles for a low-b equilib-
rium in DIII-D geometry. Standard DIII-D plasma shape is
used. Since we are looking for an equilibrium with super-
sonic (with respect to the poloidal sound speed) poloidal
flows over the whole plasma cross section, a wide profile is
assigned for the free function Mh, with Mh being finite for
any value of its independent variable. Four different equili-
bria are considered with exactly the same input: two single-

fluid equilibria and two two-fluid equilibria, one subsonic
and one supersonic for each model. For the reasons discussed
earlier, the boundary conditions need to be modified for the
two-fluid equilibria (different values of W need to be
assigned at the boundary for the subsonic and the supersonic
equilibria). Results are shown in Figs. 7–9. All figures show
line cuts along the mid plane.

First, Fig. 7 shows the magnetic flux w and the stream
function W for all equilibria (W only for the two-fluid ones).
Single-fluid results are shown in black, while for the two-fluid
model w is in red and W in blue. Subsonic profiles are shown
with solid lines and supersonic ones with dashed lines.
Several points can be observed from Fig. 7. In the subsonic
case, the difference between the single- and two-fluid w is
small (even though there is s slight difference in the position
of the magnetic axis) and the difference between wðTFÞ and W
(solid color curves) is even smaller. Supersonic results are
quite different from subsonic ones, more so in the two-fluid
case than in the one fluid one. The difference between
w and W [proportional to the toroidal rotation velocity, see
later Fig. 9(a)] also becomes very large (dashed color curves).

Next, we consider the density profiles. Single- and two-
fluid profiles are quite similar, but not identical. The magni-
tude of the difference between the two models is similar in
the two cases, but in the supersonic case there is a shift in the
position of the maximum of the density (maxima are coinci-
dent in the subsonic case).

Next, we examine toroidal velocities, which are shown in
Fig. 9(a). Profiles for the two models are fairly similar, for
both the subsonic and the supersonic case, with slightly larger
velocities for the single-fluid model (this is not a general
result). There is an almost constant offset between the two
models in the supersonic case. The two profiles for the sub-
sonic case are also qualitatively similar, but they cross in the
outer midplane, where the two-fluid value remains positive
and the single-fluid one becomes negative. Observe that for
all equilibria vu is finite at the plasma edge, meaning that for
this input W 6¼ w must be assigned as boundary condition.

Finally, the poloidal velocity profiles are shown in Fig.
9(b). Once again profiles are rather similar, with the two-
fluid model predicting on average slightly smaller velocities

FIG. 7. w and W profiles for single- (black) and two-fluid (color) subsonic
(solid lines) and supersonic (dashed lines) equilibria. For the two-fluid equi-
libria, magnetic flux w is in red, flow stream function W in blue.

FIG. 8. Number density profiles for single- (black) and two-fluid (color) sub-
sonic (solid lines) and supersonic (dashed lines) equilibria.
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than the single-fluid one. The positions of the poloidal veloc-
ity maxima are different in the two models. In the supersonic
case, the position of the velocity minimum is also different
between the two models. As already observed for the toroidal
velocity, differences between the two models are larger in
the supersonic case.

The results in this section indicate that the difference
between the one and the two-fluid models for equilibria with
fast poloidal flows, even though still perturbative, is much
larger than in the slow-rotation case.

IX. NORMAL VELOCITY COMPONENT

It was emphasized in Secs. I–VIII that the main macro-
scopic difference between MHD and two-fluid equilibria is
the presence of a finite vw, the component of plasma velocity
normal to magnetic surfaces. The analysis of the effect of
this new (with respect to MHD) element introduced by the
two-fluid model will be the object of future work. In particu-
lar, it is conjectured that a finite vw will have an effect on the
linear properties of slow-growing unstable modes localized
on magnetic (resonant) surfaces. A rich literature exists on
the study of the effect of two-fluid physics on unstable
modes, in particular, in the astrophysics field, see, e.g., Refs.
26–28, but also in tokamak physics, see, e.g., Refs. 29–36.
Two-fluid equilibrium equations introduce a component of
the velocity normal to magnetic surfaces (vw), which can be
important at resonant surfaces for localized modes. Even

though the investigation of how two-fluid equilibrium prop-
erties may be relevant for macroscopic stability is deferred
to future work, it is worthwhile to consider how this may be
the case. This is done by calculating magnitude and shape of
vw for sample equilibria considered in this work.

The velocity component normal to a magnetic surface is
calculated numerically as

vw ¼
vp ' Bp

jBpj
: (56)

What is immediately apparent from Eq. (56) is that vw is
always going to be a fraction of vp, thus much smaller than
the sound speed Cs in standard tokamak equilibria. Based on
Eq. (56) it is also worth comparing the size vw and vp.

Some results for vw and the ratio vw=vp are shown in
Figs. 10 (for a subsonic DIII-D equilibrium) and 11 (for an
NSTX equilibrium). Both figures show vw (solid lines) and
vw=vp (dotted lines with circular markers) as a function of
the poloidal angle h on three magnetic surfaces correspond-
ing to three safety factor values, q ¼ 1 or q ¼ 4=3 (blue),
q ¼ 3=2 (red), and q ¼ 2 (black). Since q on axis is larger
than unity for the NSTX equilibrium, the value q ¼ 4=3 is
used for the NSTX plot. For the equilibria considered here,
vw is in the range of tens to hundreds of m/s, fairly small
compared to other relevant velocities in the system. In the
DIII-D case (Fig. 10), this is only a small fraction of vp

(!3%). However, vw is a much larger fraction of vp, up to
more than 30% on the q ¼ 4=3 surface for the NSTX case.

FIG. 9. Toroidal (a) and poloidal (b)
velocity profiles (in km/s) for single-
(black) and two-fluid (color) subsonic
(solid lines) and supersonic (dashed
lines) equilibria.

FIG. 10. Normal velocity vw (solid lines) on three rational surfaces
(q ¼ 1; q ¼ 3=2 and q ¼ 2) in a DIII-D equilibrium. Ratios vw=vp are also
plotted (dotted lines with circles). Resolution is 256 ' 256 points.

FIG. 11. Normal velocity vw (solid lines) on three rational surfaces
(q ¼ 4=3; q ¼ 3=2 and q ¼ 2) in an NSTX equilibrium. Ratios vw=vp are
also plotted (dotted lines with circles). Resolution is 256 ' 256 points.

092503-11 L. Guazzotto and R. Betti Phys. Plasmas 22, 092503 (2015)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
131.204.254.102 On: Thu, 03 Sep 2015 14:53:05



In general, both vw and vw=vp can change quite considerably
both across the plasma in the same equilibrium and across
different equilibria for the same machine. This is in part due
to the variation of vp across the cross section and in part
to the fact that the difference between the magnetic and
flux surfaces depends on the position in the plasma (see, e.g.,
Fig. 3). In conclusion, one should examine the equilibrium
on a case by case basis to determine the importance of two-
fluid equilibrium on stability properties.

As a final note it is known37 that the effect of a normal com-
ponent of the velocity on tearing stability vanishes if the electric
potential U is U ¼ Uðw; jBjÞ. From Eq. (13), it is found that

U ¼ 1

e
mi

v2

2
þ ci

ci & 1
Si Wð Þnci&1 & Hi Wð Þ

" #

¼ 1

e
He wð Þ & ce

ce & 1
Se wð Þnce&1

# $
: (57)

Looking at Eq. (21), there is no reason why n should be
nðw; jBjÞ; the same functional dependence carries over to U.
Thus, the effect of vw on tearing stability does not automati-
cally vanish, and it will need to be evaluated more in detail.

X. CONCLUSIONS AND FUTURE WORK

In this work, a new, versatile, and user-friendly two-
fluid axisymmetric equilibrium code was introduced. It was
proven that the two-fluid system with flow reduces to the
MHD equilibrium with flow problem in the single-fluid limit
with an approach different from the one in Ref. 10. It was
also verified numerically that the single-fluid limit is recov-
ered by FLOW2, which both confirms the theoretical result
and improves our confidence in the code. The static limit
was also recovered, but that was possible only by assigning
the input free functions in the correct fashion.

One important element of this work is the formulation of
the equilibrium problem in terms of “intuitive” free functions
related to the ones in Ref. 5 with the purpose of making the
use of the code as simple and intuitive as possible. In that spi-
rit, the code is also made freely available for download in Ref.
38. In addition to the source files, the website also contains the
input files for the equilibria presented in this work. One inter-
esting element about the plasma rotation is that edge rotation
cannot be assigned completely freely. As in single-fluid equi-
librium, an excessive level of poloidal rotation will result in
the Bernoulli equation not having any solution. In addition to
this, toroidal rotation is proportional to the difference between
the fluid and magnetic stream functions. Thus, its edge value
must be assigned taking into account this fact. Under the same
token, the boundary condition for the flow function W must be
assigned taking into account the edge value of the toroidal ve-
locity. If this is ignored, convergence issues arise and it may
become impossible to find an equilibrium solution.

Equilibria were calculated in several different condi-
tions, both for spherical tokamak (NSTX) and standard toka-
mak (DIII-D) geometry. Equilibrium results were used to
show that the static (two-fluid) and the MHD (single-fluid)
limits are correctly recovered by the two-fluid model

presented in this work. It was also shown that the “proper”
plasma boundary is a “flow” rather than a “magnetic” sur-
face, as in general there is finite equilibrium flow across any
magnetic surface. It was suggested that this may have an
effect on the stability of slow growing modes.

We close our discussion by observing that the develop-
ment of FLOW2 opens several potential avenues of investi-
gation, which will be considered in future work. In
particular, the FLOW2 formulation and implementation can
be further extended to include one or more additional spe-
cies. This could be done to model a plasma with an energetic
ion population, which would be introduced as an additional
species with a separate set of free functions, with an
approach similar to the one in Ref. 39. Another possible
extension of this work is in the modeling of plasmas with
distinct ion species, e.g., hydrogen and one or more heavier
species such as oxygen. This is a case of interest for astro-
physical plasmas, in particular for magnetosphere physics.
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