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ABSTRACT: In one of our previous papers, we obtained a general class of potentials inside the nucleus, such that the
singular solution of the Dirac equation for the S-states of hydrogen atoms outside the nucleus can be matched with the
corresponding regular solution inside the nucleus (the proton) at the boundary. The experimental charge density distribution
inside the proton generates a particular case of such potentials inside the proton. In this way, it was predicted the
existence of the second kind of hydrogen atoms: the atoms having only the S-states, the states being characterized by the
singular solution of the Dirac equation outside the proton (these kind of atoms were later called the second flavor of
hydrogen atoms abbreviated as SFHA). This theoretical prediction was then evidenced by several different types of
atomic experiments and by astrophysical observations. We show that such solution inside the proton can be (and is)
found within the class of functions that are non-analytic at r = 0 — in distinction to the traditional practice of limiting the
search for the solution by the class of analytic functions, i.e., by functions that can be adequately represented by their
expansion into the Laurent series. We apply the obtained results for resolving the neutron lifetime puzzle: the puzzle
consisting in the discrepancy between the neutron lifetime measured in two different types of experiments, the discrepancy
being well beyond the experimental error margins. We show that the two-body decay of neutrons produces overwhelmingly
the SFHA (rather than the usual hydrogen atoms). By demonstrating that the enhanced in this way branching ratio for the
2-body decay of neutrons (compared to the 3-body decay) is in the excellent agreement with the branching ratio required
for reconciling the neutron lifetime values measured in the trap and beam experiments, we completely resolve the above
discrepancy. Finally, we provide the conceptual designs of the experiment that would constitute both the first detection
of the two-body decay of neutrons and the verification that that the two-body decay of neutrons produces overwhelmingly
the SFHA. Thus, our results seem to be important both from the theoretical and experimental viewpoints.

Keywords: Dirac equation; non-analytic solution; second flavor of hydrogen atoms; two-body decay of neutrons;
designs of the experimental confirmation of neutrons two-body decay; dark matter

1. INTRODUCTION

Analysis of atomic experiments related to the distribution of the linear momentum in the ground state of hydrogen
atoms revealed an enormous discrepancy: the ratio of the experimental and previous theoretical results was up to
tens of thousands [1]. Namely, the experimental High-energy Tail of the Momentum Distribution (HTMD) [2] for
large momenta p falls off much-much slower than the theoretical one [3].

This was the motivation behind our theoretical results from paper [1]. There are two analytical solutions of the
standard Dirac equation of quantum mechanics for hydrogen atoms: 1) the solution that is weakly singular at small r;
2) the solution that is more strongly singular at small r. The radial part of the coordinate wave functions for the ground
state has the following scaling at small r:
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Here o is the fine structure constant; — 1 in the subscript of the wave function R, is the eigenvalue of the operator
K = B(2Ls+1) that commutes with the Hamiltonian; 3 is the Dirac matrix of the rank 4; sand L are the spin and
orbital angular momenta operators, respectively.

Thus, the first solution is characterized by only a weak singularity: q =~ /2 =~ 0.000027 (hereafter, the “regular”
solution, for brevity). The second solution is significantly singular (q = 2) and it is usually rejected, the reason being
the divergence of the normalization integral at r = 0.

However, the allowance for the finite nuclear size changes the situation. In paper [1] we obtained a general class
of potentials inside the nucleus, such that the singular solution outside the nucleus can be in fact matched with the
corresponding regular solution inside the nucleus at the boundary. Specifically, in that paper there was considered an
arbitrary spherically-symmetric interaction potential V(r), having two different shapes in the interior regionr <R and
in the exterior region r > R. It was demonstrated that the singular solution in the exterior region can be matched at the
boundary with the regular solution at the interior region for the class of potentials satisfying the following condition
(written in the natural units h=m_=c=1)

R ©
[va)yr2dr +(1-Ey3/3~ {[ [V{')/r'2]dr' — (1 + E)x}L. Q)
0 R

In Eq. (2), E is the total energy of the atomic electron, including the rest energy.

Potentials in the interior region satisfying Eq. (2) should rapidly rise toward the boundary r = R. Charge Density
Distributions (CDDs) that have the maximum at r = 0 and falls off to the periphery yield one particular case of such
potentials.

The CDD inside protons does have the maximum at r = 0 and falls off to the periphery. This is well-known since
1980s from the experiment on the elastic scattering of electrons on protons — see, e.g., works [4-6]. Thus, the
singular solution of the Dirac equation outside the proton can be matched with the regular solution of the Dirac
equation inside the proton at the boundary.

So, in paper [1] we derived analytically the corresponding wave function. As a result, the huge multi-order
discrepancy between the experimental and theoretical HTMD got completely eliminated. Here is why: for the
singular solution outside the proton, a much stronger rise of the coordinate wave function toward the proton at small
r translates into a much slower fall-off of the wave function in the p-representation for large p — according to the
properties of the Fourier transform.

The derivation of the corresponding wave function in paper [1] utilized only the fact that the eigenvalue of the
operator K in the ground state is k = —1. Therefore, in fact, the corresponding derivation is valid for all states of
hydrogen atoms having the quantum number k = —1.

Such states are the S-states: the states where the orbital angular momentum | is equal to zero. Thus, both the
singular and regular solution of the Dirac equation outside the proton are permissible for all S-states, as well as for
the states of the continuous spectrum having | = 0 [7].

This second type of hydrogen atoms that have only the S-states was later named the Second Flavor of Hydrogen
Atoms, hereafter SFHA [8]. The reason is explained below.

Both the regular and singular solutions of the Dirac equation outside the proton correspond to the same energy.
Since this means the additional degeneracy, then according to the fundamental theorem of quantum mechanics,
there should be an additional conserved quantity. In other words: hydrogen atoms have two flavors, differing by
the eigenvalue of this additional, new conserved quantity: hydrogen atoms have flavor symmetry [8]. It is called so
by analogy with quarks that have flavors: for example, there are up and down quarks.
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Thus, the elimination of the huge multi-order discrepancy between the theoretical and experimental distributions
of the linear momentum in the ground state of hydrogen atoms constituted the first experimental evidence of the
existence of the SFHA — since no alternative explanation for this huge discrepancy was ever provided. By now
there are two additional experimental evidences from two different kinds of atomic experiments: from electron
impact excitation of hydrogen atoms and from electron impact excitation of hydrogen molecules. For both kinds of
the experiments, the SFHA-based explanation removed large discrepancies (up to a factor of two or more)
between the experimental and previous theoretical results, while alternative explanations were never provided.

The primary feature of the SFHA is the following. Since the SFHA have only the S-states, then according to the
well-known selection rules of quantum mechanics, the SFHA do not emit or absorb the electromagnetic radiation
— they remain dark. More details: due to the selection rules, all matrix elements (both diagonal and non-diagonal) of
the operator d of the electric dipole moment are zeros. For this reason, the SFHA do not couple not only to the dipole
radiation, but also to the quadrupole, octupole, and all higher multipole terms — because multipoles contain linear
combinations of various powers of the radius-vector operator I of the atomic electron, which yield zeros in all orders
of the perturbation theory for the SFHA. For the same reason, the SFHA cannot exhibit multi-photon transitions. This
is because multi-photon transitions consist of several one-photon virtual transitions, each step being controlled by a
matrix element of r, but all these matrix elements are zeros for the SFHA.

For the above reasons, the SFHA does not react to a static electric field or a laser field — no static or dynamic
Stark effect. Therefore, the SFHA cannot be excited or ionized by a static electric field or by a laser field,
though it can be excited or ionized, e.g., by an electron beam.

There is also an astrophysical evidence that SFHA exists. There is a perplexing observation by Bowman et al [9]
of the anomalous absorption in the (redshifted) 21 cm line from the early Universe. The absorption signal was found
to be 2to 3 timesstronger than predicted by the standard cosmology. This indicated that the hydrogen gas temperature
was significantly smaller than predicted by the standard cosmology.

Barkana [10] suggested that some unspecified Dark Matter (DM) particles provided an additional cooling of
the hydrogen gas by collisions. By his estimates, the quantitative explanation of the above anomalous absorption
required the mass of unspecified DM particles to be of the order of the baryons masses, so that the explanation
required unspecified baryonic DM particles. Thereafter McGaugh [11] examined the results by Bowman et al [9]
and by Barkana [10], and came to the same conclusion: the explanation of the anomalous absorption requires
baryonic DM particles.

In paper [7] we considered the following: what if these unspecified DM particles were the SFHA? In that paper
it was explained that during the expansion of the Universe, the SFHA decouple from the cosmic microwave background
radiation (due to having only the S-states) earlier than the usual hydrogen atoms. For this reason, their spin temperature
(controlling the absorption signal in the 21 cm line) was smaller than for the usual hydrogen atoms. This explained the
observed anomalous absorption both qualitatively and quantitatively and made the SFHA a compelling candidate
for the baryonic DM.

Indeed, from astrophysical observations it is known that the ratio R, = (nonbarDM)/(barDM) ~ 5 and that the
ratio R, = (totalDM)/UM= (nonbarDM + barDM)/UM. Here nonbarDM, barDM, totalDM, and UM stand for
nonbaryonic DM, baryonic DM, total DM, and the Usual Matter, respectively. Since R, ~ R, then it is easy to find
out the following:

UM ~ barDM(nonbarDM + barDM )/nonbarDM = barDM(1 + barDM/nonbarDM) ~ (6/5)barDM. Therefore, the
ratio R, = (barDM)/UM ~ 5/6 ~ 0.8.

The experimental ratio of the SFHA to the usual hydrogen atoms from atomic experiments evidenced the
existence of the SFHA is R, = SFHA/(usual H) ~ (0.5 — 1). The hydrogen abundance in the universe is known to be
74%. Therefore, R, = SFHA/[(usual H) + (other chemical elements)] ~ (0.4 — 0.7). But R, is the same as SFHA/
UM and is ~ (0.4 — 0.7). So, from the comparison of the atomic physics experimental ratio R, = SFHA/UM ~ (0.4

International Review of Atomic and Molecular Physics, 16 (1), January-June 2025 / 17



Eugene Oks
— 0.7) with the corresponding astrophysical ratio R, = (barDM)/UM ~ 0.8 follows: the SFHA seems to comprise
most of the baryonic DM in the current epoch [11].

It is important to underscore that the theory of the SFHA is based on the standard quantum mechanics (the
Dirac equation). It does not require going beyond the Standard Model of particle physics and it does not recourse to
changing the physical laws — in distinction to the overwhelming majority of dark matter models.

In the present paper we derive the explicit form of the solution of the Dirac equation inside the proton for the S-
states — the solution that at the proton boundary matches the corresponding singular solution, as required by quantum
mechanics: both the wave function and its derivative are continuous at the boundary. We show that such solution
inside the proton can be (and is) found within the class of functions that are non-analytic at r = 0 — in distinction to
the traditional practice of limiting the search for the solution by the class of analytic functions, i.e., by functions that
can be adequately represented by their expansion into the Laurent series.

Next, we apply the obtained results for resolving the neutron lifetime puzzle: the puzzle consisting in the discrepancy
between the neutron lifetime measured in two different types of experiments, the discrepancy being well beyond the
experimental error margins. We show that the 2-body decay of neutrons produces overwhelmingly the SFHA (rather
than the usual hydrogen atoms). By demonstrating that the enhanced in this way branching ratio for the 2-body
decay of neutrons (compared to the 3-body decay) is in the excellent agreement with the branching ratio required for
reconciling the neutron lifetime values measured in the trap and beam experiments, we completely resolve the above
discrepancy.

Finally, we provide the conceptual designs of the experiment that would constitute both the first detection of the
two-body decay of neutrons and the verification that that the two-body decay of neutrons produces overwhelmingly
the SFHA.

In Appendix A, we offer details on the experimental charge distribution inside the proton.

2. ANALYTIC SOLUTION OF THE DIRAC EQUATION INSIDE THE PROTON FOR THE S-STATES
OF HYDROGEN ATOMS

For hydrogen atoms, the Dirac equation for the f- and g-components of the Dirac bispinor has the form (in the natural
units) — see, e.g., the textbook [13] :

df(r)/dr = (k — D)f(r)/r — h (r)g(r), (3)
dg(r)/dr = h,(n)f(r) — (k + 1)g(r)/r, 4)

where
h (@) =W-1-V(), h(@)=W+1-V(). (5)

In Eq. (5), W is the energy and V(r) is the potential energy of the atomic electron. In Egs. (3) and (4), k is the
eigenvalue of the following operator

K =b(2Ls+1) (6)

that commutes with the Hamiltonian. In Eq. (6), b is the Dirac matrix of the rank 4, L and S are the operators of the
orbital and spin momenta, respectively.

For the S-states (on which we focus in the present paper), k = — 1. Then from Eq. (4) we find:
f(r) = [dg(r)/dr]/h,(r). (7)
On substituting Eq. (7) in Eq. (3), we obtain:
r(d*g/dr?) + [2 + r(dV/dr)/h,(r)](dg/dr) + rh (r)h,(r)g = 0. (8)

Now we study this equation and its solution near the origin, i.e., near r = 0. After denoting
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V, =—IV(0)| = const > 0, 9)

Egs. (7) and (8) can be simplified as follows:

r[d’g(r)/dr?) + 2[dg(r)/dr] + hrg(r) = 0, (10)
f(r) = [dg()/dr]/h,,, (1)

where
h=(W+V,)>-1=const,h,, =W+ 1 +V_ = const. (12)

We start from the traditional practice of limiting the search for the solutions by the class of analytic functions, i.e., by
functions that can be adequately represented by their expansion into the Laurent series. Namely, we seek the
solutions in the form:

2 =1 T anr (13)

where a_ = const for any n and d = const. On substituting Eq. (13) in Eq. (10) and requesting the mutual cancellation
of the lowest powers of r, we find:

dd+1)=0, (14)
sothatd, =0andd,=-1.

For the solution with d, = 0, corresponding to

g,(r) = a,, (15)
from Eq. (11) we get:
f(r) =a/h,. (16)
For the solution with d, = -1, corresponding to
g (r) = a/r, 17)
from Eq. (11) we obtain:
£(r) = —a,/( h,;r*). (18)
The normalization integral is
[dr 2[2(r) + g2(r)] = 1. (19)
0

It is easy to see that for the solution with d = —1, the normalization integral diverges at r = 0, so that this solution
should be rejected. The solution with d = 0, the normalization integral converges at r = 0, so that this solution should
be accepted.

3. NON-ANALYTIC SOLUTION OF THE DIRAC EQUATION INSIDE THE PROTON FOR THE &
STATES OF HYDROGEN ATOMS

Non-analytic solutions of differential equations have been studied for many years — see, e.g., papers [14-20] listed in
the reversed chronological order. Here we seek a non-analytic solution of the “interior” Eq. (10) in the form:

g (1) = (1/t)exp[~(R/r)"], p = const > 0, y = const, (20)
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where R is the matching radius, i.e., the radius at which the interior solution should be matched with the singular
exterior solution.

It is important to note that this class of solutions embraces the traditional class of analytical solutions as a
particular case of f = 0. Thus, this class of solutions constitutes the generalization of the traditional class of analytical
solutions.

Obviously, the function g_(r) from Eq. (20) satisfies Eq. (10) at r — 0. Then according to Eq. (11):

£ (r) = [=y/rr +BRP/r7 P Jexp[—(R/r)P]/h,,. (21)
For the exterior solution, the potential energy of the atomic electron is (in the natural units)
V(r) = —o/r, (22)
a being the fine structure constant. Since the energy of the states of the principal quantum number n is approximately
Wx=1-a/2n}),n=1,2,3,.... (23)
then h,(r) and h,(r) from Eq. (5) can be approximated as follows:
h,(r) = a/r — a?/(20%), h(r) = a/r + 2. (24)
For the range of r such that
R <r<<2/a, (25)

h,(r) and h,(r) can be further simplified to
h,(r) = o/r, h(r) = a/r. (20)

After taking into account Egs. (22) and (26), the exterior solution should satisfy the Dirac equation in the following
form:

r(d?g/dr?) + 3(dg/dr) + a’g = 0. (27)
We seek the solution of the “exterior” Eq. (27) expressed as
g (1) =Cr? C = const. (28)
On substituting Eq. (28) in Eq. (27), we get the following equation:
3 +25+o?=0. (29)
Equation (29) has two solutions:
0, =(1-a)"-1=-0%2,8,=-(1-0a?)"”-1=-2. (30)
For the 1* solution (which we call “regular”):
g (1) =Ch, £ (r) = -aC/(2r%), e = a’/2 = 2.66x107° << 1. (31)

For the 2" solution (which we call “singular”):

g (1) = C/, £ (1) = -2C/(ar?). (32)

ext

In Egs. (31) and (32), for deriving f(r) from g(r), we used Egs. (7) and (25). The expressions for g_ (r) from Egs.
(31) and (32) reproduce the well-known “small r”” results of solving the Dirac equation for the Coulomb potential —
see, e.g., the textbook [13].

Now we proceed by matching the singular g_ (r) and f_(r) from Eq. (32), as well as the logarithmic derivatives

of these functions, with the corresponding interior solutions from Egs. (20) and (21) at r = R. Equating the interior and
exterior logarithmic derivatives of the g-component yields

—(y — B)/R=-2/R, (33)
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so that
Yy=p+2.
Equating the interior and exterior logarithmic derivatives of the f-component and taking into account Eq. (34) yields
—(3 - p?/2)/R=-2/R, (35)
so that
p=21" (36)
Thus, the explicit form of the non-analytic interior solution is
V2
1 R
Gine(R,7) = (TZT\/E) Exp[— (;) 1. (36)
1 2+v2 | VZRV? R\V2
fine (R, 1) = (h—zo) [— i t il Exel= (;) | (37)
By equating g._(r)from Eq. (36) to g_(r) from Eq. (32) at r = R, we find:
.
O (38)
(39)

1 1
g (R, 1)~ EIRnE/r2 fex(R, 1) = —26R—ﬁ/(ar2).
It turns out that the required match of the above interior and exterior solutions occurs regardless of the particular

Thus,

value of R, as illustrated below.
Figure 1 presents the dependence of the g-component of the wave function on r as we set R = 1 in some
arbitrary unit of length. It seen that the interior and exterior parts of the solution are perfectly matched at R = 1.
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Fig. 1. Dependence of the g-component of the wave function on r aswe set R = 1 in some arbitrary unit of length.
For illustrating the perfect match in more detail, we provide Fig. 2 showing, by the solid line, g, (r) from Eq. (36)

and, by the dashed line, g_ (r) from Eq. (39). It is seen that at R = 1, there is a smooth transition from the solid line

to the dashed line.
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Fig. 2. The plots of g, (r) from Eq. (36) (solid line) and of g_ (r) from Eq. (39) (dashed line) for R = 1.

Figure 3 displays the dependence of the f-component of the wave function on r for R = 1. It seen that the interior
and exterior parts of the solution are perfectly matched at R = 1.
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Fig. 3. Dependence of the f-component of the wave function on r for R = 1.

For illustrating the perfect match in more detail, we provide Fig. 4 showing, by the solid line, f_(r) from Eq.

(37) and, by the dashed line, f_(r) from Eq. (39). It is seen that at R = 1, there is a smooth transition from the
solid line to the dashed line.
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Fig. 4. Theplots of f,_(r) from Eq. (37) (solid line) and of f_ (r) from Eq. (39) (dashed line) for R = 1.

Now we demonstrate that the required match of the above interior and exterior solutions occurs indeed regardless
of the particular value of R. For this purpose, in Fig. 5 we present the dependence of the g-component of the wave
function for R =2 in the same arbitrary unit of length, as for R = 1. It seen that the interior and exterior parts of the
solution are perfectly matched at R = 2.
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0.01 J e TR
1 2 3 4 & 6 5
Fig. 5. Dependence of the g-component of the wave function for R = 2 in the same arbitrary unit of length, asfor R = 1.
For illustrating the perfect match in more detail, we provide Fig. 6 showing, by the solid line, g, (r) from Eq. (36)
and, by the dashed line, g_ (r) from Eq. (39). It is seen that at R = 2, there is a smooth transition from the solid line

to the dashed line.

7
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Fig. 6. The plots of g, (r) from Eq. (36) (solid line) and of g, (r) from Eq. (39) (dashed line) for R = 2.

Figure 7 displays the dependence of the f-component of the wave function on r for R = 2. It seen that the interior

and exterior parts of the solution are perfectly matched at R = 2.
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Fig. 7. Dependence of the f-component of the wave function on r for R = 2.
For illustrating the perfect match in more detail, we provide Fig. 8 showing, by the solid line, f_(r) from Eq. (37)
and, by the dashed line, f_(r) from Eq. (39). It is seen that at R = 2, there is a smooth transition from the solid line to

the dashed line.
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Fig. 8. Theplots of f_(r) from Eq. (37) (solid line) and of g_ (r) from Eq. (39) (dashed line) for R = 2.

This completes the detailed theoretical proof of the existence of the SFHA. The rest of the paper concerns applications
and has no bearing on the above theoretical proof of the existence of the SFHA.

4. APPLICATION TO RESOLVING THE NEUTRON LIFETIME PUZZLE

The lifetime of free neutrons is perplexing: in the beam experiments (t,, = 888.0+2.0 s) it is greater than in the trap
experiments (rmp =(877.75+0.28  +0.22/-0. 16syst) s, e.g., according to paper [21], well beyond the error margins.
It would have been explained by the 2-body decay into a hydrogen atom plus antineutrino if the Branching Ratio
(BR) for this process — compared to the usual 3-body decay — would be ~ 1%: because in the beam experiments only
the protons from the 3-body decay were counted, so that the 2-body decay was missed. However, the previously
known theoretical BR (for such 2-body decay) was much smaller: 4x10° [22].

Alternatively, Fornal and Grinstein [23] hypothesized that neutron might decay into an unspecified dark matter
(DM) particle. The problem still was that the resulting hypothetical DM particle was not identified. Moreover,
Dubbers et al [24] showed that the BR for this process is at least several times smaller than required 1%. In 2024
experiment [25] with the hypothetical dark decay °He — “He + n + y, the corresponding BR for free neutrons was
shown to be ~ 105, while BR ~ 1% is needed for reconciling Tiap and t

beam”

In our papers [26, 27] of 2024, we brought to the attention of the research community that with the allowance for
the second solution of Dirac equation for hydrogen atoms, the theoretical BR for the decay into a hydrogen atom
(plus antineutrino) is increased by a factor of ~ 3x10° to become ~ 1%. This is in the excellent agreement with
“experimental” BR = (1.15 + 0.27)% required for reconciling the above Tiap and t,_ . Thus, it seems that the
allowance for the above, enhanced two-body decay of free neutrons solves the neutron lifetime puzzle completely.

In the present paper we provide some details on the above calculations: the details that were not given in our
papers [26, 27].* First, the wave function, combining the results from Egs. (36), (37), (39) was complemented by the
exponentially declining tail — the tail being similar to the regular solution of the corresponding Dirac equation (see,
e.g., the textbook [13]):

g,,(1) ~ 2 exp( —ar), £ . (r) ~ o exp( —or). (40)

Then we calculated the normalization integral N(R):

NR) = ] Plg2(R, 1) + 2R, 1)]dr (1)
0

In Eq. (41), g/(R, r) and f (R, r) are the wave functions of the 2" solution of the Dirac equation (based on Egs. (36),
(37), (39), and (40)), as indicated by the subscript “2”.
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According to Bahcall [22], the probability P(R) of the 2-body decay of neutrons is proportional to the square
absolute value of the wave function of the atomic electron at the proton surface, i.e., at r = R. So, we calculated the
following Enhancement Factor (EF)

EF(R) = P,(R)/P,(R) = [g,(R, R)* + T\ (R, R)*}/[g,(R)* + f,(R)’], (42)
where
(R, R) = g,(R, RY[N(R)]'2, £, (R, R) = £;(R, R)/[N(R)]">. (43)

In Eq. (42), g,(R) and f,(R) are the well-known regular solutions of the Dirac equation for hydrogen atoms (see, €.g.,
the textbook [13]).

On substituting in Eq. (42) as the proton boundary R, the experimental root-mean-square value of the proton
radius 0.84 fm = 0.0022 n.u., we obtain EF ~ 3x10° >> 1. This means that the 2-body decay of neutrons should
produce overwhelmingly the SFHA, rather than the usual hydrogen atoms. Physically, this is because the wave
function of the 2" solution rises toward the proton surface (from the outside) much more rapidly than the wave
function of the 1% solution.

Thus, the branching ratio for the 2-body decay of neutrons, being enhanced by the above value of the EF,
becomes ~ 1%, which is indeed in the excellent agreement with the “experimental” branching ratio of (1.15 +
0.27)% required for reconciling the above t, _and 7, . So, in this way, the puzzle of the neutron lifetime seems to
be resolved completely.

5. CONCEPTUAL DESIGNS OF THE EXPERIMENTAL VERIFICATION OF THE TWO-BODY
DECAY OF NEUTRONS

We can use as the starting point the design proposed by Stephan Paul group from Munich, as presented in the paper
by McAndrew et al [28] — see Fig. 9.

Transverse

[ B, A
| - Hyd
'iI o ) ] Heogen

| | | Electric
Lamb-Shift field
Spin Filter grids

N

Neutron source

Longitudinal
agnetic fleld, B

Fig. 9. Design of the experiment proposed in McAndrew et al paper [28].

The neutrons decay inside the through-going beam tube. The hydrogen atoms then pass through the collimator.
(The Lamb-shift spin filter is optional.) A transverse magnetic field B, then removes a large number of the three-
body decay protons and electrons from the beam line.

Here we come to the central point of our suggestion: the resulting hydrogen atoms should be subjected to an
electric field (a static field or a laser field) able to ionize the usual hydrogen atoms from the states 2S, 3S, and so
on. The SFHA cannot and will not be ionized by this field, as explained above.

The theoretically expected result of the 2-body decay of neutrons is 83.2% of hydrogen atoms in the state 1s and
16.8% of hydrogen atoms in the states 2s, 3s, and so on [22]. In the 1* mode of the experiment, the ionizing laser or
static electric field should be off. Then all hydrogen atoms should be subjected to an electron beam of the energy ~
(6 — 8) eV to ionize BOTH kinds of hydrogen atoms from the state 2S and higher. (The SFHA can be ionized by the
electron beam, just as the usual hydrogen atoms.) Then the resulting protons should be deflected (by a static electric
field) and counted.

In the 2nd mode of the experiment, the ionizing laser or static electric field should be on. Then again all hydrogen
atoms should be subjected to an electron beam of the energy ~ (6 — 8) eV to ionize both kinds of hydrogen atoms
from the state 2S and higher. Then the resulting protons should be deflected and counted. If the 2™ count of protons
would be approximately the same as the 1* count, this would confirm that the 2-body decay of neutrons produces
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overwhelmingly the SFHA (rather than the usual hydrogen atoms). If the 2™ count of protons would be zero or
much less than the 1% count, this would mean: no SFHA.

Alternatively, the experiment could be performed without using the electron beam at the last stage of the experiment,
as follows. In the 1% mode of the experiment, all the resulting hydrogen atoms should be counted (e.g., by using a
microcalorimeter as the detector). In the 2°¢ mode of the experiment, before detecting hydrogen atoms, they should
be subjected to a static or laser field able to ionize the usual hydrogen atoms from the states 2s, 3s, and so on,
and then to count the remaining hydrogen atoms. (The SFHA will not get ionized.) If the 2™ count would be
approximately the same as the 1% count (within the accuracy of few percent), this would confirm that the 2-body
decay of neutrons produces overwhelmingly the SFHA. If the 2 count would be by about 17% smaller than the
1% count, this would mean: no SFHA. As for the detector of hydrogen atoms, it could be, e.g., a microcalorimeter, as
proposed by Shuo et al [29].

Here are some details on ionizing the usual hydrogen atoms by a laser or static electric field. For ionizing the
usual hydrogen atoms from the states 2s, 3s, and so on, it should be enough to use a laser of the intensity ~ 5x10!'! W/
cm?’. For enabling the increase of the laser focus spot to the size of the hydrogen beam cross-section, it should be
enough to use a laser of the intensity ~ 5x10'* W/cm?. By now laser intensities ~ 10*' W/cm? are achieved; so, the
Nd:YAG laser providing ~ 10'* W/cm? is readily available from commercial sources.

Alternatively, instead of the laser field, a static electric field ~ 20 MV/cm can be used for this purpose.
Another starting point could be the layout of the beam-type experiment by Nico et al [30] — see Fig. 10.
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Fig. 10. The layout of the beam-type experiment by Nico et al [30].

In this experiment, the trapping region intercepts the entire neutron beam and neutrons decay inside this volume
in the 3-body and 2-body ways. In the trapping mode, the protons resulting from the 3-body decay are confined there.
Then (as in the counting mode) door electrodes are grounded, and a graduated potential is imposed on the central
electrodes to flush out protons.

Here we come to the central point of our suggestion: the hydrogen atoms, resulting from the 2-body decay,
should be subjected to an electron beam of the energy 11 — 13 eV to excite both kinds of hydrogen atoms into
the states of the principal quantum number n = 2 and higher. In the 1* mode of the experiment, the hydrogen
atoms should be subjected to another electron beam of the energy ~ (6 — 8) eV to ionize both kinds of hydrogen
atoms from the state 2S and higher, followed by counting the resulting protons.

In the 2nd mode of the experiment, first the usual hydrogen atoms in the state 2S and higher should be quenched
out by an electric field that would mix the S- and P-states, followed by the radiative decay into the ground state. (The
SFHA cannot be quenched: the SFHA does not have the P-states.) Then the SFHA in the state 2S and higher, should
be subjected to the second electron beam of the energy ~ (6 — 8) eV to ionize them, followed by counting the
resulting protons.

If the 2" count of protons would be approximately the same as the 1* count, this would confirm that the 2-body
decay of neutrons produces overwhelmingly the SFHA (rather than the usual hydrogen atoms). If the 2™ count of
protons would be zero or much less than the 1% count, this would mean: no SFHA.

6. CONCLUSIONS

We obtained the explicit form of the solution of the Dirac equation inside the proton for the S-states — the solution that
at the proton boundary matches the corresponding singular solution, as required by quantum mechanics: both the
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wave function and its derivative are continuous at the boundary. We demonstrated that such solution inside the
proton can be (and is) obtained within the class of functions that are non-analytic at r = 0 — in distinction to the
conventional practice of limiting the search for the solution by the class of analytic functions, i.e., by functions that
can be adequately represented by their expansion into the Laurent series.

We applied the obtained results to the resolution of the neutron lifetime puzzle. We demonstrated that the 2-body
decay of neutrons produces overwhelmingly the SFHA (rather than the usual hydrogen atoms). By showing that the
enhanced in this way branching ratio for the 2-body decay of neutrons (compared to the 3-body decay) is in the
excellent agreement with the branching ratio required for reconciling the neutron lifetime values measured in the trap
and beam experiments, we resolved the neutron lifetime puzzle completely.

Finally, we provided the conceptual designs of the experiment that would constitute both the first detection of the
2-body decay of neutrons and the verification that that the 2-body decay of neutrons produces overwhelmingly the
SFHA. Thus, our results seem to be important both from the theoretical and experimental viewpoints. For example,
they have profound cosmological consequences. They lead to viewing neutron stars in a new light: as the generators
of the baryonic DM in the Universe, as presented in paper [27].

Appendix A. The experimental charge density distribution inside the proton

The most recent Charge Density Distribution (CDD) inside protons p(r), deduced from the corresponding experimental
electric form-factors G (q), was presented in 2018 by Sick [31] — see Fig. A.1.
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Fig. A.1. The experimental charge density distribution inside the protons according to Sick [31]: the distribution corresponding
to the dipole form factor (dotted line) and a more realistic one (solid line) resulting from the fit to the experimental electron
scattering data. The mark 98% shows that integrating from 0 to 2.7 fm yields 98% of the rms-radius of protons.

The experimental G (q) were taken from a variety of world data. In the non-relativistic limit, p(r) is related to
G_(q) by the Fourier-transform:

p(r) = [1/Q27r)] ({ Ge(q) sin(qr) q dq (A.1)

The proton form factor is roughly described by the dipole shape:
G,(q) = /(1 + g°R/12)*, (A.2)

where R, is the corresponding rms proton charge radius. The CDD corresponding to this form factor has the shape
of an exponential:

pp(r) o exp(—12"2r/Rp). (A.3)

It is seen that the experimental CDD in protons (solid line) has the maximum at r = O and then monotonically falls-
off to the periphery. This kind of the CDD yields the potential satisfying, as a particular case, the general condition
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from Eq. (2), under which the wave functions inside the proton can be matched at the proton boundary with the wave
function of the singular solution outside the proton.

The commonly used characteristic parameter of any distribution (or of a spectral line shape) is its Half Width at

Half Maximum (HWHM). For the experimental CDD shown by the solid line in Fig. A.1, we found HWHM = 0.32
fm ~ 0.00089 n.u.

*/

o 0 N N kWD =

WO NN N NN NN NN R /= ko e o e e e

Notes

There was a misprint in the expression for g_(r) in Eq. (2) from paper [26] and in the corresponding Eq.(3) from paper [27]: in the
denominator, instead of r should have been r*. This misprint was “inherited” from paper [1] where in the expression for g,_(r) in Eq. (17),
the power of r in the denominator should have been increased by 1. In the above papers, the subsequent calculations were performed by
the correct formulas, so that these misprints did not affect the results
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