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Abstract—Most of the existing works on two-way frequency
division multiplexing (OFDM) relay channels was centered a
per-subcarrier decode-and-forward (DF) relaying, where ach
subcarrier is treated as a separate channel, and channel cod
is performed separately over each subcarrier. In this paperwe
show that this per-subcarrier DF relay strategy is suboptinal.
More specifically, we present a multi-subcarrier DF relay stategy
which achieves a larger rate region by adopting cross-subcaer
channel coding. Then we develop an optimal resource allodan
algorithm to characterize the achievable rate region of thepro-
posed multi-subcarrier DF relay strategy. Compared to staward
Lagrangian duality optimization algorithms, our algorith m has
a much smaller computational complexity due to the use of the
structure property of the optimal resource allocation solttion.
We further prove that our multi-subcarrier DF relay strateg y
tends to achieve the capacity region of the two-way OFDM reka
channels in the low signal-to-noise ratio (SNR) regime, andhe
amplify-and-forward (AF) relay strategy tends to achieve te
multiplexing gain region of the two-way OFDM relay channels
in the high SNR regime. Our theoretical analysis and numerial
results demonstrate that DF relaying has better performane in
the low to moderate SNR regime, while AF relaying is more
appropriate in the high SNR regime.

Index Terms—Two-way relay, orthogonal frequency division
multiplexing, capacity region, decode-and-forward, ampify-and-
forward, resource allocation.

|. INTRODUCTION

throughput of future wireless networks, and it has been lyide
advocated in many 4G standards, such as IEEE 802.16m and
3GPP advanced long term evolution (LTE-Advanced) [2], [3].
In practice, a relay node operates in a half-duplex mode to
avoid strong self-interference. However, since the hafftex
relay node can not transmit all the time (or over the entire
frequency band), the benefits provided by the relay node are
not fully exploited [4].

Recently, two-way relay technique has drawn extensive
attention, because of its potential to improve the spectrum
efficiency of one-way relay strategies [4]—[13]. If one iatis
traditional one-way relay strategies to realize two-wamow-
nications, four phases are needed. To improve the fourephas
strategy, the two relay-to-destination phases can be awdbi
into one broadcast phase [5], [6], and the yielded threesgha
strategy can support the same data rates with less channel
resource by exploiting the side information at the terminal
nodes. One can further combine the two source-to-relaygshas
into one multiple-access phase to yield a two-phase strateg
(see Fig. 1) [7]. Hybrid strategies with more phases have bee
considered in [8]—-[10] to further enlarge the achievable ra
region. The diversity-multiplexing tradeoff for two-wawglay
channels was studied in [11]-[13].

Two-way relay strategies also have been in conjunction with
OFDM techniques [14]-[20]. With amplify-and-forward (AF)

Orthogonal frequency division multiplexing (OFDM) relay-elay strategy, power allocation and subcarrier permurati
ing is a cost-efficient technique to enhance the coverage drye been studied in [14], [15], and its corresponding ceknn
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estimation problem has been thoroughly discussed in [16].
Resource allocation for two-way communications in an OFDM
cellular network with both AF and decode-and-forward (DF)
relay strategies was studies in [17]. A graph-based approac
was proposed to solve the combinatorial resource allatatio
problem in [18]. For practical quality of service (QoS) re-
quirements, the proportional fairness and transmissidayde
have been considered for two-way DF OFDM relay networks
in [19] and [20], respectively. Most prior studies on two-
way OFDM relay channels with a DF strategy were almost
centered on a per-subcarrier DF relay strategy, whichdreat
each subcarrier as a separate two-way relay channel, and
performs independent channel coding over each subcarrier.
Such a per-subcarrier DF relay strategy is probably ma/at
by the fact that per-subcarrier channel coding can achiewe t
capacity of point-to-point OFDM channels. However, thasto

is different in OFDM relay channels: per-subcarrier chdnne
coding can no longer attain the optimal achievable rateoregi

of DF relaying for two-way OFDM relay channels. In other
words, per-subcarrier DF relaying is merely a suboptimal DF
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(a) The multiple-access phase. (b) The broadcast phase.

Fig. 1. System model of a two-way OFDM relay channel, comgisof (a) a multiple-access phase and (b) a broadcast phase.

TABLE |

relay strategy. More details are provided in Section 1l evéh COMPARISON OF PERSUBCARRIER AND MULTI-SUBCARRIERDF

an example is provided to show that a novel DF relay strategy TWO-WAY RELAY STRATEGIES.

achle_ves a larger rate region. Strategy Achievable rate regiopResource allocation complexity
This paper focuses on the two-way OFDM relay channepsrsubcarrier DR small Tow [17]

with a negligible direct link due to large path attenuatiomulti-subcarrier DH large very low

or heavy blockage. This is motivated by the fact that the

relay node plays a more important role when the direct link TABLE Il

is weak than when it is strong [13]. The optimal tWO-Way asymproTIC PERFORMANCE COMPARISON OAF AND DF TWO-WAY
relay strategy in this case consists of two phases, which RELAY STRATEGIES

are illustrated in Fig. 1. We intend to answer the following = -

. . . . . rategy Low SNR High SNR
questions in this paper: What is the optimal DF relay styateghyfi-subcarrier DR| achieving capacity regiop smaller muliplexing gain
when the direct link is negligible? Under what conditions is AF lower rate achieving largest
the optimal DF relay strategy better than the AF relay sipate multiplexing gain region
and vice versa? Is the optimal DF relay strategy able to
achieve the capacity region of two-way OFDM relay channels ) ) ) )
in some special scenarios? To address these questions, we "€9imes under optimal resource allocation. First, we
first introduce a multi-subcarrier DF relay strategy, which ~ Show that the multi-subcarrier DF relay strategy tends
outperforms the existing per-subcarrier DF relay strategy to achieve the capacity region of two-way OFDM relay
terms of both achievable rate region and resource allatatio channels in the low SNR regime. Then, we characterize
algorithm complexity. Then, we provide a performance com- (e multiplexing gain regions of the two DF relay strate-
parison between this multi-subcarrier DF relay strateggt an ~ 9/€S, the AF relay strategy, and the cut-set outer bound
the AF relay strategy. The main contributions of this paper Under optimal resource allocation. We show that the AF
are summarized as follows: relay strategy can achieve the multiplexing gain region of

o We present a multi-subcarrier DF relay strategy, which two-way OFDM relay channels in the high SNR regime.

has a larger achievable rate region than the widely stud- rNeL;TI?S”C?L;e;:ItSm a'cr()etic?rot\a”r?()egng)niisgfgmogrizgﬁlgczll:
ied per-subcarrier DF relay strategy. Though this multi- : ymp P P

subcarrier DF relay strategy is merely a simple extension and DF strategies Is summarized in Table II.

of the existing result [7], it is the optimal DF relay the rest of this paper is organized as follows. Section I
strategy for two-way OFDM relay channél§o the best asents the system model. Section Il presents the multi-
of our knowledge, this r_nultl—subcarrl_er DF relay strateg¥,,pcarrier two-way DF relay strategy and its achievable
has not been reported in the open literature. We develpge region. The resource allocation algorithm of the multi
an optimal resource allocation algorithm to characterizg,pcarrier DF relay strategy is developed in Section IV. The
the achievable rate region of the muln—subcarrler DF re'_aé’symptotic performance analysis of different relay sgi®is
strategy. We show that the optimal resource allocatiofyoyided in Section V. Some numerical results are presented

solution has a low-dimension structure. By exploiting, section VI. Finally, Section VII draws some conclusions.
this structure, the complexity of both primal and dual

optimizations can be significantly reduced. The relative Notation: Throughout this paper, we use bold lowercase

benefits of our multi-subcarrier DF relay strategy and it§ters to denote column vectors, and we also denote an

resource allocation algorithm are summarized in Tableq.Olurnn vect_or by(xll’ "' ’S”)' R+d a?]d R% de;ote tTe set
« We analyze the asymptotic performance of different reldy) Nonnegative real numbers and the setrnok 1 column

strategies in the low and high signal-to-noise ratio (SNR{ECIOrs with nonnegative real components, respectiyely.0
rmeans that each component of column vept& nonnegative.

IA strategy is the optimal DF relay strategy, meaning thawiteievable I(X;Y’) denotes the mutual information between random
rate region contains the rate region of any other DF relagtegy. It is worth  yariablesX and Y. and I(X' Y|Z) denotes the conditional
mentioning that relay strategies other than DF relay girméemay have a . . ’ . .
larger or smaller achievable rate region compared to thii-subcarrier DE Mutual information of random variable¥ and Y given Z.

relay strategy in certain scenarios. E[-] denotes the statistical expectation of the argument.
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Il. SYSTEM MODEL Let Ri» and Ry, denote the end-to-end data rates from

We consider a two-way OFDM relay channel witN 11 to 7> and fromT; to T;, respectively. When the direct
subcarriers, where two terminal nod@s and 75 exchange link betweenT) and 75 is negligible, the optimal DF relay
messages by virtue of an intermediate relay nate The strategy of discrete memoryless two-way relay channels was
wireless transmissions in the two-way DF relay channel @ven by Theorem 2 in [7]. By applying this theorem to
composed of two phases: a multiple-access phase amgwa—way paraIIeI_Gauss!an_relgy channel and gon5|der|eg th
broadcast phase, as illustrated in Fig. 1. In the multipieeas ©Ptimal channel input distribution, we can obtain the oplim
phase, the terminal nodd§ and 7, simultaneously transmit a@chievable rate region as stated in the following lemma:

their messages to the relay nodg. In the broadcast phase, 1Gi h . . #of th
the relay nodel'’r decodes its received messages, re—enco?@@[“ma iven the maximum transmission pOw#f<of the

them into a new codeword, and broadcasts it to the termi ehe nodes and the"CISé the qptimalll achhievata)ale :r;ate_rﬁgion
nodesT; andT». The time proportion of the multiple—access%':t € two-wgy para E . aussian relay chanig)-(3) with a
phase is denoted asfor 0 < ¢ < 1, and thereby the time strategy Is given by:
proportion of the broadcast phaselis- . Roe (P — J(Ri. Roy) € R2
In the multiple-access phase, the received sidfial of the or (P, ) (B2, Bz1) € Ry
relay nodel’r over subcarrien can be expressed as

N
Ry < min{ Ztlog2 (1+%)’

YRn = hln & Xln + h2n ]ﬂ X2n + ZR'm (1) n=1
! ! GonD
2n) Rn
where X;,, (i €{1,2}) is the unit-power transmitted symbol > (1 —1t)log, (1+71 — 4 L)}a
of the terminal nodeq;; over subcarriern, h;, is the channel ";1
coefficient fromT; to Tz over subcarrien, p;, is the average Roi < min Z tlog (1 +92np2n)
transmission power, and’y,, is the independent complex = = 2 ’
Gaussian noise with zero mean and variangg. N _
In the broadcast phase, the received signals of the terminal Z(l —t)log, (1+911nppm)}’
nodesT} andTy over subcarriern are given by n=1 -1
N
~ n. n + n n
Yin = hin PRn. Xpn + Zin, 2) Ri2+ Roy < Ztlog2(1+91 Pin - 92nD2 L)7
1—t¢ n=1
7 PRn N
Yo, = hon 1—_tXRn+Z2n; (3) 0<t<1, megﬂ,
n=1
whereXg,, andpg,, denote the unit-power transmitted symbol .
.. in = = =1,... .
and the average transmission power of the relay néoge pin>0,i=1,2,Rn=1,....,N (%)
over subcarriem, respectively,h;, denotes the associated _ )
channel coefficient fronT; to T; over subcarrier, and Z;, Proof: See Appendix A. u

is the independent complex Gaussian noise with zero meafr{trr‘1 fact, th?t optimal ra;[e regio|r|1 IOf (5It) is the in:]ersec;tlion
- : of the capacity regions of a parallel multi-access channel a
and variancer?, (i € {1,2}). pacity reg P

Each node is subject to an individual average power CO%_parall_el broadcgst channel wit_h receiver side inf_ornnétio.
straint, which is given by [21]. Th_|s rate region can be achieved by the following multi
N subcarrier DF relay strategy: In the multiple-access phase
. the relay node decodes the messages from the two termi-
> pin< P, i=12R, @) 3l nodes by ei . . ; ;
—~ y either successive cancellation decoding with
. . time sharing/rate-splitting, or joint decoding [22]-[24h
where F; denotes the maxT"num average transmission POWgly 64 qcast phase, the relay node can utilize nestedelatti
of node T;. Let us useP=(Py, By, Pr) to represent the codes, nested and algebraic superposition codes to transmi
maX|mum~aver~ageNpowers of the three nodes, andgjé the messages to the intended destinations [9], [21]. Some
{910,920, 910, G20}y 10 represent the channel state 'anorfelated information theoretical random coding techniquese
mation (CSI), wheregi,= |hin|"/07, and gin=hin|*/o5  giscussed in [6], [21], [25]. In either of the phases, chaene
(i €{1,2}) represent the norma_llzed c_hannel power gains. Vx%ding/decoding is performed jointly across all the subiees.
assume that the perfect C#l is avqllable at the network On the other hand, the per-subcarrier DF relay strategy
controller to perform resource allocation throughout thpey. independently implements the DF relay scheme of [7] over
each subcarrier [17]-[20]. The achievable rate region ef th
1. OPTIMAL TwO-WAY OFDM DF RELAY STRATEGY  per-subcarrier two-way DF relay strategy is given by
This section presents a multi-subcarrier DF relay strategy
which can realize the optimal achievable rate region of tH&p.or(P,G) = {(R127R21)€R?‘,—
DF relay strategy for two-way OFDM relay channels. We also
show that the per-subcarrier DF relay strategy considated iziere, the receiver side information means each user's oamsnitted
[17]-[20] can only achieve a suboptimal rate region. message.
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Riy < imin{tlog (1+91np1n) A. Resource Allocation Problem Formulation
12 > 2 A
ot t Let p € (0,00) denote the rate ratio of the two terminal
92nPRn i
1—-1)1 (1 ) , nodes, i.e.,
( ) Og2 + 1 —f, } p é RQl/RlQ. (9)
N
Ry, < Zmin{l‘,logQ (1+M)7 Then, a boundary pointRi2, R21) = (Ri2,pRi2) of the
n=1 o achievable rate regioRpr(P,G) is attained by maximizing
(1 —1t)log, (1+M) }, R1> within Rpe(P, G) for a given rate ratigp. Therefore, the
N 1-1 boundary point ofRpe(P, G) is characterized by the following
Rig 4+ Ry < Z“Og (1+M) resource allocation problem:
— 2 ¢ ’
n=1 max R12 (103.)
N P1,p2,PrR70, Ri2,t N
0<t< 1; Zpin < Pi7 9inPin
2 st R < tnzllogQ(l—i— ! ) (10b)
pin>0,i=1,2,Rn=1,...,N ;. (6) P o
2nP2n
. . < - Zneen
The only difference betweeRpr( P, G) andR or( P, G) lies Fiz < P ZjllogQ (1+ t )’ (100)
in the order of the functiomin{-} and the summation in (5) 72_ N
. . g1inDin + G2nP2r
and (6), implyingRppe(P,G) C Ror(P,G). Therefore, the Ry < P > log, (1+%),
n=1

per-subcarrier DF relay strategy is only a suboptimal Deyrel

strategy. Similar results have been reported in [26], [2F] f N N (10d)

one-way parallel relay channels. Riz< (1)) log, (1+M)7 (10e)
We now provide a toy example to compare these two DF n—1 L—t

relay strategies. Consider a two-way OFDM relay channéd wit 1-+ X GinPRn

N = 2 subcarriers. The wireless channel power gains are given Ry < —— ) log, (1+ﬁ), (10f)

by (911, 912, 921, g22) = (1,15,7,3) and gin, = gin, fOr n,i € N n=1

{1,2}. The power and channel resources are fixed tp;he= me <P, i=1,2,R, (109)

0.5 andt = 0.5. According to Lemma 1, the achievable rate n=1

region of the multi-subcarrier DF relay strategy with fixed 0<t<l, (10h)

;:;ls;;zallocatlon is given by the set of rate pais;, Ra21) wherep £ (pi1, piss. .., pin) €RY denotes the power allo-

cation of nodé€r; for i=1, 2, R. Problem (10) is a convex opti-

. _ : mization problem, which can be solved by standard interior-
Ry <min{l.5+1,0.5 + 2} = 2.5 bits/s/Hz _ (7b) point methods or by using general purpose convex solvers
Riz + R21<0.5 [logy (9) + logy(19)] = 3.71 bits/s/Hz (7¢) g ch as cvX [28]. However, these methods quickly become

Similarly, by (6), the achievable rate region of the peromputationally formidable as the number of subcarri¥rs

subcarrier DF relay strategy with fixed resource allocat®n increases, because their complexity grows in the order of

Ri2<min{0.5+ 2, 1.5+ 1} = 2.5 bits/s/Hz (7a)

given by the set of rate pairfd?;», R21) satisfying O(N3%) [29], [30, p. 8 and Eq. (11.29)]. Sinc& can be
Ri2< min{0.5,1.5} + min{2, 1} = 1.5 bits/s/Hz (8a) quite large in practical OFDM systems, we will develop a
R <min{1.5,0.5} + min{1,2} = 1.5 bits/s/Hz (8b) more efficient resource allocation algorithm for large eslu

Rz + R1<0.5 [log,(9) + logy(19)] = 3.71 bits/s/Hz (8c) ©f & in the sequel.
where the sum-rate constraint is actually inactive. By com-
paring (7) and (8), one can easily observe that the conside® Phase-Wise Decomposition of Probl¢h0)
multi-subcarrier DF relay strategy has a larger achievedike Let us first fix the value of. Then, problem (10) can be
region. An effective and computationally efficient apprioémr  jecomposed into two power allocation subproblems for the
the optimal resource allocation of the proposed two-way D&ti-access phase and the broadcast phase, respedtiody.

strategy will be presented in the next section. that the transmission powers of the terminal nogdesnd p»
are only involved in the rate constraints (10b)-(10d) foe th
IV. RESOURCEALLOCATION ALGORITHM multiple-access phase, while the transmission power of the

We now develop a resource allocation algorithm to charakglay nodepr is only involved in the rate constraints (10e)
terize the boundary of the achievable rate regiy (P, G) in ~ and (10f) for the broadcast phase. Ii&fia and Rsc denote the
(5). We will show that the optimal resource allocation siolnt  achievable rates for the multiple-access and broadcasepha
has a low-dimension structure, and thereby the number df dé@spectively. For any fixet problem (10) can be decomposed
variables to be optimized is reduced; see Propositions 1 dntp the following two subproblems, one for the multiple-
2 below for more details. The complexity of our resourca@ccess phase
allocation algorithm turns out to be much lower than that of _, N
the standard Lagrangian dual optimization algorithm ared th v () = Biua (112)
existing resource allocation algorithm reported in [17]. st Rwa <rg(p1,p2), k=1,2,3, (11b)
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N
> pimn <P i=1,2, (11c)
n=1
and the other for the broadcast phase
o = 12
gc(t) pR?&}%BCRBC (12a)
st. Rpc < (pR); k=4,5, (12b)
N
> pan < Pr, (12¢)
n=1
where the rate functions(pi,p2), & = 1,2,3, and
ri(pr), k = 4,5, are defined by
N
ri(p1,p2) =t Z log, (1+M)’ (13a)
n=1 ¢
t o g2nP
r2(p1,p2) = Zlogg(lJr%), (13b)
n=1

N
t n n + . "
r3(p1,p2) = P Z log, (1+M)7 (13c)

n=1
N -~
‘er N
ra(pr) = (1= 1) Y log, (14 E2EE2), (13d)
1-t i ginp
" 1 14 dInlRn 13e
rs(pr) = — nz::logg(Jr 1_ﬁ) (13e)

(17) is zero, i.e., solving problem (17) in the dual domaitl wi
yield the optimal solution of the primal problem (11).

1) Structure of the Optimal Dual Solutiox*: Prior to the
presentation of our power allocation algorithm for solving
the problems (15) and (17), we first present an important
result that the optimal dual solutiok* satisfies the following
structural property:

Proposition 1 There exists one optimal solutigi\*, a*) to
the dual problem(17), where A* = (1—X5,0, %) or A* =
(0,1=X35,2%) and 0 < A3 < 1.

Proof: See Appendix B. |

Proposition 1 is very useful for developing our power
allocation algorithm, because the search region X¢rcan
be confined to a sek; | J Ay, whereA; and A, are two one-
dimensional dual sets defined by

A Z{XER] [A=(0,1—-A3,A3), 0< A3 <1}. (18b)
In the sequel, we will show that finding solutions to both
problems (15) and (17) can be substantially simplified by

virtue of Proposition 1.
2) Primal Solution to Problen15). As the first important

Then, the optimal objective value of problem (10) is giveApplication of Proposition 1, we show that the structure\of

by

Riy = max min{Ri (1), Ric()},  (14)

can be exploited to simplify the primal solution to problem
(15). For any given dual variablés\, ), the optimal power
allocation solution(py,,, p3,) to problem (15) is determined

where R, () and Rge(t) are defined in (11) and (12),py the following Karush-Kuhn-Tucker (KKT) conditions:
respectively. Since problem (14) itself is a one-dimenaion

convex optimization problem, it can be efficiently solved byaL'\/IA _
either golden section search method or the bisection methodpix
[31, Chapter 8], withRy,(t) and Ri:(¢) at each search

iteration obtained by solving (11) and (12), respectivislgxt,

tginAs/(p +1)
(t + 917Lp41(7l + anpgn) In2

let us show how to solve the subproblems (11) and (12),

respectively.

C. Lagrange Dual Optimization for Subproblgil)

Let us define the partial Lagrange dual function of subprob-

lem (11) as

Dya(A,@) £ min  Lya (p1,p2, Rma, A, @), (15)

P1,P2=0, Rua

tginA >0, ifpt, =0;
—MwAf= TP (19a)

(t+ ginpt,) In2 | =0, ifpi, >0,

MA tganA3/(p +1)
8p2n (t + glnp)f,L + 92np§n) In2

tgonA >0, ifpy =0;
_ 92n 2/p = . DPon, (19b)

(t + ganps,)In2 | =0, ifps, >0.

According to Proposition 1, at least one &f and \} is
0, which can be utilized to simplify the KKT conditions (19).
The attained optimalpy,,, p5,,) is provided in the following

where A = (A1, A2, A\3), a = (a1, a2) are nonnegative dual fo,r cases:

variables associated with three rate inequality condsaim

Case 1 p3, >0, p5, > 0. 1f A= (1-X3,0,\3), then

(11b) and two power inequality constraints in (11c), respec

tively, and

3
Lyva (p1, P2, Rma, A, @) = —Rya+ Z Ak [Rua—7k(p1, p2)]
k=1

2 N
+ Z (67 ( Z Pin — Pi) (16)
i=1 n=1

is the partial Lagrangian of (11). Then, the correspondung d

problem is defined as

max

DMA ()\, a)
A>0,a>0

(17)

Since the refined Slater’s condition [30, Eq. (5.27)] isSatd

t(1— A3) t
= - 20a
Pin (041 - %O{Q)IHZ gln7 ( )
tA3 t(1—Ns3)
5 = — ; 20b
P2n (p+1)azln2 (%al —a2)In2 (20b)
otherwise, ifA = (0,1—X3, A3), then
N tA3 t(1 —A3)
= — 21a
Pin (p+ 1)agIn2 p(gi—:ag—al)lnf (212)
t(1 — A- t
AR L) (21b)

plaz — 22a)In2  gon’

in problem (11), the duality gap between problems (11) arithse 1 happens jf},,p5,, > 0 is satisfied in (20) or (21).
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Case 2 p%, > 0, p;, = 0. Then the solutions to (19a) andAlgorithm 1 The ellipsoid method for solving the inner-level

(19b) are given by problem (24)
N tl(p+ 1)A1 + A3 t 1 Input CSI {g1n, 92, }2_,, average power§P;, P}, rate
DPin = -, (22a) ; ; :
i (p+1Dailn2  gin ratio p, time proportiont, and .

N

Initialize o and a2 x 2 positive definite matrix A

Pon = 0- (22b) that define the ellipsoid(c, A) = {x €R% | (z — )7
This case happens jf;,, > 0 is satisfied in (22a). ANz —a) <1},
Case 3 p7,, =0, p5,, > 0. Then the solutions to (19a) and 3: repeat
(19b) are given by 4 Compute the optimalps,,., p3,,) by (20)-(23) for given
o (A, @) andt.
Pin =0, (232) 5: Compute the subgradiemt(\, a) with respect tox
o _ Hlp+ DA+ pAs]
= - (23b) by (26).
plp+1azn2 g, 6. Update the ellipsoid: (afj := 1//nTAn; (b) a :=
This case happens jf;, > 0 is satisfied in (23b). a—3AnN; (€) A= 3 (A-2Ann"A).
Case 4 p%, = 0, p5, = 0. This is the default case when 7: until a converges tax*(X).
the above 3 cases do not happen. 8: Output the optimal dual variablex*(X) for given A.

Remark 1 If the structural property oA* in Proposition 1
is not available, one can still obtain an alternative clesed
form solution to (19) [1]. However, this solution involves |n order to solve the reduced outer-level optimization
solving a more difficult cubic equation, which is presentegroblem (27), we first need the subgradient of the objective
in Appendix C. Nevertheless, these two closed-form sahstiofunction Gua (A). According to [32] and [37, Corollary 4.5.3],
are much simpler than the iterative power allocation praced one subgradient ofiya (X) in (24) is given by
proposed in [17] for the per-subcarrier DF relay strategy. i - - )

Remark 2 Since the Lagrangian (16) is not strictly convex €)= (Ripa =71, Byua =72, By —73), - (28)
with respect to the primal power variables at some dual ppintvhere Ry, = min{ry,r2, 73}, andry (k=1,2, 3) are the rate
the power allocation solution in (20)-(23) may be non-ueiquunctions (13a)-(13c) associated with the optimal prin@aip
at those dual points. Nevertheless, any one of the optinal allocation solution (20)-(23) obtained at the dual point
primal power solutions can be used to derive the subgradi¢at a*(\)), respectively, andx*(A) is the optimal solution
for solving the dual problem (17) [32, Section 6.1]. Afteethto (24).
optimal dual poin{ A\*, «*) is obtained, extra processing may With the subgradieng(\) of Gua(A), we are ready to
be needed to obtain the optimal primal solutions to (11) ksplve the outer-level optimization problem (27). Instedd o
using the KKT conditions [32]-[34]. More details are giversearching both the sefs; andA, we propose a simple testing
in our online technical report [35] due to space limit. method to determine whethev* € A; or A* € As. Noticing

3) Dual Solution to Problen(17): We now solve the dual that A; (A2 ={(0,0,1)}, let us consider a testing method
problem (17) by a two-level optimization approach [17], @i at the dual point\® = (0,0, 1). By the concavity of the dual
first fixes A and searches for the optimal solutierf(A) to function Dya (X, a), Gma(A) is also concave i\, which
the maximization problem implies [32, Eqg. (B.21)]

Gua(A) = max Dya(\, @), (24)  Gua(N)<GuaA)+(A=AN)TEA), VA€ A JA2. (29)

Suppose thatA* is an optimal solution to (27), i.e.,
Gua(A*) > Gua(X%). Then, by (29), we must have

A =A%TEN) =0 (30)

The inner-level optimization problem (24) is solved by afor the optimal dual poind*. In other words, if a dual point
ellipsoid method [36] summarized in Algorithm 1, where the satisfies(A — A%)7¢(A%) <0, then cannot be an optimal
subgradient of the dual problefwa (A, ) with respect to solution to problem (27). Due to this and (28), we establish
« is given by [32, Proposition 6.1.1] the following proposition:

and then optimizea by
* A
A" = arg I}I\l;%( Gua(A). (25)

N N
nA a) = (Zp{n — P, Zpgn - P2> , (26) Proposition 2 Let r;, (k=1,2,3) denote the values of the
n=1 n=1 terms used in the subgradiegt)) in (28) with A = X°.
where (p,,p,) is the optimal power allocation solution!f 73 = 71, thenA® € A;. 'f*7“3 207“2' thenA* € A. If both
obtained by (20)-(23). More details about the initializatiof 73 = 71 @andrs >z, thenA* = A% = (0,0, 1).
«a and the mg_trixA in Algorithm 1 are _gi\_/en_in [35]. Proof: See Appendix D. n
BybProplosmon 1, the r(}).ute:c-level opt|r:n|zat|on problngZS The procedure for solving (27) is given as follows: First,
can be solved by searching far over the setA; (J Az, €., e ytilize the preceding testing method stated in Propmsgi
max  Gua(\). (27) to determine whetheh* € A; or A* € A,. Then, we use the

A" =arg
AcAUA bisection method to find the optimal dual variab\. If
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Algorithm 2 Proposed duality-based algorithm for solvinglgorithm 3 Proposed duality-based algorithm for solving

subproblem (11) subproblem (12)
1: Input CSI {g1n, 2.}, average power§P;, Po}, rate  1: Input CSI{gi,, on }2_, average powePr, rate ratiop,
ratio p, and time proportiort. and time proportiort.

2: Check whethet\* € A; or A* € A, by Proposition 2. If  2: Initialize A5 min = 0, A5 max = 1.

A* =A% =(0,0,1), go to Step 10; otherwise, find* by  3: repeat
the bisection method in Steps 3-9. 4 Update\; = %(A5,min+>\57mx) and initializeas min,
3: Initialize A3 min = 0, A3, max = 1. 3. max With given As.
4: repeat 5: repeat
5: UpdateAs = 1 (A3 min + A3,max)- 6: Updateas = £ (@3 min + @3 max)-
6: Derive a*(A) for the inner-level dual optimization 7: Obtain the optimapy, by solving (37) at the dual
problem (24) by Algorithm 1. point}&l — X5, A5, (i3).
7 Compute the subgradieng(A) by (28) and the s: If > 1Pk, < Pr, then updatens ma.x = as;
subgradient/(\s) by either (31) or (32). else updatevs in = as.
8: If the subgradient(\3) < 0, then update\s ax = 9 until a3 converges tav;(As).
Ag; else update\s in = As. 10: Obtain the optimap?, by solving (37) at the dual point
9: until A3 converges. (1= X5, 5,05(X5)).
10: Obtain the optimalp}, p5} by (20)-(23) and Remark 2. 11: If r4(pf) < r5(pk), then updatels max = As; else
11: Output the optimal power allocation solutiofipy, p5} updates min = As.
and the optimal raté?y, (¢). 12: until A5 converges.
13: Obtain the optimap3, by solving (37).
14: Output the optimal power allocation solutigsy, and the
A*=(1—)%,0,)%) € Ay, the directional subgradiegt\s) of optimal rateRgc(t).
Gua (X) along the direction ofA; is determined by
C(A3) = €(A)Taa—:; =&N)"(-1,0,1) =r —7r3;  (31)  The KKT conditions associated with (33) are given by
otherwise, if A* = (0,1 — A4, ;) €A,, the directional  9Lsc s (1 —t)ganAa
subgradient((\3) along the direction ofA, is determined  9prn (1 —t+ Gonph,)In2
by 1 —1)ginAs >0, if pg, = 0;
o) =N O -L) =z =rs. - (@2) ol e a)ip;nﬂm { o itp >0, %69
Since Gua (A) is concave inA, it is also concave along 0Lgc M A —1=0. (36b)

the direction of A; (or Ap). Thus,((A3) is monotonically  9Rgc
non-increasing with respect to;. Therefore, we can use the
bisection method to search for the optimal solutignto (25),
which satisfies¢(\5) = 0, if 0 < X5 < 1; ¢(\%) < 0, if
A5 = 0; or (%) >0, if A3 = 1. The obtained algorithm for

If p%, > 0, then the equality in (36a) holds, and the optimal
DR, Can be shown to be the positive raotof the following
guadratic equation [17]

solving subproblem (11) is summarized in Algorithm 2. (1 =t)ganra (1 = t)g1nAs
— = =azln2. (37)
17t+92nx p(17t+gln$)
D. Lagrange Dual Optimization for Subproblefh2) If (37) has no positive root, thept,, = 0. By (36b), we have
The partial Lagrange dual function of subproblem (12) i8} = 1 — ;. Thus, the optimal dual variabléaz, A\}) can be
defined as derived by a two-level bisection optimization method, amel t

N . obtained algorithm for solving subproblem (12) is sumnetiz
Dec(Ma, As; as) = o lin, Lec (Pr: Rec, M A5, 3) . (33) in Algorithm 3. More details about the initialization f; i,
where )4, A5 and a3 are the nonnegative dual variables assg-nd ©3,max IN Algorlth_m 3 are given n [35]. .
As previously mentioned, after solving the power allocatio

ciated .W'th tW.O rate mequallty constramt; in (12b) and onéaubproblems (11) and (12), problem (14) can be solved by the
power inequality constraint (12c), respectively, and

efficient one-dimensional search methods in [31, Chapter 8]

5 . . . .
thereby vyielding Algorithm 4 for solving problem (10).
Lgc (PR, Rec, A1, A5, a3) = —Rac + Z Ak [Rec — 7k(Pr)] vy 9/ gp (10)

k=4
N . . .
E. Computational Complexity Analysis
+Oz3( E DPRn — PR). (34) P _ piexity _ y _ o
o The computational complexity of Algorithm 2 is given

by O(L(2)KNCh), where L(n)=0 (2(n+1)*In(1/¢)) is
The number of iterations in the ellipsoid method for an
max Dac(Aa, As, ai3). (35) variable nonsmooth optimization problem [38, p. 155]is
A420,X5>0,03>0 the accuracy of the obtained solutiafi,= O (In(1/¢)) is the

Then, the corresponding dual optimization problem is deffin
as
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Algorithm 4 Proposed resource allocation algorithm for solv- N GonPrn
ing problem (10) Z(l — t)log, (1+17_15) )
1 Input  CSI {gin, 920, Gin, Gon}tn=y, @verage pOWers =
{Pla Py, PR}, rate ratiOp. Ry < mln{ Z ﬂOg2 (14_92'er2”)7
2: repeat n=1 !
3:  Solve the power allocation subproblems (11) and (12) N F1nDRn
by Algorithm 2 and Algorithm 3, respectively, where Z(l —t)log, (1+ 1—¢ )}v
t is a given parameter. n?

4 Updatet using the one-dimensional search method for
problem (14).
5. until ¢ converges. .
6: Output the optimal resource allocatiofp?, p5, p%, t*} pin>0,i=1,2,R n=1,.. -,N}- (38)
and the optimal rateR},.

0<t<1azpm§PZw

n=1

The achievable rate region for the AF relay strategy is given
by [17]

complexity (abbreviated for the complexity order) of one- Rar(P,G) = { (Ri2, Roy) € R
dimensional search methods such as the bisection method, ’ ’ +

C, is the complexity for computing the closed-form power N 4 2P 1nGindond
allocation solution (20)-(23). The computational comitex Ri2 < Z§log2 (1+%)
of Algorithm 3 is given byO (K2NC5), whereC; is the n=1 g2nan
complexity for computing the closed-form power allocation N g 2pang2nGinln
solution to (37). Therefore, the overall computational pter- R < 25 log, Oer)
ity of the proposed resource allocation algorithm (Algamit4) N
is given byO (L(2)K2NC; + K3NCs). Z pin < P;,

The complexity of the resource allocation algorithm for n=1
the per-subcarrier DF relay stra’Fegy in [17] i§ given by pin >0, i=1,2,R, n— 1,...,N}, (39)
O(L(2)L(3)KN(I + C5)), where[ is the complexity of the
iterative power allocation algorithm in Eqg. (26) and (27) in herea, — . is the amplification factor of the

17], Cs is the complexity of the closed-form power allocatio Pingin+P2ng2n+1 . A
[L7], Co plexiy P relay node in"subcarrier and the time proportion is fixed

solution in Eg. (28) in [17]. The complexities of the algbrit . :
in [17] and Algorithm 4 both grow linearly with the numbertc,zr{:3;;}1;5 due to the incompressible nature of the AF relay

of subcarriersV, and therefore they are quite appropriate for _ o .
y d bprop Suppose thaP = (P, P,, Pr) is a column vector consti-

ractically large values ofV. In addition, the computational . )
P y 1arg P tuted by nominal values af;, P, and Pi. Then the available

complexity of the iterative power allocation algorithinis 7 f the th q b d
much larger than that of the closed-form power allocatigh2nsmission powers of the three nodes can be expressed as

solution C;. The computational complexity of the ellipsoid P =zP, (40)

method L(3) is much larger than that of one-dimensionalhere s is a positive scalar variable. Note that the average
search method#(. Therefore, the computational complexitysNRs of all the wireless links are proportional 4p and so
of Algorithm 4 is much smaller than that of the resourcge will analyze the achievable rate regions of the two-way
allocation algorithm in [17]. relay strategies under consideration for smaland largex
instead.
V. ASYMPTOTIC PERFORMANCEANALYSIS

In this section, we analyze the asymptotic rate regiods Low SNR Regime
of different relay strategies for two-way OFDM channels, |n the low SNR region (smalt), the functionlog, (1 + ax)
including both the per-subcarrier and the proposed multiith « > 0 can be expressed as
subcarrier DF relay strategies, the AF relay strategy, aed t _a 2
cut-set outer bound, in order to compare their achievalite ra log, (1 + az) = m2 " +0(%). (41)
regions in both low and high SNR regimes and their respectivging (41), we can show the following proposition:
performance merits.

The cut-set outer bound for the capacity region of the tweroposition 3 For  sufficiently small >0 and any
way OFDM relay channels (1)-(3) is obtained by removingate pair (R;2, Ro1) € Row(zP,G), there exists some
the sum-rate constraints in (5), which is given by [7] (Ri2, Ro1) € Roe(zP,G) such thatRi; = Ry + O(z?)

and Ry = Ry 4+ O(22) for b > 1. The regionsRpe (2P, G

Rou(P,G) = {(Rm, Ry1) €RY and Rouw(z P, G) ter(1d tc)) be the same asi 0. ( :

N

Ry < mm{ Zﬂog? (1+91n1’1n)’ Therefore, the multi-subcarrier DF relay strategy tends to
l achieve the capacity region of two-way OFDM relay channels

n=1
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(2)-(3) asz — 0. The proof of Proposition 3 is given in [35] S
due to space limit. On the other hand, it can be easily shown osh e
that the achievable rate region of the AF relay strategy will "
deflate in a much faster speed than the other two-way stestegi 05
for small =, due to the noise amplification and propagation = \\\
effects. T o4l TN
B. High SNR Regime Z 03 (1/3,1/3)
= \

In the high SNR region (large), the functionlog, (1 + ax) < \

with a > 0 satisfies 02¢ \
\
logy (1 + ax) = logy(ax) + O(1/x) = logy(z) + O(1). (42) o \
Nad \

Let us define the multiplexing gain region of the multi- \\

subcarrier DF relay strategy [39]: 0 : : : : :
R (3313 g) 0 0.1 0.2 (/)]\3[ bit (/)A;H 0.5 0.6
ror 2 lim DR Y (43) r12/N (bits/s/Hz)
v=oo  logy(z)

. . " Fig. 2. Comparison of multiplexing gain regions of differéwo-way OFDM

Using (42), we can prove the following proposition: relay strategies in the high SNR regime.

Proposition 4 The multiplexing gain region of the multi-
subcarrier DF relay strategy is given by gain region of the cut-set outer bound was derived in [11],
while the multiplexing gain regions of the DF and AF relay
= 2r91 < N, 2 <N . - .
"'OF {(T12’T21)‘ M2+ 2 SN, 2ne i S A, strategies have not been reported in the open literaturedef
T12,T21 > 0}. (44) All the analytical results as presented in Propositionsv@ib

be confirmed by our numerical results in the next section.
Proof: To prove (44), it is sufficient to find two rate

regionsR,(zP,G) and Ry (zP,G), such thatR,(zP,G) C
Ror(zP,G) C Ra(xP,G), and the corresponding multiplex-
ing gain regions ofR, (x P, G) andRy(zP,G) are both given ~ We now provide some numerical results to compare the
by (44). The detailed proof is given in [35] due to space limiperformance of different two-way OFDM relay strategies
B under optimal resource allocation. The wireless chann&s a

Actually, the multiplexing gain regiompe given by (44) generated by using/ = 4 independent Rayleigh distributed
depends on the time proportion allocation but not upon tiigne-domain taps. The number of subcarriers in the OFDM
power allocation, which can be observed from the proof ehannel isSN = 16. We assume that the wireless channels
Proposition 4 [35]. For instance, the simple equal powéetweenT; (i€ {1,2}) andTy are reciprocal, i..gin = Jin,
allocation scheme can achieve this multiplexing gain negiofor all ¢ = 1,2, n = 1,...,16. The maximum average
and thereby the achievable rate region gap between thiansmission powers for all the nodes are assumed to be the
power allocation scheme and the optimal power allocati@ame, i.e.,P, = P, = Pr = P. Therefore, the average SNR
scheme asymptotically converges to a constant region gap &b the wireless links betwee®; (i € {1,2}) and T is given
sufficiently largex. by SNR = E[gin] %

Following similar ideas for the proof of Proposition 4, one We consider the following two-way relay strategies in our
can derive the multiplexing gains for the per-subcarrier DRumerical comparisons: the multi-subcarrier DF relaytstia
relay strategy, the AF relay strategy, and the cut-set oufoposed in Lemma 1, the per-subcarrier DF relay strategy
bound as stated in the following proposition (with the prodfl7], the AF relay strategy [17], and the cut-set outer bound
omitted): [7]. The associated rate regions of these strategies asn giv

by Rpr(P,G) in (5), Rppr(P,G) in (6), Rar(P,G) in (39),
Proposition 5 Letrp pr, rar, andrey: denote the multiplexing and Row(P,G) in (38), respectively. The optimal resource
gain regions of the per-subcarrier DF relay strategy, thallocation of the multi-subcarrier DF relay strategy isabed
AF relay strategy and the cut-set outer bound, respectivelyy Algorithm 4, the optimal resource allocation of the per-
Then rppr = 7rpr (given by (44)) and rar = row = Subcarrier DF relay strategy and the AF relay strategy are
{(7.1277@1) ‘ ri2 < Norgy <N ppg ray > 0}. carried out based on the power allocation algorithms pregos
in [17], and the optimal resource allocation of the cut-ageo

Proposition 5 implies that the AF relay strategy can achieb®und is obtained by a simpler version of Algorithm 4.
the multiplexing gain region of the two-way OFDM relay Figures 3(a)-3(d) provide the rate regions of these
channels, while the performance of both DF relay strategissay strategies for four symmetric SNR scenarios with
is worse than that of the AF relay strategy in the high SNBNR, = SNR, = SNR=0, 10, 20,30 dB, respectively. Some
regime. An illustrative example for these analytical resig observations from these figures are worth mentioning: First
given in Fig. 2. To the best of our knowledge, the multiplexinthe achievable rate region of the multi-subcarrier DF relay

VI. NUMERICAL RESULTS
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(a) SNR=0dB. (b) SNR=10dB.
a0k — — — Cut-set Outer Bound 6L — — — Cut-set Outer Bound
. —— Multi-subcarrier DF ——— Multi-subcarrier DF
— - — - Per-subcarrier DF — - — - Per-subcarrier DF
35¢ — - — AF sl — - — AF
X e N
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2.5
E z
2 z :
S20 : B 3} !
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1.5 = )
: 2r A
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. | A
i i '
0.5 : I
| |
0 L L L L | 1y ! L 0 | | | 1 I | 1 1
0 0.5 1.0 15 20 25 3.0 35 40 0 1 2 3 4 5 6
Ry, (bits/s/Hz) Ry, (bits/s/Hz)
(c) SNR=20dB. (d) SNR=30dB.
Fig. 3. Achievable rate regions of four two-way OFDM relayagtgies for four symmetric SNR scenarios (i.e., SNRSNR, = SNR), including (a)

SNR=0dB, (b) SNR=104dB, (c) SNR=20dB, and (d) SNR= 30 dB.

strategy is always larger than that of the per-subcarrier ieund.

relay strategy. Second, as the SNR decreases, the acleievabFigure 4 shows the achievable rate region of the multi-
rate region of the multi-subcarrier DF relay strategy tetals subcarrier DF relay strategy obtained by solving probled) (1
reach the cut-set outer bound. Third, the achievable rgieme using CVX, and that obtained by using Algorithm 4, justifgin

of the AF relay strategy grows with SNR, but it is still athat they yield the same numerical results as expected.
subset of those of the DF relay strategies for SN&) dB; Figure 5(a) and 5(b) illustrate the rate regions of these
this is no longer true for SNR 30dB. Finally, in the high relay strategies for two asymmetric SNR scenarios, in-
SNR region, the rate regions of these strategies tend to digding (SNR;, SNR,) = (10dB, 5dB) and (SNRy, SNR,) =
dominated by the multiplexing gain region, thereby coesitt (30 dB, 5dB). Similar observations from Figure 3 can be seen
with Propositions 4 and 5. To be more specific, the shageFigure 5 as well.

of the outer bound tends to be a rectangle depending on thesinally, Figure 6 shows some results (the achievable rate
SNR. The achievable rate region of the AF strategy is closgsrsus average SNR) of these relay strategies for the symme-
to the outer bound for the higher SNR, but that of the twgic SNR symmetric rate scenario, i.e., SNRSNR, = SNR

DF strategies are not. However, for the low SNR, only thgndR,, = R,;. The numerical results in Fig. 6 were obtained
proposed multi-subcarrier DF strategy can approach therouty averaging over 500 fading channel realizations. One can
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APPENDIXA
PROOF OFLEMMA 1

According to Theorem 2 of [7], the optimal achievable rate
region of discrete memoryless two-way relay channel with a
DF relay strategy is given by the set of rate pdifg 2, R21)
satisfying

Rip < min{tI(Xy; YR|X2), (1 —t)[(Xg;Y2)},  (452)
Ro1 < min{t!/(Xo; Yr|X1), (1 —t)[(Xr; Y1)},  (45b)
Ris + Roy < tI(X1, X2;YR), (45¢)

—¥— Algorithm 4
—6— CVX

bed
=)

= N N
n =) n

Ry, (bits/s/Hz)

o

whereX; andY; (i=1,2, R) are the input and output symbols
of the channel at the terminal and relay nodes, respectively
. . . . . In the two-way parallel Gaussian relay channel, the channel
0 0.5 1.0 1.5 2.0 25 3.0 . .
Ry (bits/s/Hz) input and output symbols are given by the vectdfs =
(Xi1,...,Xin) andy; = (Yi1,...,Y;n), respectively. The
Fig. 4. Achievable rate region of the multi-subcarrier DRayestrategy mutual information terms in (45a)-(45c) can be maximized

obtained by using Algorithm 4 and that obtained by solvingbtem (10) i ; ; i iotri
using the convex solver CVX for SNR= SNR, =20dB. [Szlr;ugzzgggsglgy4\]ﬂ-”th the following channel input distrilmuts

1) The elements of channel inpAt,, should be statistical-

see from this figure that, in the low SNR regime, the multi- Iy independent for different; .
subcarrier DF relay strategy tends to have the same perform2) The elements of channel inpi;, should be Gaussian
ance as the cut-set outer bound, and that the multi-subcarri ~ 'andom variables with zero mean and unit variance.
DF relay strategy performs better than the AF relay strate@y applying these channel input distributions, and by ferth
in the low to moderate SNR regime, i.e., SNR4dB. More- considering the power and channel resource constrairgs, th
over, the multi-subcarrier DF relay strategy with the otim achievable rate region (5) is attained.
resource allocation performs better than with the equalgoow
allocation and the optimal* used; it also outperforms the APPENDIX B
per-subcarrier DF strategy. PROOF OFPROPOSITION1

By Proposition 5, in the high SNR regime, the multiplexing The optimal primal variable&p®, p5) and the optimal dual

gains of the AF relay strategy and the cut-set outer bound YSiables (A\*,a*) to problem (11) must satisfy the KKT
the same; the multiplexing gains of the two DF relay Strmgicondition ,8
Lwa

o
n

(=]

are also_the same; the multiplexing gain of the AF re!ay N NN —1=0, (46)
strategy is larger than that of the DF relay strategy (implyi ORma

better performance for the former than the latter for sudfidy and the complementary slackness conditions

high SNR); both the equal power allocation and the optimal AL [RKAA _ rk(p’f,pE)] —0, k=1,2,3. (47)

power allocation for the multi-subcarrier DF strategy avki ) ) )
the same multiplexing gain, and the rate gap between th&¥ (46), the optimal qual* vanable\* haﬁ at most two
tends to a constant value as SNR increases. All these azalytjndependent variables, i.e\j = 1 — A3 — A3. For conven-

results have been substantiated by the numerical resiltensh 1€Nc€. 7:(p1, p3) is simply denoted asj for k = 1,2,3.
in Figures 3-6. If 7 # r3, then by the complementary slackness conditions

in (47), the optimal dual variable\* must satisfy either
A* = (1-X5,0,A5) with A3 = 0 or A* = (0,1—-\%, \}) with
VII. CONCLUSION AT =0, and the asserted statement is thus proved. Therefore,

. . : we only need to consider the casergf= r3.
We have analytically shown that the widely studied per- It can be easily seen from (13a)-(13c) that

subcarrier DF relay strategy is only a suboptimal DF relay N

strategy for two-way OFDM relay channels in terms of achiex. . _ tS o (1 +g1npfn+92np§n n g1ngznpfnp§n)
vable rate region when the direct link is negligible. We have' " "2 —~ &2 t t2

presented a computationally efficient algorithm (Algamitid) > (;; ) (48)

for obtaining the optimal resource allocation of the pragubs - »

multi-subcarrier DF relay strategy. Then we have presenteand the equality holds in (48) if and only #,,p3, = 0

an analysis of asymptotic performance for the above twor n =1,..., N. This leads to two cases to be discussed as
DF strategies, the AF strategy, and the cut-set outer boufallows:

Our theoretical analysis and numerical results imply that t Case 1 r + pry > (p + 1)r3.

proposed multi-subcarrier DF relay strategy is suitabtettie Sincery = r3, we have that} < p—}rlr{ + pTﬂlr; =rf=
low to moderate SNR regime, while the AF strategy is suitablg. If \7 > 0 and A5 > 0, then the complementary slackness
for the high SNR regime, thereby providing a guidance for treonditions in (47) implyRy, = 7 = r5 > r3, which
design of practical two-way OFDM relay systems. contradicts with the rate constraifity,, <r3. Therefore,\}
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Fig. 5. Achievable rate regions of four two-way OFDM relayagtgies for two asymmetric SNR scenarios, including (RSN 10 dB, SNR, =5 dB, and

(b) SNR; = 30dB, SNR, =5 dB.

and A can not be both positive, and Proposition 1 is thus \j+£5\5). Sinced; +Xa+As= Af+A5+A5, Aa+(p+1)

proved in Case 1.

Case 277 + pr3 = (p+ 1)r3.

Since r; =13, we have Ry, =77 =r5=r}. If problem
(17) has an optimal dual solutiof\*, a*) with AT\3 = 0,
the optimal dual variable\* already satisfies eithek*
(1=X3,0,A%) or A*
an optimal dual point\* satisfying A} > 0 and A5 > 0, we

will construct another optimal dual solution with the desir

structure stated in Proposition 1.

(0,1—=X%, A5). Suppose that there is

=A5+(p+1)AL, pAs+(p+1) A2 = pA5+(p+1)A3, and Ry, =
ry =r5=r%, the dual point(A, «*) and the primal point
(p1,p3) also satisfy the KKT conditions (49a)-(49i). There-
fore, A is an optimal dual solution of problem (17) that satisfies
A= (1-2X3,0,A3).

If 0<)\{<%>\*, similarly we can define another dual
point A = (0, \5—pA%, X5+(p+1)A]). Since i +do+A3 =
A AN A+ (p+1) M = A+(p+ DAL, pha+(p+1)As =
(p+ )N\, and Ry, = 1t = r3 = r3, the dual point

~ - i PN
By (48), 7} + pr3 = (p + 1)r3 happens only if the optimal 703 ™ _ — _
primal solution satisfieg?,p3, = 0 for all n. Let us define (A ") and the primal poin{pj, p3) also satisfy the KKT

7, C N 2 {1,...,N} as the index set of subcarriers witheonditions (49a)-(49i). Therefora, is an optimal dual solution
pr > 0,5 ~ 0. and T, C A with pt, — 0,ps, > 0. Of problem (17) that satisfied = (0,15, As). Hence, the
The optimal primal variable¢p?, p5) and the optimal dual statement of Proposition 1 has been proved for Case 2.
variables(\*, a*) to problem (11) must satisfy the following

KKT conditions: APPENDIXC

OLma CLOSED-FORM SOLUTION TO (19)WITHOUT USING
=N+ +X—-1=0 49a

ORwn 1 T2 T7 ’ (492) PROPOSITION] (DISCUSSED INREMARK 1)
oL tgin|N\5 DAY . . . .
5 MA _ ar — 1[ (‘;+ (p +*) 11]2 When the structural property in Proposition 1 is not avail-

Pin (p>+0 ) if+*ghf)1(?) n able, the primal power allocation solution is more compéda

{— T pin ., nel, (49b) for the case ofpj, > 0, p3, > 0. In this case, the KKT
=0, ”;pln >0 N conditions (19a) and (19b) both hold with equality. Therefo
OLwa _ . _tgan[pA3 + (p+ 1DAY] we need to solve a system of quadratic equations with two
Ip2n p(p + 1)(t + g2np3,,) In2 variables. To simplify this problem, we define an auxiliary
>0, ifp3, =0 variable
L I 49¢ *
{ =0, if D5 >0 » €L ( ) e JinPiy, + anpgn' (50)

)"1 20, If =1,2,3, (49d) Then, by (19) and through some derivations, we obtain
RMA_rkSOak:152735 (49e) ¢ 1\ n
No(Ria —73) =0, k=1,2,3, (49f) o = (p+ DA -1 (519

* . Ozl(p-i- 1) ln2—tgln)\3/(t—|—x) Jin

N+ _p _ 5 = ~ . (51b
Zn:1]€m P <0,i=1,2, (49h) P = (o D) In2—tgonhs/(t + @) gon (51b)
of (X p—P)=0,i=1,2 (49i)

By substituting (51a) and (51b) into (50), we end up with

If X\f >-A% >0, we define a new dual point = (Mf==X3,  the following cubic equation ofz:
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Fig. 6. Achievable rate performance comparison of two-w&D® relay
strategies, where SNR=SNR; =SNR, Ri2 = R, “RA’ stands for
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legend.

ai(p+1)In2— 19l

tgan(p + DAa/p

x + 2t
as(p+1)In2—1enls

(52)
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which leads to a contradiction with (54). Thus\%* ¢
A\{\"}. By Proposition 1, we must haws* € A;.

Similarly, if r3 > ro, we can show thal* € As.

Case 2ry + pra = (p+ D)rs.

If only one of the inequalities ofs > r andrs > ro
is satisfied, similar to Case 1, we can show thate A, if
r3 > and\* € A, if r3 > To.

If both r3 > r; andrs > ro, we haver; = ry = r3 =

Ya Dy the condition of Case 2. Thus, according to (28), the
subgradient(\°) = 0. Substituting this into (29) yields

Gua(A) < Gua(AY), Y Ae A UAo, (56)

which means thal® itself is an optimal solution to (27). i.e.,
A =20
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