ERROR ANALYSIS OF FINITE ELEMENT APPROXIMATIONS
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ABSTRACT. Numerical solutions of the stochastic Stokes equations driven by white
noise perturbed forcing terms using finite element methods are considered. The
discretization of the white noise and finite element approximation algorithms are
studied. The rate of convergence of the finite element approximations is proved to
be almost first order (h|Inh|) in two dimensions and one half order (h2) in three
dimensionas. Numerical results using the algorithms developed are also presented.

1. INTRODUCTION

We consider the steady-state Stokes equation with the forcing term perturbed by
white noise:
—vAu+Vp = f4+oW inQ
(1) divu = 0 in €,
v = 0, on 0f,

where € is a subset of R? for d = 2,3, u :  — R? is the velocity of the fluid
flow, p is the pressure, o is a positive continuous function in Q, f € L*(Q) and

W= (Wl, ..., W) is the white noise such that
EWi(x)Wi(2'))=6(zx—a'), z, 2/ €Q, j=1,....d

where 0 denotes the usual Dirac delta function and E the expectation. We assume
that € is a convex polygon in R? or a convex polyhedron in R3. We also assume
that Wé and W3, ¢ # j, i,5 = 1,...d, are independent. (1) is the linearization of
the Navier-Stokes equation which describes the motion of an incompressible viscous
fluid. The noise term occurs, for example, when there are uncertainties, such as the
unknown temperature of the fluid, in the model. Success in solving (1) may help us
understand and quantify uncertainties in processes described by (1).

Stochastic Navier-Stokes equations have recently attracted attentions from math-
ematical communities in both theoretical analysis and numerical simulation aspects
([5, 6, 8, 10, 13]). In [13], the polynomial chaos method is used to study the nu-
merical simulation of stochastic Navier-Stokes equation with viscosity as a random
field. Polynomial chaos expansion is also used in [3] to study numerical solutions of
stochastic Navier Stokes equations with white noise forcing terms.

The purpose of this paper is to conduct error analysis on finite element approx-
imations for the solution (u,p) of (1). Following the general framework of [1], we
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first discretize the white noise using a tensor product between Gaussian random vari-
ables and characteristic functions of the triangular elements in the triangulations of
Q). Then we apply the standard finite element method to the stochastic Stokes equa-
tions with the white noise W in (1) replaced by the discretized white noise. Our
error estimates show that that the finite element approximation error for the velocity
u is almost first order (h|logh|) for d = 2 and one half (h2) for d = 3. Here we
emphasize that because of the lack of regularity, the convergence rate of the finite
element solution for the stochastic Stokes equation is one order lower than that in
the deterministic case for d = 2 and one and half order lower for d = 3.

The paper is organized as follows. In Section 2, we define the weak solution of (1)
using Green’s functions and study the approximation errors for the stochastic Stokes
equations with discretized white noise forcing terms. In Section 3, we construct finite
element approximations for the stochastic Stokes equations with discretized white
noise forcing terms and carry out the error analysis. Finally, in Section 4, we present
numerical simulation results using the algorithm constructed in Section 3.

2. DISCRETIZATION OF THE WHITE NOISE AND ERROR ESTIMATES

2.1. Weak solutions and properties of the Greens functions. In this subsection
we use the Green’s functions of the Stokes equation to define the weak solution of
(1). First we introduce some notations which will be used throughout the rest of the
paper. For v = (vi,---,v,) € R", denote [v|*> = \/v? +---v2. Also we use | - ||
to denote the norm in L?(Q) and || - || to denote the usual norm in Sobolev spaces
H*(Q) for k € R.

The Green’s functions for the Stokes equation are given by G = (G;j)axa and
H = (Hj)1xq for u and p, respectively (see, e.g., [9]), where

1 1 Ti —Yi)\Tj — Yy ..
@) Gyley) = oy PG Z) )

|z —yl |z — yl|?
0 1 1

(3) Hj(x,y)ngj(ZE,y), Dj<xay): |x—y| +h (l’ y) j 172

J
for d = 2 and

1 1 (i — yi)(x; — yj) -
4) Gy = ——6; J 2 2 =1,2,3
() ](x7y) 87TV ]’l'_y’ |x_y|3 +gz]('x7y)’ Za] )~y
65)  Hey) =2 Dy(ey) Dyley) =~ s 2y) =123

Vi 7y _8xj ] 7y7 y 47T|J] y| Cl/ j ) <

for d = 3. Here gfj and hf are piecewise differentiable functions on Q. To simplify the
presentation we assume that o = 1. We define the weak solution of (1) as follows.

(6) mmzﬁawwﬂww+/memw>

Q
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and
(7) /ny dy+d1V/nydW()

where the stochastic integral is defined in Ito’s sense. From Ito’s isometry, it is easy
to see that u € L?(Q) almost surely. We will treat p as a function in H~1(Q). In fact
it can be easily show that

E(llpll%,) < ClIDI*.

To study the approximation of (1) with discretized white noises, we need the following
properties concerning the regularity of the Green’s functions.

Lemma 1. There ezists a constant C such that if |y — z| is sufficiently small, then

®) [ 16(a.0) = Ga.2)Pde < Clinly = 2Dy — =P
Q

) [ 1DG.9) = Dl 2) o < Clialy — 2Dy~ <P
Q

ford =2 and

(10) / |G(z,y) — G(z, 2)|*dr < Cly — 2|,

(11) /|Dw Y) (z,2)]Pdr < Cly — 7|

ford = 3.

Proof. We only prove (8) and (10). The proofs of (9) and (11) are similar. It is proved
n [1] that

(12) / (Infe — y| — Infe - 2))%dz < C|In(ly — =|)l[y — I
Q

Thus to prove (8), it suffies to prove that

w

for 7,5 = 1,2. We only prove (13) for i = 1 and j = 2. The proofs for the other cases
are similar. Let S(v) = {z; |z —v| < |y — 2|} and Q; = Q\ (S(y) U S(z)). Since the
integrand in (13) is a bounded function, it suffices to prove (13) with € replaced by

(2 = y)w; =) _ (wi— (w5 =2) ", Clin(ly — 2|y — 2|

|z =yl | — 2|2
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Q1. Simple calculations give
/ <($1 —y1) (@2 — yo) _ (21 —Zl)(i@—zz))?dx
o |z —y? |z —2[?

— / ((xl —y1)(2e — yo)|z — 2> — (21 — 21) (22 — 20) |7 — y|2>2dx

|z = ylPle — 22

|z = 22 — y|?

+QLICW—ZP—M—M%@rﬂM@a—mU2M:ﬁh+5_

|z — 2|z —y[?

For I; we have that

lz —y|?

_ 2/01 ((@ — 2)(n — 21) — (21 — 1) (12 — 22))2d:1:

|z —y|?

2 2
N |$ y|
2y — 22 3
2
<2ly — 7| / ( —r t——p | dz
o \lz—yl*  |z—y|

1 1
:4|y—z\4/ —4d33+6]y—z|2/ sda.
1951 ’x_y’ 1951 ’Q?—y’

Since 2 is bounded, there exists a constant R such that |z| < R for x € Q. Thus

2R
I < 8rly — 2]4/

ly—=|
< O(ly = 2” + ly — 21| 1n(ly — 2]
Using a similar argument, we can also derive the following estimate.
L < CO(ly — 2 + |y — =[] In(|y — 2]
This proves (13), thus (8). Next we prove (10). To this end it suffices to prove that

1 , [ 1
—dr + 12r|y — 2| —dr
,

ly—2 T

2
(14) / (‘TZ — yl)(xj3_ y]) . (xl — Zl)(xjg_ ’Z]) dr < C|y . Z’
o |z -y |z — 2|
for 7,7 =1,2,3 and
1 2
(15) / — de < Cly — z|.
alle—yl |z —2|

We first prove (14). We only consider the case when i = 1 and j = 2 since the proofs
for the other cases are similar. Let S(v) = {z; |z —v| < |[y—2|} and ©; = Q\ (S(y)U
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S(z)). We estimate the integral on the right hand side of (14) on (S(y) U S(z)) and
) separately. Note that

/ {m — )2 y2>r e | {m SUECE A
S(y)US(z) |z — y| S(y)US(z) [z — |

1
< / sdz.
S(y)US(z) [z — |

Using the spherical coordinates, we have that

1 ly—z] p2m pm .2 o
/ ——dr = / / / "0 sdbdr = dmly — 2|
S(y) [z — | 0 0 0 r
On the other hand,

1 1
——dr < _dz
(SUSENS©) [T =Yl (SEUSENS©) [T — 2|

1
g/ ———dx = 4nly — 2|.
S(z) |z — 2|

This proves that

- 12
/ (1 yl)(x23 y2) dr < 8mly — z|.
S(y)uS(z) [z — |

Similarly we have that

- 12
/ (21 = 21) (2 = 2) dr < 8mly — z|.
S(y)us(z) |

Lz 2P
Thus
/ {(331 —y)(@2— ) (21— 21) (72 — Zz)rdx
S(y)US(z) |z —y? |z — 23

S (= o e e )

Now we turn to the estimate of the integral on §2;. Simple calculations give
/ <(W1 —y)(@2 —ye) (w1 —2)(@2 — 22))2 J
— x
Q1

[z —yf? |z — 2

— / ((951 — 1) (g — )|z — 2? — (21 — 21) (29 — 22) |7 — y|3>2d;,;

|z = ylPle = 2

|z = 2w —y[?

”/Ql ((!x—zP— 2 = y¥) —y1><x2—y2>>2dx o

|z — 2P|z —yf?
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For I; we have that

= 2/91 ((xl —y1)(x2 —y2) — (w1 — 21) (22 — ZQ))Qd:c

lz —y[?

_ Q/Ql ((962 — 2) (1 — 21) — (21 — 1) (2 — 22))2019;

|z —yl?

2 2
o |$ y|
2y — 22 3
2
< 2|y — 2| / < —r t | dz
o \|lz—yl* |z —y

1 1
:4|y—z|4/ —6d$+6|y—z|2/ d.
(951 ’x_y’ (951 ’x_y’

Since 2 is bounded, there exists a constant R such that |z| < R for x € Q. Thus

2R 2R 1

1
—4dr+247r|y—z|2/ —dr
,

2
ly—2 T

I, < 16rw|y — z|4/
ly—=|
< Cly -zl

Using a similar argument, we can also derive the following estimate.

I < Cly — 2|

which, together with the estimate for [;, proves (14). Next we prove (15). Using the
Holder inequality we have that

1 1 \?
[ )
o \z—yl |r—2|
</’ ly — 2
o, |z —y?lr — 2|2
_ 2
Su/< L T+ ! 4)dx
2 o \|z—yl* |z — 2|

R
1
SW—ZF/ —
ly—2| r

< Cly — z|.

For the integral in S(y) U S(z), we follow the first part of the proof of (14) to obtain

1 1\’ 1 1
/ < - ) dxg/ < 5+ 2>dx§167r\y—z].
S(y)US(z) lz—yl |z —2] S(y)US(z) |z —y |z — 2|

This proves (15) and thus (10). The proof is complete. O
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2.2. Approximation with discretized white noise. In this subsection we define
an approximate solution of (1) by discretizing the white noise W. First we introduce
a discretization for the white noise. Let {75} be a family of triangulations of Q (see
[3] for the requirements on {7,}), where h € (0,1) is the meshsize. We assume that
the family is quasiuniform, i.e., there exist positive constants p; and p, such that

(16) pih < R < RAT < o YT ET,, YO<h<l,

where RIMT and RS are the inradius and the circumradius of 7. Write

AWi(z) j=1,---.d

&zﬁ/ﬁ

for each triangle 7' € 7;,, where |T| denotes the area of T'. It is well-known that
{&-}rer, is a family of independent identically distributed normal random variables

with mean 0 and variance 1 (see [12]). Then the piecewise constant approximation
to Wi(z) is given by
co. _l .
(17) Wile) = > ITI ¢ xr(x)
TeT,
where Y7 is the characteristic function of T'. It is apparent that W), = (Wl .- Wi e

(Lfl(Q))2 almost surely. However, we have the following estimate which shows that
|Wh]| is unbounded as h — 0.

Lemma 2. ([1]) Let |[Wil = IWH2+ -+ |[WZ|2. Then there exist positive
constants C7 and Cs independent of h such that

. 2
(18) Ch2<E (HWh > < Coh72,

Now we consider the approximation problem for (1) with the discretized white noise
forcing term Wj:

—vAu, +Vp, = [+ W,, inQQ,
(19) divu, = 0, in Q,
up, = 0, on 0.

Similar to (6) and (7), we define the weak solution for (19) as follows.

(20) 1mm=AGmmﬂww+LGmwmmw
(21) p(z) = /Q H(z,y) f(y)dy + /Q H(z, y)dWa(y).

We have the following estimates concerning the bounds for u; and py,.

Lemma 3. There exists a positive constant C independent of h such that

(22) E (llunlls + llpall}) < Ch72
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Proof. From the standard estimates of Stokes equation (see, e.g., [ 1]), we have that

lunll3 + [lpallt < COSI® + IWal):

The result of the lemma is then a direct consequence of Lemma 2 and the above
estimate. 0

We have the following estimate for the errors u — u;, and p — py,.

Theorem 1. Let (u,p) and (un, pn) be the solution of (1) and (19) respectively. Then
there exisits a constant C' such that

(23) E ([lu = unll® + [lp = pall21) < C|Inh|n?
for d =2 and

(24) E (u—unl® + llp — pul®,) < Ch
ford = 3.

Proof. We only prove (23). The proof of (24) is similar. Using Ito’s isometry and
Holder inequality, we have that

2

dx)

E<||u—uh||>2:E(/Q
— /QTX;/ (z,y)dW (y |T|1Z/ xzz/ldW(y)2

/
Q

Z//m {6l — e =i y)|
<T6’7/‘|T| 1 y) — Gz, 2))dz

TeT,
2
dy) dx.
From the Holder inequality and (8) we obtain

B (Jlu — ) /(Zml//\c:xy m)\dzdy)d

TeT;

_Z\Tllf//ma:y G(z,2)Pdrdzdy

TeT),

< Z |T|~ 1//C’1n|y—z||y—z| dzdy

TeT,

< C|Q||In h|h2.

/G(x,y)dW@)—/G(x,y)dWh(y)
Q Q

dx

dx
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Next we estimate E||p—pp||*;. Let ¢ € Hj(Q2). Using integral by parts, we have that

<p—ph,¢>2=</(/nydW /nydWh( ))v¢(x)dx>2

2
/D:EydW /DwydWh()
||p—ph||2_1§(

dz |3
2
dx) .
Following the same procedure as in the estimate of E (|Ju — uy||)*, we obtain
E(|lp = pull-1)* < |Inh|h®.
The proof of (23) is complete. O

Thus

/D;pydW /D:vydWh()

3. FINITE ELEMENT APPROXIMATIONS

3.1. Error estimate for the velocity u. In this section we consider the numerical
approximations of (19) using the finite element method. Let X := (H}())¢ and
Q = Lj(Q) = {q € L*(), [,q(x)dz = 0}. We first define two bilinear forms as
follows.

(25) a(v,w) = v(Vv, Vw)

and

(26) b(v,q) = —(divo, q).

With a and b we define the variational formulation of (19) as

(27) { a(un,v) +b(v,pn) = (f,v) + (Wh,v), Vo€ X,
b(un,q) =0, Vg e€Q.

Next, we introduce finite dimensional subspaces X;, C X and Q" C  which are
div-stable:

b
(28) inf  sup _b(vh,4n) >3>0

07an€Qn 0vr, e, [[Vnll1]|gnllo
where [ is a constant independent of h, and satisfy the following approximation
properties.
inf,, ex, |[v—vnlls < Ch*7%||v|lo—s s=0,1, Vve H*(Q)
{ infeq, g — anll < Chllgll ¥V q € H(Q).
We refer to [7] for concrete constructions of X, and Mj,.

The finite element approximation for (19) is to find uy, in X, and pj in @, such
that

a(Tn, vn) + b(v,pn) = (f,vn) + Wayvn), Yo, € Xy,
(30) -
b(uh7 Qh> = 07 VQh S Qh-

We have the following error estimate for u — uy,.

(29)
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Theorem 2. There exists a constant C' such that

(31) E(|lu— @) < C|Inh[p?
ford =2 and

(32) E(|lu—|*) < Ch
for d = 3.

Proof. We only prove (31). The proof of (32) is similar. From the L? error estimate
for the finite element solution wy, ([11]), we have that

lu, = @nl* < CRA(lunll3 + lloallD).
By Lemma 3, there exists a constant C' such that
E(|lunllz + llpall}) < CR72.

The result (31) is then a direct consequence of the above estimates, (23), and the
triangle inequality. 0

Remark 1 As indicated in the proof of Theorem 3, the convergence rate for the
finite element approximations of the deterministic Stokes equation problem is O(h?).
The results of Theorem 3 demonstrate that the convergence rates of the finite element
approximations of the stochastic Stokes equation problem are much lower.

Remark 2 It is well known that for a given random variable X, the convergence
5\1:}%()
SD(X) stands for the standard deviation of X and M is the sample size. Our finite
element error estimates in Theorem 3 provide a guidance for the sample size needed
in the Monte Carlo simulation of the statistics of the velocity field u. For instance,
when d = 2, the sample size should be O (;) so that the the Monte Carlo error

) h21n®h
matches the finite element error.

rate for the evaluation of EX using the Monte Carlo simulation is O ( > where

3.2. Error estimates for the pressure p. In this subsection we shall assume that
the boundary 92 of the convex set ) belongs to C*! (see page 4, [11] for a definition
of C?1). Next we estimate the error between p and p, in H~! norm. To this end we
need the H~! norm estimate for the pressure of deterministic Stokes equation. First
we need the following result.

Lemma 4. Let g € H'(Q) (N L4(Q). There exists a constant C' such that the solution
(u,p) of the following problem

—vAu+Vp = 0, in €,
(33) divu = g, in,
u = 0, ondQ
has the following estimate:
[ull2 + [[pllh < Cllglli-
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Proof. Let vy satisfy

Avg = g, in €,
vg = 0, on 0f.

Define uy = gradvy. Then divuy = g. Let v = u — up. Then (33) is equivalent to

—vAv+Vq = vAug, in €,
(34) divv = 0, in Q,
v = wug, on Jf.

From the standard theory of Stokes equation ([11]), we know that (34) has a unique
solution and there exists a constant C' such that

vll2 + llgll < C(HUOHH2 T [ Aug]|)
< C(HUon(m + [|vol[3)
< Cllvolls < Cliglh

which proves the lemma. [l

Let (wp,qn) be the finite element approximations for the solution (w,q) of the
following deterministic Stokes equation:

—vAw+Vq = [, in (),
(35) divw = 0, inQ,
w = 0, on 0N

where [ € L*(Q2). We have the following error estimate for the pressure ¢ in H~!
norm.

Proposition 1. There exists a constant C' such that
(36) lg = anll-1 < CR* (Jlwll2 + [lall) -

Proof. First notice that the variational forms for (w,q) and (wy, gp) are

(37) a(w,v) +b(v,q) = (L,v), YveX,

and

(38) { a(wh’vh) + b(vh7Qh) = (l,vh), Vvh - Xh’
b<wh> ;U/) = O; \V//L € Qh,

respectively. Let Let ¢ € H'(Q) () L(Q) and consider the following problem: find
¢y € X and 9, € ) such that

a(v, dy) + b(v, ) =0, Vo € X,
(39) { <¢g, W)= (g), Ve Q.
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From the above three equations we have that

(¢ —an,9) = b(dg,q — an)

= b(¢g — Vn, ¢ — qn) + b(vn, ¢ — qn)

= b(dg — vn,q — qn) + a(w, vy) — a(wp, vn)

= b(dg — vn, @ — qn) + a(w — wp, vp) — a(w — wp, @g) — blw — wp, Y,)

= b(¢g — vn, ¢ — qn) + a(w — wh, vy — ¢g) — b(w — wp, Vg — pn),  Yon € Xy, Yy € Q.

Thus
(g = an, 9)| < Clldg = vnllallg = aull + llw — wall1ll¢g — vally + [lw — wall1l[¢g — pnll)
< ([lw = wally + [lg = gnlD (|69 = vnlls + g = pal])-
By the error estimates for Stokes equations ([11]), we have
lw = whlly + llg = gull < Ch(l|wll2 + [lgll1)-
Thus
(¢ = an, 9| < Ch(llwllz + [lgll)( inf ¢y —vnlls + nf liby — pnl])
v €Xp Pr€QR

< Ch*((lwllz + Nall) (1pgll2 + lvgll).

From Lemma 4 we have that

(g — qn. 9)|
[l

Since g € Hy is arbitrary in (40), we have that

llg — gnll-1 < CR* (wllz + llqll) -

The proof is complete. U

(40) < CR*([[wllz + llalh).-

Similar to Theorem 2, we have the following error estimate for p — p, in H ! norm.

Theorem 3. There exists a constant C' independent of h such that
E(llp = pull%)) < Clnh|h?
ford =2 and
E(llp = pull%,) < Ch
for d = 3.

Proof. The result of the theorem is a direct consequence of Theorem 1, Lemma 3 and
Proposition 1. 0

Remark 3 All the analysis and error estimates are valid when the divergence free
equation divu = 0 in (1) is replaced by divu = g where g is a function defined on Q
with sufficient regularity (see [11]).
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4. NUMERICAL EXPERIMENTS

In this section we will present a numerical experiment using the finite element
method described in Section 2 and Section 3. We construct the finite dimensional
subspaces X; and M) using the Taylor-Hood method (see page 177, [11]). The
numerical algorithm consists of three steps.

Step 1. For m = 1,---, M, generate samples W = > rer, ’T’_%fg’})@(m), of the

discretized white noise W, by generating samples {&F yrer, of {&r}rer, where
M 1is the sample size; . _

Step 2. For m = 1,--- , M, Solve (19), with W}, replaced by W}, to obtain the ap-
proximate solutions (uy*, pp"™) of (un,pn) by the finite element method;

Step 3. Evaluate statistics E(v(up, pp)) (for example, if v(u, p) = |u|?, then the statis-
tics is the second moment of w) using the Monte Carlo method:

E( (uhvph MZU uh,ﬁl

In the numerical experiments, we consider the stochastic Stokes problem with 2 =
0,1] x [0,1], d = 2, f = 27?sinwxsin Ty and dive = 7sin7(z + y) (see Remark 3).
Since E(W) = 0, it is easy to check that (Eu, Ep) = (sin 7w sin 7y, sin 7z sin 7y, 0) is
the exact solution of the deterministic Stokes problem, i.e., (Eu, Ep) satisfy

—vAFEu+VEp = f inQ
divEu = wsinm(z+y) in Q,
Eu = 0, on 09,

We first discover, as shown in Figure 1, that the variance/standard deviation of
the velocity u = (uy, us) is quite small (in the order of 1072), which indicates that we
can perform Monte Carlo simulations with relatively small sample sizes (see Remark
2).

In Table 1, we list the errors and convergence rates of the expectation Euy of
velocity U, = (uy,u?). Notice that since EW, = 0, Euy, is can be evaluated as the
solution of the deterministic finite element approximation. We use the Monte Carlo
simulations here in order to verify that sufficient numbers of samples have been used.
Since the convergence rate of Euy, to Eu is O(h?) (see Remark 1), the increase of the
sample size is increased by 16 folds as the meshsize is decreased by half. (see Remark
2).

In Table 2, we list the results of numerical approximations of the second moments
of u. Since the exact solution of E||ul* is not known, we use |E|us||* — E||u%H2] to
estimate the errors. Because of the slower convergence rate for the stochastic problem,
we only need to increase the sample size by 4 folds as the meshsize is decreased by
half.
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Table 1: Convergence analysis of Fuy

standard deviation of u

h M || ||[Eu; — E(uy)n]| | Conv.Rate || ||Eus — E(ug)n|| | Conv.Rate
0.25000 | 16 1.7483E-3 - 1.8011E-3 -
0.12500 | 256 4.5359E-4 1.9465 4.0975E-4 2.1361
0.06250 | 4096 1.3668E-4 1.7306 1.0567E-4 1.9552
0.03125 | 65536 3.5957E-5 1.9265 2.6948E-5 1.9713

Table 2: Convergence analysis of E||uy||?

h M Ellunll® | |E|unl?® — ||E||u%||2| Conv.Rate
0.25000 | 16 | 0.49978993 3.4397e-4 -
0.12500 | 64 | 0.50013390 1.6948e-4 1.0212
0.06250 | 256 | 0.49996444 7.2205e-5 1.2309
0.03125 | 1024 || 0.50003663 - -

x10°
o 25

FIGURE 1. Approximate standard deviation of u = (uy,us): h=1/16,
sample size=10000
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