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ABSTRACT. In this paper we present a new result about the estimate of the cutoff error
of the Wiener-Ito expansion for a generalized random variable. As an application, we use
the result to obtain an error estimate for the finite element approximation of the stochastic
Helmholtz equation.
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1. INTRODUCTION

In the past few years there have been growing interests in numerical methods for stochastic
partial differential equations (SPDEs) [1, 3, 2, 5, 8, 9, 10, 11, 13, 14]. One of the important
topics is the numerical approximation of SPDEs where some of the coefficients are random
variables. Some of the interesting approaches are spectral finite element methods using
formal Hermite polynomial chaos [9, 13] , hp and hk finite element methods using tensor
product of the space of random variables and Sobolev space [2] and the finite element method
with Wick product variational formulation [11]. In all of the above approaches, the errors
of numerical solutions are generated by two sources: the finite element approximation error
and the cutoff error of series expansion of the solution as a random variable. Thus to control
the overall error of the numerical solution, it is essential to balance the errors from both
of the two sources. As demonstrated in [2], [3] and [11], the estimate of the first error can
be obtained in the same way as the deterministic case while the estimate of the second
error depends on the estimate of the cutoff error of random variables by using either the
Karhunen-Loeve expansion or the Wiener-Ito chaos expansion.

The main result of this paper is an estimate for the cutoff error of the Wiener-Ito expan-
sions for generalized random variables in Kondratiev norms . The first such an estimate
belongs to Benth and Gjerde [3]. Based on the estimate they stablished a framework for the
error estimates of finite element approximations of SPDEs. In this paper, we shall derive a
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new, improved error estimate. An immediate application of this result is obtaining improved
error estimates for the finite element approximations of SPDEs.

The paper is organized as follows. In the next section we provide a brief mathematical
background of the generalized random variables following the outline given by [11]. Then in
Section 3, we prove the main result of the paper. Finally in Section 4, we apply the result
in Section 3 to obtain error estimates for the finite element approximations of stochastic
Helmholtz equations.

2. PRELIMINARIES

Let S denote the Schwartz space S(RY) of rapidly decreasing C*° functions on R?. The
dual space S’ equipped with the weak-star topology is the space of tempered distributions.

By the Bochner-Minlos theorem there exists a unique probability measure p on the members
of family B(S') of Borel subsets of S’ such that

—llol3

E[e9)] ::/ <> dp(w) = e 2
S/

where ||¢[lo = (¢, ¢) = [pa #(x)*dz. The triplet (S', B, y1) forms our basic probability space.
We will use the following multi-index notation. Let 7 = Ni* denote the set of multi-
indices a = (aq, g, - -+ ) where o € Ny and only finitely many «; # 0. For each o, 5 € T we
define the usual operations a + § = (a1 + 01, -+ ), al = aqlap! - -+, and |a| := ;aq;.
For each o € 7 define the stochastic variable

Ha(w) = Hhaj(< W, Nj >),
j=1

where h,, denotes the Hermite polynomial
h e I (-5 N
(o) = (F1)'6F T (eF) (e N),

and the family {#;}32, forms an orthonormal basis for L*(R?). This orthonormal family is
constructed from the Hermite functions

En(z) = 74 ((n — 1)!)_1/2e_m2/2hn_1(\/§x) (r€ R, n€N)

M

in the following way: let § = (01, ,d4) € N¢ be the d-dimensional multi-indices and let
{6} (i € N) be some fixed ordering of these multi-indices such that i < j = |[§®)] < [60)].
Then we define 7; as the tensor product

nj = 559) Q- ®€5§j) (j €N).

The family {£,}°°, is a subset of S(RY) and forms an orthonormal basis for L?(R?). The

n=1
following theorem can be found in [7].
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Theorem 1. (Wiener-Ito chaos expansion theorem) Every f € L*(u) has a unique Wiener-
Ito chaos expansion

(1) fw) =" coHo(w) where c, €R.
aceT

In addition, the family {Hova!}aer constitutes an orthonormal basis for L* (i) and we have

that
£l 720 = > cia!

acT
for every f € L*(u).

Let V' be any real Hilbert space and p € [—1, 1], £ € R. Then the stochastic Hilbert space
(8)PkV is defined as the set of all (formal) sums

(2) f=> foHqs, where fo €V forallaeT.

a€eT

such that the norm

1/2
(3) 1ok = <Z IIfQII%(a!)””(QN)'”)

a€eT

is finite. The weights are defined as (2N)** := H;’;l@j)kaﬂ'.

Notice that the norm || - ||, is well defined by the inner product (-,-),s v defined as
(Do = D (far ga) (@) FP(2N)*®
aeT

for f=5 o7 faHs and g =3 7 gaH, given in SrkV.
For f,g € 8PPV, definite the Wick product of f and g as follows.

n f<>g:=2< 5 fagﬁ>ﬂ

vET \a+B=y

To ensure that the operator g — ¢ o f is bounded and continuous on S™*°, we introduce
the Banach spaces F;(D):

(5) Fi(D) ={f(x Zfa JH, : fameasurable, ||fl|;. < oo}

where D is an open subset of R? and || f||;. is defined as

f 1l = Sup (Z \fal(QN)la> :
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Let H™(D) be the usual Sobolev spaces and
H(D) := {v;v € H'(D)and v = 0 on dD.

When V' = H™(D), we denote the norm || - ||,z v by || - ||,m- The following result is proved
in [12]

Proposition 1. (Vage inequality) Let D C R® be an open set and | € R. Then for | > g
g — f o g defines a continuous operator on S™V*0. Further more we have

(6) 1fogll-1r0 < I flliellgll-1,x.0-

3. APPROXIMATION OF GENERALIZED RANDOM VARIABLES

Introduce the set of multi-indices
An,k:{aeng|04k7£07041+‘-~+04k:n}

and
Anka{QENﬁlazZO, I>Fka+--+a,=n}

where n,k € N. For N, K € N and the generalized random variable f definied in (2), we
define the finite dimensional approximation

First we prove the following lemma.

Lemma 1.

" 2 eV H;Lj(_ln: )

Proof. The proof is by induction. The estimate is clearly true for k = 1. For &k = 2 we have

Z (2N)—a7— _ Z 2—a17-(2 < 2)—agT _ Zn: 2—(n—i)7’(2 % 2)—2’7
=0

a€d, a1+as=n
— 9—nT z”: 2—iT _ 2_7”(1 _ 2—n'r>
B : S 1-2T
=0
9—nt

IN

Sl
=%
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Thus (7) is also valid for k = 2. Assume that (7) is true for kK = p. Then

p+1
YooM= 3 Y 2N e+
a€An pi1 1=0 acA,_;,
p+1 _; _
2(n 2)72 i i
< > (p+1)
el [ (1 - .i)
=0 j=2 37
9—nt ptl ) 2—m—(1 _ (1 +p)—7(p+1))
0 () N (S ey
j=2 jv ) =0 J=2 i (p+1)7
9—nT
= +1 1
P
I (1)
The proof is complete.
Lemma 2.
-1
(8) c(T)—<ﬁ<1 1)) <o
1 - - > €77
j=2 J
and
0o 1 -1 1
(9) 02(7') = <H (1 — : T)) < 2T D(r-1)
e (27)

Proof. We only prove (8). The proof of (9) is similar. We have that

- 1 - 1 o~ 2
lnH(l—,—T) = ln(l—,—T)Z— —
j=2 J j=2 J =27

vV

|
\&}
»—\
8
5~
IS
&
I

|

2
| | Do

—_

Thus

([0-5)) =

=2

We are now ready to prove the main result of the paper.

Theorem 2. Let p > 0 be given and assume that 7 > 1. Then for any ® € SP~

1 1
K71 + B(T) QTN

0) R — e

p+7,V
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where

Proof. Let

We have that

oo 00 N K
ST 3 ST 5 o

Thus

1@ — ™|, v = Z Z Z el (al) P (2N)
n=N+

k=1 acA, k

FOY Y Y el N

k‘:K-‘rl n=1 aeAn,k

= > >N leall} (e @) eI (2N) o

n=N+1 k=1 acA,

* Z Z Z Hca||%/(a!)1+p(2N)_a(p—T)(2N>—m

k‘:K-‘rl n=1 aeAn,k

1 — DM, piry ( > Z CHREE Y (2N)‘”) .

IA

n=N+1 k=1 a€A, k=K+1n=1a€cA,

Let

Ing = Z Z Z (2N) 77

n=N+1 k=1 a€A,
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and

>0 > (NS
k=K-+1n=1 a€A, ,
We first estimate Iy . Using the result of Lemma 1, we have that

Ive = 3, > 2| 2 @@

n=N+1 k=1 i=1 \aecd, ;. 1
K k

Yy = (1 - _) (20)

n=N+1 k=1 i=1

K .
222 0"

IN

IA
p
| =
N—
3
WE
[\
s
]~
Sl

Hj:2 1— %T =N+1 k=1
1 1 1
S (1+ 7__1)6771 2N7’ :A(T)QNT

Next we estimate [x. It is easy to see that

>y = > ey

n=1 a€A, at, - ,ak—120,a>1 j=1

Thus

00 k—1 oo 00
> 3 @ = e (e

n=1 a€A, x an=1
B ’ﬁ 1 1
— - —
j=1 L (2k)7 —1
Applying Lemma 2, we have that
11 1 1
I < e7TG- Do > <l =T 1>—/ —dx— (M7=

k=K+1

The proof is complete.
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Remark Benth and Gjerde [3] obtain the first cutoff error for th Wiener-Ito expansion.
There the estimate is

1 T
e ey

(11) 1o — @™, v < ||<1>||p,—p+nV\/A(7) i

where 7 > 7% =27 (7" — 1) > 1.5. Clearly our estimate is an substantial improvement.

4. FINITE ELEMENT METHODS FOR STOCHASTIC HELMHOLTZ EQUATIONS

4.1. Variational formulation. We consider the Helmholtz equation

(12) Au+kou = f inD
(13) u = 0 ondD

where k = ko(z) + Y, ka(z)Ho(w) is a generalized random variable. For u,v € 7V, define
a bilinear form

(14) a(u, v) = (Vu, Vv),p0 + (ku, v)pp0-
We have the following continuity property and Garding inequality for a.

Proposition 2. Assume that k € S~ and [ > g Then there exist constants ¢q, ¢y and
c3 such that

(1) a(u,v) < ellul|1pallvl-1p0

(1) alu,u) + collul -1p0 = esflull -1 p1-

Proof. (i) is a direct consequence of Proposition 1. To prove (ii) we let kg = esssup,p|ko()].
Then by a result of Vage [12] (see also [11]), we have that

((k + c2) o u,u)-1p0 > (c2 — ko — 2° )| kl|.)[ull -1 p,0-
Choosing ¢, such that ¢y — kg — 2872||k||,; > 0, we have that
a(u, v) + callkl| 150 2 [ Vull =10 + c2 = ko — 272 [l ) [l -1 p0 = esllufl -1
where c3 = min{1, ¢, — ko — 27%||k||.;}. The proof is complete. O

Remark For deterministic constant wave number k, the Garding inequality ensures ex-
istence of unique solution except for countable many k. However it is not clear if this is
the case when k is a random field. Nevertheless, Garding inequality is essential in proving
the existence and rate of convergence of the finite element approximation for the Helmholtz
equation.



RATE OF CONVERGENCE OF WIENER-ITO EXPANSION 9

4.2. Finite element approximations. Assume that D is a polygonal domain. A regular
triangulation of D is a finite Collectlon of open triangles {7;}M, such that
(i). ZTNT;={}ifi+#jand UT; =
(ii). For i # j, 7; and 7, is either

(a). empty or

(b). a common side of 7; and 7; or

(c). a common edge of element 7; and 7;.

With the triangular partition of D, the finite element subspace V}, C H(D) is defined as
the set of piecewise linear functions

Vi :={v, € C(D),v, =0 on dD, vy, |7 is a linear function}.
We assume that the following approximation property holds for V},.
(15) 1nf lw—wvnllgypy < Chllullgzp) Vu € H*(D)

vREV)

Now define a finite dimensional subspace V,""* of H}(D) x S’ as

Bom{ch(@) + ) chH,}

n=1 k=1
where ¢, € V. For ® =3 ;¢ H,, let
N K
SN = h(z) + Z Z chH,
n=1 k=1
where ¢! are the projections of ¢, from HE(D) to VhN’K. The following result is a direct

consequence of Theorem 2 and (15) (see [3] for a proof).

Proposition 3.

1
(16> ||(I) - (I)hN’KH—l,p,l < \/A(ﬂﬁ + B( >27N ||(I)Hp —ptr1 T+ Ch||‘I)Hp -p,1

The finite element approximation for (12)- (13) is to seek u ™ € V*F such that
(17) a(uy ™ v) = (f,v), Yve VK

Theorem 3. Assume that there exists a unique solution u for (12)- (13). Then there exists
ho > 0 such that for h < hg, (17) has a unique solution and

1
HU o uhN7KH—17P71 < \/A(T) K1 + B( )2TN H(I)”P —ptr1 T ChH(I)HP —p,2

where C' is a constant independent of h.
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Proof. Using the Garding inequality, continuity property of a (Proposition 2 )we can prove
(see [4] for technical details)

=y [l apn O inf lu— 0] 212,
vev;V

The result of the theorem then follows from Proposition 3. U

Remark As pointed out in [2] and [8], a drawback of the Wick product is that higher
order statistics do not have much effect on the solutions of SPDEs, which is generally not
the case for nonlinear problems. However the Wick product is still a useful tool to study
SPDEs under certain circumstances. We refer [7] for detailed analysis and [11] for numerical
experiments on Wick product.
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