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Abstract

We define, describe, and raise conjectures about

elevation matrices Z = f(xi, yj) ∈ RN,N of sur-

faces z = f(xi, yj) in R3 that are defined on an equal

N sized x and y partition of an arbitrary rectangle

D = [a, b]× [c, d] ⊂ R2 and its rotations.



Introduction

This study came about from an effort to understand and compute the bifurcation

behavior (multiple solutions = multiple steady states of a reaction) of the reaction

equations in Chemical Engineering applications numerically.

These equations describe often very simple chemical reactions via highly non-linear

transcendental equations such as the Arrhenius dependence of the reaction

constant k upon the temperature T :

k = k0 · e−E/(R·T ) .

In general, the variables y and x are very disparate: one will range in [1,2], while

the other will cover the interval [104, 1014] for example.

There are some known (among chemical engineers) algorithms to solve some such

equations. They are quite involved (and not the best numerically).

Standard methods such as Newton or bisection do not generally work, due to very

shallow (though first order) intersections at the roots.



What to do?

(For a modern, simple approach to these pressing problems, when standard Nu-

merical Analysis fails, AND no sufficiently reasonable algorithms exist.) ? ? ?

The cure came in the form of computer graphics:

We plot the value of the respective function f(x, y) as a surface z = f(x, y) de-

pending on its two inputs.

Then we look for the level zero contour curve z = 0. (Level curve method)

This approach is very cheap, since a mesh of 80 by 80 points usually suffices (N =

80). Subsequently there are 6400 (= N2) function evaluations which can be done

cheaply using MATLAB’s vector arithmetic.

Once the surface data has been obtained, we use the MATLAB contour command

(which performs an interpolation of the data) to graphically describe the solution

set, and then to extract actual numerical data of the solution(s) from the zero

contour curve.

EUREKA!



The solutions now can be found quickly, intuitively and – especially in case of

physically unstable steady states – the multiple steady states can be approxi-

mately computed very well, where no other (known) method succeeds.

This report tries to look inside some of the graphic routines that we have used.

We want to understand the matrices that are generated and used in our level set

method for solving (nasty) transcendental equations so efficiently and well.

1 Definitions and Goals

To start we consider a rectangle D = [a, b] × [c, d] ⊂ R2 and two partitions

a = x1 < x2 < ... < xN = b and c = y1 < y2 < ... < yN = d of equal length N .

For any given two variable function f : D → R we can evaluate zi,j = f(xi, yj).

This process gives rise to an elevation matrix associated with f and the rectan-

gle D (with its given two N partitions), defined as Z = (zi,j) ∈ RN,N .



In this talk I study relations between properties of f and Z that are invariant, as

well as change with respect to the surface z = f(x, y) and the domain geometry of

D under

(a) translation of D in R2,

(b) rotation of D in R2 around any point of R2,

(c) local rotation of D in R2 around the geometric center
(
a+b

2 , c+d2

)
of D,

(d) refinement of the two partitions (N →∞), etc.

Some simple theorems have been established and some conjectures have emerged

for the rank and structure of Z.

Our ultimate aim is to develop O(N) efficient graphic root finders for one and two

variables functions f that are independent of the “complexity” of f , such as the

degree if f(x) = p(x) or f(x, y) = p(x, y) is a polynomial of degree m in x, or in x

and y, for example.



2 Simple Theorems and Conjectures

Result 1 : If f(x, y) = 0 for all points (x, y) of a rectangle in arbitrary orienta-

tion, then rank(Z) = 0. (Most obvious)

Result 2 : If f(x, y) 6= 0 depends on no more than one variable on D, a rectangle

with edges parallel to the coordinate axes, then rank(Z) = 1.

(Think corrugated roof.)

Result 3 : If f(x, y) = f1(x) · f2(y) 6= 0 and D is a rectangle with edges parallel

to the coordinate axes, then rank(Z) = 1.

Conjecture 1 : If f(x, y) 6= 0 depends on no more than one variable on D, a

rectangle with edges that are not parallel to the coordinate axes, then rank(Z) can

be any number less than or equal to N .

Conjecture 2 : If f(x, y) =
∑
k,j

ck,jx
kyj is a one (if e.g. all j = 0), or a two vari-

able polynomial of degree L, then the corresponding elevation matrix Z has rank

≤ 2 if D has coordinate parallel edges, and rank(Z) ≤ L + 1 for all non-parallel

rectangles D and N large enough. (Here degree(f) = max
ck,j 6=0

(k + j).)



The rank of an elevation matrix depends naturally on f , on N , and on the lay and

selection of the rectangle D.

For any one fixed function f we are looking for the behavior of rank(Z) under

1. geometric changes of the rectangle D, such as shifts, rotations, shrinking,

or enlarging of D while keeping N fixed, and

2. changing the fineness N of the rectangle grid, either increasing N or de-

creasing N while keeping D fixed for one function f .

What follows are some illustrations of rank(Z) varies under these changes.



3 Experimental Results

1. First we study the surfaces and contour plots generated by a single N by

N matrix A. For a equidistant N -partition of the x and y intervals [0,10],

we set z(xi, yj) = ai,j and study the surfaces and ranks for

(a) a random matrix AN,N ; (random function z = f(x, y))

(b) a symmetric matrix A = AT ;

(random symmetric function z = f(xi, yj) = f(xj , yi))

(c) a skew-symmetric matrixA = −AT . (random skew function f)

2. Next we consider various rectangles D of arbitrary lay in RN and a slew of

transcendental and algebraic functions in both x and y:



Some transcendental functions under rotations about the center

of D = [1, 10]× [1, 10] :

(a) z = f(x, y) = | sin(x)/9| · log(|y|/15); N = 100 :

alpha rankz

0 1

15 84

30 96

45 100

60 98

75 83

90 1

(b) f(x, y) = |1/y + 24|sin(−x/10) · |1/x+ 24|sin(−y/10); N = 100 :

alpha rankz

0 3

15 8

30 11

45 10

60 10

75 7

90 3



(c) z = f(x, y) = |1/y+ 24|sin(−x/10) + | sin(x)/9| · log(|y|/15); N = 100 :

alpha rankz

0 6

15 85

30 97

45 100

60 99

75 84

90 6

(d) z = f(x, y) = |1/x+ 24|sin(−y4/10); N = 200 :

alpha rankz

0 5

15 200

30 200

45 200

60 200

75 200

90 13

(e)



Some polynomial and rational functions :

z = f(x, y) = x5 · y3 − 4x3; N = 60 :

alpha rankz

0 2

15 9

30 9

45 8

60 9

75 9

90 2

(f) z = f(x, y) = x5 · y3; N = 60 :

alpha rankz

0 1

15 9

30 9

45 8

60 9

75 9

90 1



(g) z = f(x, y) = x5 · y−3 − 4x−13; N = 60 :

alpha rankz

0 2

15 1

30 2

45 9

60 2

75 1

90 2

(h) And the 16 surfaces for z = |1/y+24|sin(−x/10)+| sin(x)/9|·log(|y|/15)
of part 2(c), when rotating the rectangle D = [1, 10] × [1, 10] around
(–15, –15) 16 times by an angle of π/8 = 22.5o with N = 100 :

alpha rankz alpha rankz

0 6 180 4

22.5 100 202.5 97

45 100 225 100

67.5 97 247.5 100

90 4 270 6

112.5 96 292.5 98

135 100 315 100

157.5 98 337.5 96



4 Applications to Finding Zeros

Here we have two examples in mind:

1. The (multiple) solution(s) of the adiabatic non-isothermal reaction equation

for a continuously stirred tank reactor (CSTR).

2. Root location estimates for polynomials via related level curves.

This is an account of some of our experiments.

The concept of an elevation matrix and the study of their properties under

geometric variations and refinement appears to be a fruitful endeavor to try to

understand and to use in order to find algebraic rank classifications for the internal

complexity of two-variable functions f(x, y).


