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Abstract ! 

Thk paper mamines the sensitivity of the compamtive static e[asticities of a 
general equilibrium model of p~odaction to factor intensity cand factor substitu- 
tion. A model of the US economy is specified with three hctors and two goods. 
Changing factor e?8dourmenis have consistently inelastic eflecb. on factor prices. 
Pricar of goods, however, have elastic effects on factor pric~s, and factor endow 
ments have elastic effects on outputs. Factor ilotensity itfluelaces the compam- 
tive statics more thaa factor substitution. Under a move toward fiee trade 
characterized by ahllingprice of mam~fachrres relative to services, the wage of 
unskilled labas. falls while the wage of skilled labor and the price of capital n'se. 

I. Introduction 

The interplay between factor intensity and factor substitution determines 
the direction and magnitude of comparative static adjustment in the general 
equilibrium economics of production. Quite a bit is known about the qualita- 
tive nature of general equilibrium models, but there is Sttle intuition about 
h e  quantitative properties of comparative static elasticities. 
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This paper specifies and examines the comparative statics of a t h e e  fac 
tor, two good (3 x 2) model of production and trade. Sensitivity of h e  corn- 
parative static elasticities to translog, Cobb-Doughs, constant elasticity, and 
complementary technoIogies is examined. important insights emerge. 

Elasticities of factor prices with respect to changing factor endowments 
are less than one in absolute value, and typically close to zero, Tkis result is 
called near factor price equalization (NFPE). Globally, factor prices would 
be nearly equal across freely trading economies. Stolper-Samuelson and 
Rybczynski(SSR elasticities, on the other hand, are typically much larger 
than one in absolute value. Furthermore, SSR elasticities depend almost 
entirely on factor intensity and are insensitive to the pattern of factor substi- 
tution or complementarity. 

Characterizing the trend toward free trade in the US by a falling price of 
manufactures relative to business services, there will be income redistribu- 
tion favoring skilled labor and capital over unskilled labor. Also, production 
patterns can be expected to vary substantially across countries under free 
trade, driven by international differences in factor endowments. 

II. General Equilibrium Model of Production and Trade 

The long run competitive model of production, s u m m d d  by Jones and 
Scheinkman [I9771 and Chang [ 19791, assumes constant returns, fulI 
employment, nonjoint production, competitive pricing, cost minimization, 
and perfect factor mobiIity across sectors. The model is summarized by 

In the 3 x 2 model, arepresents a 3 x3 matrix of aggregate price elasticities of 
factor demand. Factor shares in the 3 x 2 matrix 8 represent the share of rev- 
enue in each sector paid to each factor. The 3 X 2 matrix of industry shares A 
represents the share of each factor employed in each sector. The variables are 
written in vectors: w represents endogenous factor prices, x endogenous out- 
puts, v exogenous facbr endowments, and p exogenous world prices of goods 
facing the economy. The A represents percentage changes. 

The top equation in (1) comes from the full employment of the factors of 



production: capital, unskilled labor, and skilled labor. The botLorn equation 
is derived from competitive pricing and cost minimization in each industry. 
The economy is assumed to be a price taker in the international markets for 
the two finished goods. Comparative static results are local in nature. The 
d w / d p  and dx /dv  elasticities are symmetric in signs due to Sarnuelson's 
reciprocity. 
The 3 x2 model teaches some important lessons. Jones [19711 points to 

its rich production structure and calls it a classical model with inputs of 
land, labor, and capital. Baba and Casas 119761 argue that strong Stolper- 
Samuelson-Rybczynski (SSR) results are necessary, but Suzuki [ 19821 and 
Thompson [I9831 show that a wider range of SSR results may occur. 
Thompson [I9831 examines conditions under which factor prices polarize 
(not equalize) across countries in a move to free trade. Takayama [I9821 
generalizes the model and develops applications. Jones and Easton [I9831 
and Thompson [I9931 provide insight into the model's SSR comparative sta- 
tic mechanism and magnification effects. 

Ill. Factor Shares and Industry Shares in a 3x2 Model 

Estimates of factor shares in 0 and industry shares in d are crucial for the 
model specitication. Figures on empl~yment are taken from the US Census 
[1981]. Skilled labor is specified as the two highest paid Census groups: 
managers/professionaIs and precision/craft/repair. All results are insensi- 
tive to adding or deleting a Census group from this M e d  labor category. 

Factor input is defined as the dollar value of factor i used in sector j, 

where wi is the price of factor i and vij the quantity of factor i used in sector 
j. The share of factor i in sector j is calculated as 

where y, is the total output of sector j. The data are static in nature, taken at 
a single point in time. Nominal values for factor payments and output are 
used. Index i runs across the three inputs, capital (k) ,  unskilled labor (u), 
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and skilled labor (s), Figures on output by sector come from the US Census 
[1983,1984] and US Deparhent of Commerce [1981]. 

The derived factor share matrix with output split into the major sectors of 
national output, agriculture Cg) , manufacbring (m) , and services (c) , is written 

@, ehC 598 .216 .256 [:: Osm 6,c] = rIMi 317 3581 . (4) 

0, %"I @u, .256 .467 .386 

In calculating (4), the labor shares Bd and 8,. come directly from the aggre- 
gate payment to each type of labor. The capital shares t$, are the residual: 
$ = 1 - @ . - 0  1 UJ .. 

Industry shares ;1, are d d n e d  as vii /vi ,  the portion of factor i employed in 
sector j, and are calculated as 

where yi is the total income of factor i The industry share matrix is 

ah, Ahc .lo3 -217 .680 [:: :: ;j = [:::: :::: ::;:/ - 
(6) 

Services is the largest sector in the US economy, employing about 70% of 
every productive factor, about three times as much capital and skilled labor 
as manufacturing, and about twice the unskilled labor. Agriculture employs 
very small percentages of labor and about 10% of the capital stock, which as 
a residual implicitly includes land. 

A 3 x 2 model is created by dropping the agricultural sector. AgricuIhue 
is small relative to the other sectors, and a g r i c u l ~  production is tightly 
controled and highly subsidized. International trade in agricultural goods is 
also distorted. Agriculture can be aggregated with manufacturing and 
results are very similar to those reported below. 

Factor shares for the 3 x 2 model are taken directly from (4), 
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Factor intensity in the 3 x 2 model is described by ratios of these factor 
shares, since 

where aii represents the cost minimizing amount of factor i used per unit of 
output in sector j. The factor intensity ranking in this 3 x 2 model is 

Unskilled labor is the extreme input in manufacturing and capital is the 
extreme input in services. Skilledlabor is the middle factor and much closer 
to capital in its factor intensity. 

Ruffin [I9811 shows that extreme factors are migration enemies in the 
3 x 2 model, regardless of the pattern of substitution. An increase in the 
endowment of unskilIed labor lowers the return to capital, and vice versa. 
The middle factor skilIed labor is a migration friend of both extreme factors. 
Thompson and Clark 119831 report the pattern of migration friendship for 
the US economy when agriculture is aggregated with manufacturing. 

The industry share matrix can be derived directly from (6) by disregard- 
ing the share of inputs employed in agriculture and renormalizing 

IV. Translog Estimation of Factor Substitution 

Estimates of aggregate factor demand elasticities in matrix a in (1) are 
required to complete a model specilication. Each sector's production func- 
tion is first specified as a translog Taylor series expansion, 

where x is output, v i ) ~  are inputs, a's and y's are estimated technical coeffi- 
cients, and i, h = k, s, u. 

A system of factor share equations, 
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is derived from (11) and estimated across States in the US using iterative 
Zellner generalized least squares. The number of workers in each skill cate- 
gory by industry for all fifty states is reported by the US Census [1981]. The 
capital share equation is redundant, and only share equations for skilled and 
unskiIIed labor are estimated. 

Observations are thus taken across States to estimate factor substitution. 
The key assumption at work is h a t  there is some difference across States in 
factor prices and observations of cost minimizing inputs should vary. In the 
comparative static exercise, the economy is assumed to adjust homoge- 
neously to changes in output prices and factor endowments. The aggregate 
model assumes perfect mobility of factors inside the country, hence uni- 
form wages and capital rents. The estimation of factor substitution assumes 
some difference in factor prices across States. The two assumptions are log- 
ically at odds. Factor substitution could be estimated, however, with time 
series data and the sensitivity of the comparative static results to other pat- 
terns of substitution is examined. 

Allen I19381 elasticities of substitution Sih are found by inverting the 
derived bordered Hessian matrix of the production function, as clearly pre- 
sented by Namermesh and Grant [1979]. Estimates of each sector's factor 
share equations (12) are in Table 1. The capital's factor share equation does 
not need to be estimated since yih = y,, 4% = 0, and &ah = 1. Depreciable 
capital stock m r e s  by sector across State are taken from the US Census 
[19831. Because of a lack of data in services, a Department of Commerce 
119811 estimate of the total capital stock in services is split among states 

Table 1 
Translog Fador Share Estimates (t-values) 
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assuming each employs the same ratio of capital to labor as in manufacturing. 
Berndt and Christensen 119731 point out that estimation of (12) assumes 

constant rebxns to scale (CRS) and Hicks neutral technical change. As output 
expands along a linear expansion path, factor shares would all be unchanged 
given CRS and homotheticity This structure is tested by estimating 

si=q*F~kh~,+6i~ (I3) 

and testing the null hypothesis that = 0. A Chi square test reveals that this 
null hypothesis cannot be rejected in any sector even at a 90% coddence 
level. 

Another preliminary test' concerns the separability of inputs. The null 
hypothesis of nonlinear separabiity is rejected at a 99% level of corhdence 
except for skilled and unskilled labor in services. There is no evidence of 
separability in rnanufackring, where the data is more detailed. 

Let Ei,, represent the factor cross price elasticity in sector j. Sato and 
Koizumi 119731 show that cost minimizing behavior implies 

Eh = €J~S&. (14) 

Sectoral elasticities are weighted by industry shares to derive the super 
bowl elasticities in matrix a, 

% = F12, E&. (15) 

Jones and Easton [I9831 summarize properties of the aggregate elasticities 
uih, which represent the percentage change in the input of factor i for every 
1% percent increase in the price of factor k across the economy. if oh is posi- 
tive (negative), the ~o factors are aggregate substitutes (complements). 
Homogeneity implies that rows of the negative semidefinite matrix a sum to 
zero. Estimated own elasticities oii turn out to be negative, which means the 
underlying cost functions are locally concave in factor prices. 
Using (14), sectoral cross price elasticities are calculated from Table 1. 

The rnabix of manufacturing factor price elasticities is 

-.931 .367 .564 [ ,250 -1.43 1.181. (16) 

.261 ,798 -1.06 
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Factor price elasticities in services EL are 

[--879 431  '4481 
.308 -1.39 1.08 . (17) 
,261 LOO -1.30 

There is no evidence of complementarity in either sector. The largest own 
elasticities occur for skilled labor, and the smallest for capital. Weighting 
these factor cross price elasticities as in (15) leads to the matrix a of aggre- 
gate translog elasticities which appears in (1): 

V. Comparatlve Statics in the 3x2 Translog Model 
I 

The 3 x 2 translog model in (1) is constructed from (7), (lo), and (18). 
The economy is assumed to be in static equilibrium, and hypothetical small ! 

changes in exogenous prices and factor endowments at the national level 
are introduced. Outputs and factor prices adjust endogenously. Factor 
shares and industry shares, which form the foundation of the comparative 
statics, are very stable over t i e .  The following comparative static exercises 
are thus an experiment which indicate the strength of adjustment in an ide- I 
aliied model. The comparative statics are much too broad for immediate 
policy applications, but illustrate the quantitative workings of a well known 
model of production and do provide insight into broad forces. Similar stud- 
ies with more detail could provide the basis for economic policy. 

Inverting (l),  the awl& elasticities in the translog model are 

These terms are inelastic, suggesting international capital flows and labor 
migration have relatively little long run impact on the pattern of factor 
prices. The largest elasticity, the own capihl effect, implies that every 10% 
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increase in the capital endowment would lower the price of capital by 3.05%. 
AS a gauge, if the real interest rate were 2% it would fall to 1.9396. 

A 100% difference in the endowment of unskilled labor between two coun- 
tries would result in an estimated differences of only 0.3% in unskilled 
wages, 3.1% in skilled wages, and 3.8% in capital returns. These differences 
are surprisingly small. 

The inelasticity of these aw/av terms is referred to as near factor price 
equalization W'IFPE). While the 3 X 2 model does not imply complete FPE, 
static equilibrium factor prices would not be very far apart across freely 
trading competitive countries. NFPE is robust under various aggregation 
schemes, as reported by Thompson [1990]. Econometric studies such as 
Butcher and Card I19911 and LaLonde and Tope1 [ 19911 find empirical evi- 
dence that immigration has little impact on income distribution. 

The dw/dD Stolper-Samuelson translog elasticities are 

Unskiied labor and capital have a lot at stake when the price of manufac- 
tures relative to services changes. This income redistribution closely fol- 
lows the pattern suggested by factor intensity. 

The &/dv Rybczynslu translog elasticities are 

Unskilled labor is again linked strongly with manufactures, while both capi- 
tal and skilled labor are tied to services. Outputs under free trade would dif- 
fer substantially across countries with different endowments. 

VL Cobb-Douglas and CES Production in the 3x2 Model 

Specifications of Cobb-Douglas {CD) and constant elasticity of substihi- 
tion (CES) production allow a comparison of the translog results with a 
familiar production technology, Under CD technology, the M e n  elasticity of 
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substitution Sib equals 1, EA, = Qhi, and q, = ~+&$,,. The CD substitution 
matrix is 

-. 739 .336 -403 
- = [ - 660 , 40{ . (22) 

,335 -.596 

The strength of substitution is less than in the translog model in (181, espe- 
cially for skilled and unskilled labor. 

The &/a CD elasticities are uniformly slightly larger in absolute rnagni- 
tude than those the translog model, 

The CD production isoquants are slightly less convex than translog iso- 
quants, and changing endowments within the production cone require 
slightly Larger adjustment of the supporting isocost plane. 

The largest aw/& elasticity is the own capital effect. A 1096 difference in 
the endowment of capital between two economies would imply a 5.2696 dif- 
ference in their capital prices. Differences in endowments of unskilled labor 
across countries would again account for negligible differences in unslulled 
wages. 

Reducing the degree of substitution further with CES production would 
increase the size of the &/A elasticities in (23) proportionately. For 
instance, an M e n  elasticity of substitution S, of 0.5 causes the &/dv terms 
to increase (0.5)-I = 2 times. The capital and skilled labor elasticities in (23) 
are then elastic. With very inelastic substitution, S, = 0.1, the capital and 
skilled labor elasticities average about 5 in absolute value, but eIasticities 
involving unskilled labor remain inelastic. Increasing the degree of substitu- 
tion decreases the dw/& elasticities proportionately 

Under any CES or CD technology, the SSR ehsticities are identical. This 
property is not noted in the literature, and arises in any model with one 
more type of factor than good, given homogeneity of the production or cost 
function. The 3 x 2 dw/ap elasticities with CES technology are 
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While the sign pattern is the same as in the translog model in (ZO), effects 
on the return to capital are smaller and effects on the skilled wage are larg- 
er. Effects on the unskilled wage are nearly identical. Skilled labor is a 
stronger substitute for both capital and unskilled labor in the translog 
model, because of less convex isoquants and smaller factor price adjust- 
ments when exogenous prices change. 

The 3 x 2 CES &/av Rybczynski ehsticities are 

This matrix has same sign pattern and similar values as the translog model 
ia (21). Larger effects are associated with skilled labor, while capital effects 
are smaller. Decreased substitutability for skilled labor and unskilled labor 
means more convex production isoquants and more output adjustment 
when the s k i e d  labor endowment changes. Both models have very similar 
adjustments associated with unskilled labor. 

VII. The Potentlal Influence of Complementarity in the 3x2 Model 

Strong degrees of technical complementarity between each of the three 
pairs of factors are introduced in this section to gauge the potential influ- 
ence of complementarity on the comparative statics. Own substitution elas- 
ticities qi are set to -1, and the two complementary factors are given equal 
elasticity of -0.5. For instance, when capital and skilled labor are comple- 
ments, the substitution matrix a is 

tzs) 

This strong degree of complementarity between capital and skilled labor is 
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referred to as h e  KS model below. Complementarity between capital and 
unskilled labor (KU) and between skilled labor and unskilled labor (SU) are 
similarly formulated. 

The h / d v  elasticities in the three complementary models are 

In the KS model, the dwldv elasticities for capital and skilled labor are near 
unit elasticity. Changing endowments of unskilled labor (down the last 
columns) have consistently very small effects. Unskilled wages are consis- 
tently insensitive to changing endowments (across the bottom rows). Rela- 
tive to the CD model, aw/& elasticities in the KS model are about twice as 
large, while they are about half as large in both the KU and SU models. 

The three sets of dw/dp elasticities in the complementary modeIs are 

-8.37 9.37 -8.41 9.41 -159 2.59 
- - [ -  2 . 8  - 3  8 . 3  . (28) 

7.27 -6.27 , 7.85 -6.85 
SU 

This qualitative sign pattern is the same as in the translog and CES specifi- 
cations. Unskilled labor elasticities along the bottom row are nearly identi- 
cal in every model specification. Effects on skilled wages and capital are 
similar in the KS and KU models to the translog model. If skilled labor and 
unskilled labor were complements, skilled wages would be much more sen- 
sitive to price changes. Capital is more insulated in the SU model when it is 
a strong substitute for both types of labor. 

The &/dv complementary elasticities are 

Unshlled labor elasticities (in b e  last column) are similar across all model 
specifications. Other elasticities vary in magnitude, but keep the same sign 
pattern. When skilled labor and unskilled labor are complements, the out- 
put effects of a changing skilled labor endowment are greatly increased and 
the effects of a changing capital endowment are greatly reduced. 
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The high degrees of complementarity introduced in this section do not 
have drastic effects on the model's comparative statics. Sign patterns remain 
the same in every model specification. The overriding influence of factor 
shares and industry shares in the general equilibrium model is  apparent. 

VIII. Conclusion 

Some insights are gained into the comparative static properties of general 
equilibrium models a£ production and trade using the present: specifications. 
Elasticities of factor prices with respect to factor endowments are nearly 
zero, if they are not zero under conditions of factor price equalization. Elas- 
ticities of factor prices with respect to prices and elasticities of outputs with 
respect to endowments are elastic and follow patterns suggested by factor 
intensity, regardIess of factor substitution. 

There is evidently quite a bit at stake for productive factors when prices 
change due to a move toward free trade or to the contrary imposition of pro- 
tection. Factor price adjustments which occur with these changing prices 
are large. Given a trend of a declining price of manufactures relative to busi- 
ness services, both capital owners and skilled workers stand to gain in the 
US. Unskilled labor, used intensively in manufacturing, will suffer. 

This insight is reinforced by the property called near factor price equal- 
ization. Endowment differences across freely trading countries will have 
minimal impact on the geographical pattern of factor prices. Production lev- 
els, on the other hand, will vary substantially. Given that tastes are similar 
across nations, the implication is that under free trade international differ- 
ences in the prices of similar factors will be small, while the volume of inter- 
national trade wilI be heavy. The opposite could be expected, namely rela- 
tively Iarge factor price differences and a light volume of trade. 

Simulation of high dimensional competitive general equilibrium models 
offers an avenue for advancement in international economics. The underly- 
ing theoretical structure is widely studied and understood. Disaggregated 
and detailed data are available across countries. The present paper suggests 
that factor intensity, portrayed by factor shares and industry shares, plays a 
more important role than factor substitution in determining comparative 
static elasticities. 
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