The q-numerical range and the real q-numerical range of the shifts

Tin-Yau Tam Department of Mathematics Auburn Univeristy, AL 36849-5310, USA e-mail: tamtiny@mail.auburn.edu

Abstract

We show that the q-numerical range and the real q-numerical range of the unilateral shift and bilateral shift and their adjoints are the closed unit disc when |q| < 1. We also consider some weighted shifts.

The classical numerical range of an operator A ∈ B(H) on a Hilbert space H is the set W (A) = {(Ax, x) : x ∈ S} in C where S = {x ∈ H, (x, x) = 1}. It is always convex [2], [3]. If H is separable, the unilateral shift U is defined by Ue_i = e_{i+1}, where {e_i}^∞_{i=1} is an orthonormal basis for H. The bilateral shift V is defined similarly [3]. It is well-known that W (U) and W (V ) are the open unit disc [3]. A generalization of the classical numerical range is the q-numerical range: W_q(A) = {(Ax, y) : (x, y) = q, x, y ∈ S}, where |q| ≤ 1. It is known that W_q(A) is always convex [10] and W_1(A) = W (A) = −W_{−1}(A). The q-numerical radius of A is denoted by w_q(A) = sup{|z| : z ∈ W_q(A)}. For finite dimensional shift N_n, W_q(N_n) is a closed disc centered at the origin, but w_q(A) can be complicated when |q| < 1. When n = 2, w_q(N_2) =^1_2 (1 + √ 1 − q^2). When n = 3

w_q(N_3) = 1 8 √ 27 + 18q − 13q^2 + (9 + 7q) √ (1 − q)(9 + 7q), if 1 2 ≤ q ≤ 1, 1991 Mathematics Subject Classification. Primary 47A12, 47B37 Key words and phrases. unilateral shift, bilateral shift, weighted shifts, q-numerical range, real qnumerical range

Short title: The q-numerical ranges of the shifts Jan 27, 1998, Revised Aug 6, 1998 homepage: http://www.auburn.edu/~tamtiny

and w_q(N_3) = 1 if 0 ≤ q ≤^1_2 [4]. In particular w_1(N_3) =^{1√}_2 . Beside that not much is known about w_q(N_n), |q| < 1.

Let q ∈ [−1, 1]. We also consider a different set R_q(A) = {(Ax, y) : Re (x, y) = q, x, y ∈ S}, and we call it the real q-numerical range of A. The radius r_q(A) is defined similarly. Clearly R_{−q}(A) = −R_q(A), W_q(A) ⊂ R_q(A) providing q is real and R_{±1}(A) = W_{±1}(A) = ±W (A). Recently it is known [6] that R_q(A) is always convex.

Lemma 1 Let A ∈ B(H). Then

1. W_{qz}(A) = zW_q(A) for any |z| = 1. Hence if W_q(A) is a disc, then W_q(A) = W_p(A) for all |p| = |q|. 2. W_q(A) is invariant under unitary equivalence, i.e., W_q(A) = W_q(U^∗AU) if U is a unitary operator.

3. R_q(A) = ∪Re_{p=q}W_p(A).

The following result answers a question mentioned in [4].

Theorem 2 The q-numerical range and the real q-numerical range of the unilateral shift and the bilateral shift and their adjoints are the closed unit disc D(0, 1) if |q| < 1. Proof: Let U be the unilateral shift. Notice that [5] W_q(U) is a disc centered at the origin. Due to Lemma 1 we can assume that q ∈ [0, 1). It is clear that w_q(A) ≤ ‖A‖ for A ∈ B(H) and q ∈ [0, 1]. If 0 ≤ q < 1, let x = √ 1 − q^2 (1, q, q^2, q^3, . . .), y = Ux = √ 1 − q^2 (0, 1, q, q^2, q^3, . . .).

Then x, y ∈ S, (x, y) = q and (Ux, y) = (y, y) = 1. So w_q(U) = 1 and W_q(U) is closed if 0 ≤ q < 1. Now W_q(A^∗) is the complex conjugate of W_q(A) if A ∈ B(H), q ∈ [0, 1]. So W_q(U^∗) = D(0, 1).

Now W_q(U) ⊂ R_q(U) ⊂ D(0, 1). Thus R_q(U) = D(0, 1). For the bilateral shift V , one has the conclusion by observing W_q(U) ⊂ W_q(V ) ⊂ D(0, 1) and R_q(U) ⊂ R_q(V ) ⊂ D(0, 1). The same conclusion is true for the adjoint of V .

We can extend the above result to some special weighted shifts. A unilateral weighted shift S is an operator defined by Se_n = s_ne_{n+1}, n > 0, and bilateral weighted shift is definely analogously. Notice that S is unitarily equivalent to a shift T with weights t_n where |t_n| = |s_n|, for all n. Due to Lemma 4 we can assume that s_n ≥ 0.

Theorem 3 1. Let S be a unilateral weighted shift with weights {s_n}. If s_n ≤ K for all positive integers n, and lim_{n→∞} s_n = K > 0, then

(a) [9] W_1(S) and W_1(S^∗) are the open disc centered at the origin with radius K, (b) when |q| < 1, W_q(S) and W_q(S^∗) are a disc centered at the origin with radius K.

In addition, i. W_0(S) and W_0(S^∗) are closed if and only if s_n = K for some n. ii. when 0 < |q| < 1, then W_q(S) and W_q(S^∗) are closed if and only if there are infinitely many n such that s_n = K.

2. The statements are true for the bilateral weighted shift with weights {s_n} such that s_n ≤ K for all integers n, and lim_{n→∞} s_n = K > 0 or lim_{n→∞} s_{−n} = K > 0

3. The statements are true for the real q-numerical range of the corresponding weighted shifts where q ∈ [−1, 1].

Proof: 1 (b) Let |q| < 1 be real since W_{qz}(A) = zW_q(A) for any |z| = 1 and A ∈ B(H). Notice that W_q(S) is a disc centered at the origin [5]. Now let x = √ 1 − q^2(0, . . . , 0, 1, q, q^2, . . .) where the first n entries are zero and y = Ux where U is the unilateral shift. Then ‖x‖ = ‖y‖ = 1, (x, y) = q and (Sx, y) = (1 − q^2) ∑_∞ i=n s_iq^{2i}. For any ϵ > 0, there exists N such that s_n ≥ K − ϵ whenever n > N. Hence if n > N, then (1 − q^2) ∑_∞ i=n s_iq^{2i} ≥ (K −ϵ)(1−q^2) ∑_∞ i=n q^{2i} = K −ϵ. Thus (Sx, y) → K as n → ∞. Now K ≤ w_q(S) ≤ ‖S‖ = K so that w_q(S) = K.

(i) Now W_0(S) is the closed disc D(0, K) if and only if there are orthogonal unit vectors x and y such that K = (Sx, y). When s_n = K for some n, we have (Se_n, e_{n+1}) = K. So W_0(S) = D(0, K).

Suppose that s_n < K for all n. If W_0(S) were D(0, K), then K = (Sx, y) ≤ ‖Sx‖‖y‖ ≤ ‖S‖ = K for some orthogonal unit vectors x and y. So ‖Sx‖ = K. But ‖Sx‖^2 = ∑_∞ n=1 s^2_n|x_n|^2 < K^2‖x‖^2 = K^2. It is absurd.

(ii) Now we assume that 0 < |q| < 1. If there are infinitey many n such that s_n = K, say, n_1, n_2, . . ., let x be the unit vector such that x_{ni} = q^{i−1}/ √ 1 − q^2, i = 1, 2, . . . and zeros otherwise, and y be Ux where U is the unilateral shift. Then (Sx, y) = K and hence W_q(S) = D(0, K).

Suppose there are finitely many n such that s_n = K, say, n_1, . . . , n_k. If W_q(S) = D(0, K), then we would have unit vectors x, y such that (x, y) = q and (Sx, y) = K. So K = (Sx, y) ≤ ‖Sx‖‖y‖ ≤ K. Thus we have ‖Sx‖ = K and Sx and y scalar multiple to each other, say, y = λSx. Now K^2 = ‖Sx‖^2 = ∑_∞ i=1 s^2_i |x_i|^2. So x_i = 0 except i = n_j for some j = 1, . . . , k.

Then q = (x, y) = (x, λSx) = λK(x, Ux) = 0, a contradiction.

The above proof works for R_q(S) except the condition (x, y) = q in the proof of (ii) is replaced by Re (x, y) = q. One can have the same conclusion by using R_q(S) = ∪Re_{p=q}W_p(S) = ∪_{q≤|p|,p∈C} W_p(S) = ∪_{p∈[q,1]}W_p(S) = W_q(S) if 0 ≤ q < 1, since each W_p(S) is a disc. The treatment for the bilateral case is similar.

Example 4 1. Let S be the weighted shift such that Se_n =^{n−1}_n e_{n+1}, n ≥ 1. Then W_q(S), W_q(S^∗), R_q(S) and R_q(S^∗) are the open unit disc for all |q| ≤ 1.

2. Let T be the weighted shift such that T e_1 = e_2, T e_n =^{n−1}_n e_{n+1}, n ≥ 2. Then (i) W_q(T ), W_q(T^∗), R_q(T ) and R_q(T^∗) are the open unit disc for all 0 < |q| ≤ 1 and (ii) W_0(T ) and W_0(T^∗) are the closed unit disc.

The following result implies that W_q(S) and R_q(S), q ∈ [−1, 1] are very much the same for weighted shifts S.

Theorem 5 Let A be an operator on a Hilbert space such that W_q(A) is a disc centered at the origin for each |q| ≤ 1. Then

1. R_q(A)^− = W_q(A)^−, i.e., R_q(A)\W_q(A) is either a circle or an empty set.

2. R_{q2} (A) ⊂ R_{q1} (A) whenever 0 ≤ q_1 < q_2 ≤ 1.

Proof: (1) It is sufficient to consider q ∈ [0, 1]. Notice that W_q(A) ⊂ R_q(A) = ∪_{p∈[q,1]}W_p(A). By the decreasing property of the diameter function of A [4], i.e, d_{q2} (A) ≤ d_{q1} (A) if 0 ≤ q_1 ≤ q_2 ≤ 1 where d_q(A) = max{|z_1 − z_2| : z_1, z_2 ∈ W_q(A)}, and in our case w_q(A) =^1_2 d_q(A), we have ∪_{p∈[q,1]}W_p(A) ⊂ W_q(A)^−.

(2) R_{q2} (A) = ∪_{p∈[q2,1]}W_p(A) ⊂ ∪_{p∈[q1,1]}W_p(A) = R_{q1} (A), 0 ≤ q_1 ≤ q_2 ≤ 1.

Question: Is W_q(S) = R_q(S), q ∈ [−1, 1] always true for weighted shifts S? Or equivlently, is it true that W_{q2} (S) ⊂ W_{q1} (S) whenever 0 ≤ q_1 < q_2 ≤ 1?

Remark 6 When S is a finite dimensional weighted shift, i.e., the matrix representation of S is

S = 0 0 . . . 0 s_1 0 . . . 0 s_2 . . . 0

s_{n−1} 0 ,

we have R_q(S) = ∪_{q≤|p|}W_q(S) = ∪_{p∈[q,1]}W_p(S), q ∈ [0, 1] since W_q(S) is a closed disc centered at the origin. By the decreasing property of the diameter function of A, we have R_q(S) = W_q(S) when q ∈ [−1, 1].

Remark 7 Generally the q-numerical ranges or the real q-numerical ranges of the weighted shifts are not easy to handle. Shields [1] has considered the weighted shift S such that Se_1 = (1 + h)e_2, h ≥ 0 Se_n = e_{n+1} for n ≥ 2 and showed that W_1(S) is the open unit disc when 1 ≤ 1 + h < √ 2 and is the closed disc D(0,^{(1+h)2}_{2[h(2+h)]1/2} ) when 1 + h ≥ √ 2. Now W_q(S) and R_q(S) are disc for each q and in particular R_0(S) = W_0(S) = D(0, 1 + h) and r_q(S) ≥ w_q(S) ≥ 1 + (1 − q^2)h when 0 < |q| < 1, but W_q(S) and R_q(S) are not fully known. Neither the closedness nor the radii.

Consider the weighted bilateral shift Be_0 = ke_1 and Be_n = e_{n+1} for n ≠ 0. Then [9] W_1(B) is the open unit disc if 0 ≤ k ≤ 1, and w_1(B) > 1 if k > 1. Notice that W_q(B) and R_q(B) are disc. But W_q(B) and R_q(B) are not fully known, even w_1(B) when k > 1.

Suppose that S is a weighted shift, either unilateral or bilateral, where {s_n} is a periodic sequence of period r. As before we can assume that s_n ≥ 0, n = 1, . . . , r. It is known [9] that w_1(S) is the Perron root of the nonnegative symmetric matrix

S^′ = 1 2

0 s_1 0 0 · · · s_r s_1 0 s_2 0 · · · 0 0 s_2 0 · · · 0 · · · · · · · · · 0 s_{r−2} 0 0 · · · 0 s_{r−2} 0 s_{r−1} s_r 0 · · · 0 s_{r−1} 0

.

One of the striking facts about the weighted bilateral shift B with positive weights is that B is reducible if and only if its weights form a periodic sequence [3]. Ridge [7] conjectured and was recently proved that [9] W_1(S) is open if and only if all the weights are nonzero. It is clear that W_0(S) = D(0, ‖S‖) where ‖S‖ = max_{1≤i≤r} s_i. The radius w_q(S) and the closedness of W_q(S) are not known when 0 < |q| < 1. Notice that w_1(S) depends on the ordering of the weights [9] when r ≥ 4, but w_0(S) is independent of the ordering. The following provides a lower bound for w_q(S), which is also independent of the ordering of the weights when |q| < 1.

Proposition 8 Suppose that S is a weighted shift where {s_n} is a periodic sequence of period r, s_n ≥ 0 for all n. Then for any 0 ≤ q < 1,

r_q(S) = w_q(S) ≥

1 − q^2 1 − q^{2r} max_{σ∈Sr} s_{σ(1)} + s_{σ(2)}q^2 + · · · + s_{σ(r)}q^{2(r−1)},

where S_r is the symmetric group on {1, . . . , r}.

Proof: Suppose that S is a unilateral shift with periodic weights s_1, . . . , s_r. Then construct a vector x, given σ ∈ S_r, such that x_{n+kr} = √ 1 − q^2q^{kr}q^{σ(n)−1}, n = 1, . . . , r, k = 0, 1, . . . and set y = Ux where U is the unilateral shift. Notice that ‖x‖ = ∞∑ n=1 x^2_n = (1 − q^2) r∑ n=1 ∞∑ k=0 q^{2kr}q^{2[σ(n)−1]} = 1 − q^2 1 − q^{2r} r∑ n=1 q^{2[σ(n)−1]} =

1 − q^2 1 − q^{2r} 1 − q^{2r} 1 − q^2

= 1.

Hence ‖y‖ = 1 and (x, y) = q. Thus

(Sx, y) = (1 − q^2) r∑ n=1 ∞∑ k=0 s_nq^{2kr}q^{2[σ(n)−1]} = 1 − q^2 1 − q^{2r} r∑ n=1 s_nq^{2[σ(n)−1]} = 1 − q^2 1 − q^{2r} r∑ n=1 s_σ−1_{(n)}q^{2n−2}.

Hence we have the result when σ runs through S_r. The radius of the bilateral weighted shift is greater than or equal to the radius of the unilateral weighted shift.

The lower bound is not equal to w_q(S) in general. Otherwise by the continuity of the function (q, A) → w_q(A),

w_1(S) = lim_{q→1}

1 − q^2 1 − q^{2r} max_{σ∈Sr} r∑ n=1 s_{σ(n)}q^{2(n−1)} = lim_{q→1} 1 1 + q^2 + · · · + q^{2(r−1)} max_{σ∈Sr} r∑ n=1 s_{σ(n)}q^{2(n−1)} = 1 r r∑ n=1 s_n. But w_1(S) is the Perron root of the symmetric matrix S^′ in our previous discussion, which is generally not equal to^1_r ∑_r n=1 s_n when r ≥ 3.

Aknowledgement: Thanks are given to Prof. P.Y. Wu for pointing out the reference [8] in which the conjecture of Ridge [7] had been solved, after the publication of [9].

References

[1] C. A. Berger and J. G. Stampfli, Mapping theorems for the numerical range, Amer. J.

Math. 89 (1967), 1047-1055.

[2] K. E. Gustafson and D. K. M. Rao, Numerical Range: the field of values of linear operators and matrices, Springer, New York, 1997.

[3] P. Halmos, A Hilbert Space Problem Book, Springer-Verlag, New York, 1982. [4] C.K. Li and H. Nakazato, Some results on the q-numerical range, Linear and Multilinear Algebra 43 (1988), 385-409.

[5] C.K. Li and N.K. Tsing, Matrices with circular symmetry on their unitary orbits and C-numerical ranges, Proc. Amer. Math. Soc. 111 (1991), 19-28.

[6] C. K. Li and T.Y. Tam, A unified approach to some ranges assoicated with matrices - convexity and inclusion relation, manuscript.

[7] W. Ridge, Numerical range of a weighted shift with periodic weights, Proc. Amer. Math.

Soc., 55 (1976), 107-110.

[8] Q.F. Stout, The numerical range of a weighted shift. Proc. Amer. Math. Soc. 88 (1983), 495-502.

[9] T.Y. Tam, On a conjecture of Ridge, Proc. Amer. Math. Soc., 125 (1997), no. 12, 3581–3592.

[10] N.K. Tsing, The constrainted bilinear form and the C-numerical range, Linear Algebra Appl. 56 (1984), 195-206.