6.3

Math 2660 Topics in Linear Algebra, Key

la,b,d,2a,b,d,3a,b,5,6

1 (a)

1
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det(A — AI) = det
et(A = AD e[l 5

] =X —1=(\—1)(A+1). So the eigenvalues of A are

-3 2)

So x1 = 29 = t. Thus x = #(1,1) are eigenvectors of A corresponding to A = 1 when
t # 0. So the eigenspace is span {(1,1)T}. Pick x; = (1,1)%.
Case 2: A = —1, consider (A + I)x = 0. Solving

1,—1.
Case 1: A =1, consider (A — I)x = 0. Solving

4~ m:[

1

1 1|0 1 1|0
A+1|0] = .
A+110] [1 1 olﬁloool
So w3 =t, 21 = —t. Thus x = t(—1,1)” are eigenvectors of A corresponding to A = —1
when t # 0. Pick xo = (—1,1)T.
Set X = [x1 x2] = [1 _11] and D = diag(1,—1). Then AX = XD, i.e., A= XDX L.

5—A 6

det(A — ) = det
et( ) e[—z 2 A

] =A2—=3)2+2=(A—2)(A—1). So the eigenvalues

of A are 1,2.
Case 1: A =1, consider (A — I)x = 0. Solving

4 6 |0 2 3]0
[A—1I|0] = — :
-2 =310 0 0]0
Soxy=1t, 1 = —%t. Thus x = %(—3, 2)T" are eigenvectors of A corresponding to A = 1

when ¢ # 0. So the eigenspace is span {(—3,2)7}. Pick x; = (—3,2)7.
Case 2: X\ =2, consider (A —2I)x = 0. Solving

[A—2I|0]:[_32 _648]H[[1) 38]

So x9 = t, 21 = —2t. Thus x = t(—2,1)7 are eigenvectors of A corresponding to A = —1
when ¢ # 0. Pick xo = (—2,1)7.

-3 =2
Set X = [x1 x2] = [ 23 ) ] and D = diag(1,2). Then AX = XD, ie., A= XDX L.

Since A is triangular, the eigenvalues are the diagonal entries of A., i.e., the eigenvalues
of A are?2,1,—1
Case 1: A = 2, consider Ax = 0. Solving

0 2 1]o0 02 10
[A—210]=|0 -1 2|0 |—]0 0 1]0
0 0 =3[0 00 0|0



(b)

(d)

3 (a)

Sox3 =0, 23 =0, 2y =t. Thus z = ¢(1,0,0)” are eigenvectors of A corresponding to
A =2 when ¢ # 0. So the eigenspace is span {(1,0,0)”}. Pick x; = (1,0,0)7.
Case 2: A =1, consider Ax = 0. Solving

1 2 1|0 1 2 1|0
A—1Ijoj=|0 0 2|0o|—=]00 10
0 0 —210 00 010
So w3 =0, 29 =t, x1 = —2t. Thus x = t(—2,1,0)7 are eigenvectors of A corresponding

to A = 1 when ¢ # 0. So the eigenspace is span {(—2,1,0)T}. Pick x = (-2,1,0)7.
Case 3: A = —1, consider Ax = 0. Solving

3 2 1|0 32 110
[A+Il0j=]0 2 2/0|—|0 1 1]0
00 0|0 0 0 0]0
Soxzz=1t, x0=—t, x1 = % Thus z = é(l, —3,3)T are eigenvectors of A corresponding
to A = 1 when ¢ # 0. So the eigenspace is span {(1,—3,3)7}. Pick x3 = (1, -3, 3)7.
1 -2 1
Thus X = |0 1 —3| and D =diag(2,1,—1). Then AX = XD, ie., A= XDX 1.
0 0 3

1

1 -1 1
Notice that X = and X1 =
1 1 -1 1

] D = diag(1,—-1). So

—~1] .1
A = (XDX 10 = xDSx~1 = [1 11] I- [ Ly

1 2 (-1 1

Or by direct computation to get A = I. Indeed A?" = I and A?"*! =T,

-3 -2 1 2
Notice that X = [ s 1 ] and X! = [ , D = diag(1,2). So

2 -2 -3
-3 =21 1 2
A = (XDX 10 = XDSXx1 = s % .
2 11(]0 26| |—-2 -3
1 -2 1 L
Notice that X = |0 1 -3 andX_lzl 5 3],D:diag(2,1,—1). So
0 0 3
1 =2 11]1(26 0 0 3 6 5
6 —1\6 6y —1 1
A:(XDX):XDX:01—3 0 10/3]03 =3
0 0 1 00 1

1
1

-1
Al = (XDXx Hl=XxD X1 = [ ” ] 1[1 1]
-1| 2|-1 1

b A

Notice that X = [ _11] and X! = [ ] D = diag(1,-1). So

= A.




-2 -3
0 0 3
1 -2 1|[3 00 L3605
Al=(XDXH'=XD'X7'=|0 1 -3/|0 10 3103 -3
0 0 3|]0o0 1 |00 1

5 A= XDX ! implies AT = (XDX 1T = (X H)ITDXT. Set Y = (X 1)T. Then AT =
YDY L.

6 Since A is diagonalizable with eigenvalues +1, A = XDX ! and D = diag (£1,...,+£1) so
that D~' = D. Thus

A= (XDX H) '=xD'Xx'=XDXx!=A



