Math 2660 Topics in Linear Algebra, Key

6.1
la,b.f,g,2,3,4
3—A 2 9
1 (a) det(A — AI) =det 4 13 =B-N1=-XA)—-8=X—-4A-5=(A=5)(A+1).

So the eigenvalues of A are 5, —1.
Case 1: XA =5, consider (A — 5I)x = 0. Solving

-2 2 1 -1
[A—5I]0] = 0. 0
4 —410 0 0|0
So x; = w9 = t. Thus x = #(1,1)” are eigenvectors of A corresponding to A = 5 when

t # 0. So the eigenspace is span {(1,1)7}.
Case 2: A = —1, consider (A + I)x = 0. Solving

0
-
0

Soxo =t,x1 = —%t. Thus x = 2t(—1,2)7 are eigenvectors of A corresponding to A = —1
when t # 0. So the eigenspace is span {(—1,2)T}. The book’s answer is span {(1,—2)7}
and is the same.
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m+ﬂm:[

6— A —4
3 —-1-A

=(6-A)(=1=XN)+12=A2-5)1+6 = (A—3)(A—2).
So the eigenvalues of A are 3, 2.
Case 1: A\ = 3, consider (A — 3I)x = 0. Solving

0 1 210
— .
0 0 00

So xg =t, x1 = %t. Thus x = it(él, 3)T are eigenvector of A corresponding to A = 3
when ¢ # 0. So the eigenspace is span {(4,3)7}.
Case 2: A\ =2, consider (A — 2I)x = 0. Solving

A+ 10] = 4 —410 . 1 =110 '
3 =310 0 0|0
So 29 = x1 = t. Thus x = #(1,1)” are eigenvectors of A corresponding to A = 2 when
t # 0. So the eigenspace is span {(1,1)7}.

det(A—M\I) = det

3 —4

m_wm:[3_4

Since A is triangular, the eigenvalues are the diagonal entries of A., i.e., 0 is the eigenvalue
of A of multiplicity 3.
Consider Ax = 0. Solving

0 1
[Ajo] =] 0 0
00

o = O
o O O

So w9 = 3 = 0, x1 = t. Thus x = ¢(1,0,0)7 are eigenvectors of A corresponding to
A = 0 when t # 0. So the eigenspace is span {(1,0,0)7}. Though the matrix is 3 x 3
the dimension of the eigenspace is 1. This reflects the deficiency of the matrix.



(g) Since A is triangular, the eigenvalues are the diagonal entries of A., i.e., the eigenvalues
of A are 1 (of multiplicity 2) and 2.
Case 1: XA =1, consider (A — I)x = 0. Solving

[A—1]0] =

o O O

11
11
0 0

o O O
!
o O O
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00
00

o O O

So w3 = t, ¥g = —t, x1 = 5. Thus x = s(1,0,0)T +#(0,—1,1)T are eigenvectors of A
corresponding to A = 1 when ¢ # 0. So the eigenspace is span {(1,0,0)%, (0, —1,1)}.
Case 2: A =1, consider (A — 2I)x = 0. Solving

~11 110 -1 1 1]o0
[A—210/=| 0 0 1]/0|—1] 0 0 1|0
0 0 —1]0 0 000

Sox3 =0, xg =t, 1 = t. Thus x = ¢(1,1,0)” are eigenvectors of A corresponding to
A =2 when t # 0. So the eigenspace is span {(1,1,0)7}.

If A is triangular, then A — AI is triangular so that det(A — AI) = (a11 — A) -+ - (@pn — A). So
the roots to det(A — A\I) = 0 are ayy,. .., any, i.€., the diagonal entries.

A is singular if and only if det A = 0. But det A = 0 means det(A —0-1) =0, i.e., 0 is an
eigenvalue of A.

If A is an eigenvalue of a nonsingular A, then A\ # 0 by Exercise 3. Let x be an eigenvector
of A corresponding to A\. Then Ax = Ax & x = A" '\x = M 'x or A~!x = A~!x. In other
words, % is an eigenvalue of A1,

Ax = A\x = A%x = Mx = A\2x. On the other hand A2 = A so that A%x = Ax = Ax. Thus
Ax = A?x. Since x # 0, we have A = A2, Thus A =0, 1.



