Math 2660 Topics in Linear Algebra, Key

3.3
la,b,c,2,a,c,e,3a,c,e,4,5,6,12,13,16,17

2
1 Set
(a) 6611+622 0

3| [o]
] = [ . Solving the system

2 3
Ro—3Ry |0 3

(2 3]0
1 20

')

So ¢; = co = 0 and thus the vectors are linearly independent. We can get the same

)|+

(b) Since [2 ;l] = 0, by Theorem 3.3.1, the vectors are linearly dependent.

conclusion by using Theorem 3.3.1 since det

1] 2 ]
(c) Set ¢q +co 3 +c3 Al = [O . Solving the system
[ 21 2|0 ] -2 1 20
1 3 4|/0| Ro+3Ry | 0 I 5]0]°

So there are infinitely many solutions. Thus the vectors are linearly dependent. Theorem
3.3.1 does not apply here.

1 0 1] [o
2 (a) Set ey |0 +ec2 |1 4¢3 |0 = |0|. Solving the system
0 1 1 0
1 0 1|0 1 0 1|0
01 00 01 0]0
01 1]0 Rs — Ry 0 0 1|0

So ¢; = ¢a = ¢3 = 0. Thus the vectors are linearly independent. Or use Theorem 3.3.1
to check the determinant.

2 3 2| Ri— Ry 1 1 0 11
c)|1 2 2 =1 2 2= L ol = 1 # 0. So the vectors are linearly
-2 -2 0 -2 -2 0
independent by Theorem 3.3.1.
1 0 0
(e) Set ey |1| +c2 |2 = . Solving the system

0

3 1 0
1 0|0 1 00
1 20 R1 — Ry 0 210
3 110 0 10

So ¢1 = ¢ = 0 and hence the vectors are linearly independent. Theorem 3.3.1 does not
apply here.



3 (a) The span of the vectors is R3.
(b) The span of the vectors is R3.
(c) The span of the vectors is a plane passing through the origin.

4 Now “vectors” are matrices since the vector space is R?*? and the zero matrix is the identity
element.

11720 o 0 0

sides, and ca = 0 by equating the (1,2) entries of both sides. Thus they are linearly

1 0 1 0 0
(a) Set ¢ [ ] = [ ] So ¢; = 0 by equating the (1,1) entries of both

independent.
1 0] 0 1] 0 o] Jo o e e 0 0]
b S t = . S = . H =
(b) Set ¢ 01 + ¢ 00 + c3 10 0 0 0 [03 o [0 0 ence cj
co = c3 — 0. Thus they are linea_rly iﬁdepeﬁdent_. )
1 0] 0 1] 2 3] fo o] c1 ca+3cs [0 0
Set - S _H
(c) Seter (| Tealg gl Fes g 4 0 0" "0 ¢ +26s 0 o o

c1 = c3 = c3 = 0. Thus they are linearly independent.

5 (a) We may not have a linearly independent set if we add a vector xiy1 to the linearly
independent set {xi,...,x;}. For example, {e1,es} is a linearly independent set but
{e1,e3,€1 + ey} is linearly dependent after we add e; + ey into the set.

(b) Yes, if we delete a vector from a linearly independent set, say, x, then {xi,...,x_1}
is a linearly independent set. Set c¢ix1 + -+ + ¢p_1Xx_1 = 0. We try to show that
¢y =+ =cp_1 = 0. The equation can be interpreted as cix1+- -+ cp_1Xp_1+0x; = 0.
But the vectors xi,...,X; are linearly independent so that ¢; = ---¢c;_1 = 0. Hence
{xX1,...,Xk_1} is a linearly independent set.

6 (a) Now the “vectors” are polynomials. Set c1(1)+c22?+c3(2?—2) = 0, the zero polynomial.
By considering the coefficients of 22, 2 and the constant term on both sides: z?: co +
c3 = 0, x: nothing, constant term: ¢; — 2c3 = 0. So ¢ is a parameter and thus we
have infinitely many solution. Hence they are linearly dependent. Or by inspection:
22 — 2 =22 — 2(1), i.e., the last vector is a linear combination of the first two.

(c) Set ci(x + 2) + ca(w + 1) 4 c3(z? — 1) = 0, the zero polynomial. By considering the

coefficients of x?,x and the constant term on both sides: z?: ¢3 = 0, x: ¢; +co = 0,
constant term: 2c¢; + ¢ —cg = 0. So ¢1 = ¢ = ¢3 = 0. Hence they are linearly

independent.

12 vq,vo are linearly dependent means there are scalars cq, ca, not all zeros, such that c;vy +
cavo = 0. For example, if ¢; # 0, then v = —%vz, i.e., v1 is a multiple of vo. Similar for
C2 75 0.

13 It is similar to Ex 5 (b).

16 Since {vi,...,v,} is a spanning set for V', v is spanned by them, i.e., v=cjvi + -+ c,vy,
for some cy,...,c,. Then ¢;vy + -+ + ¢, vy, + (—1)v,, = 0. Hence {vy,..., vy, v} is linearly
dependent.



17 Let {v1,..., vy} be linearly independent. Notice that v cannot be spanned by {va,...,v,}.
It is because if vi = covy + - -+ + ¢, v, were true, i.e., —vi + cava + -+ + ¢, v, = 0. This
would imply —1 = cg = -+ = ¢, = 0, contradiction. Hence {va,...,v,} cannot span V.



