3.2

Math 2660 Topics in Linear Algebra, Key

la,b,c,d,2a,b,c,3a,b,c,d,4a,b,9a,c,10a,b,e,11,12

1 (a)

S ={x=(21,22)T : 21 + 22 = 0}. (i) 0 € S since 0+ 0 = 0 so S is not empty. (ii) If
x,y € 5,1, 21 +x2 =0=1y; +y2, then x+y € S since x +y = (21 +y1,xg+y2)T
and z1 +y1 +xa+y2 =x1 +x2+y1 +y2 =0. (iii) If x € S and a € R, i.e, 21 +x2 = 0,
then ax = (ax1,axy) € S since axy + axe = a(r) + 22) = a-0=0.

So S is a subspace of R2.

S = {x = (z1,22)T : 1179 = 0} is not a subspace of R? since (1,0)7, (0,1)T € S but their
sum (1,1)7 ¢ S. Remark: S is closed under scalar multiplication and S is nonempty
since 0 € S.

S = {x = (x1,22)T : 11 = 3z2}. (1) 0 € S since 0 = 3-0 so S is not empty. (ii) If
X,y € S, i.e, x1 = 3w2, y1 = 3y, then x +y € S since x +y = (21 + y1,22 + y2)7
and z1 + y1 = 322 + 3y2 = 3(x2 + y2). (ili) If x € S and a € R, i.e, 1 = 3z, then
ax = (axy, axg) € S since axr) = a(3z2) = 3(axs).

So S is a subspace of R2.

S = {x = (x1,22)T : |z1| = |22|} is not a subspace of R? since (1, 1), (1,1)T € S but
their sum (2,0)7 ¢ S as [2| =2 # 0 = [0].

S = {x = (1,72, 23)" : 21+x3 = 1} is not a subspace of R3 since (1,0,0)7, (0,0,1)T € S
but their sum (1,0,1)7 ¢ Sas1+1=2#1.

S = {x = (z1,72)" : 21 = 3 = 23}. (i) 0 € S since 0 = 0 = 0 so S is not empty.
(ii) If x,y € S, i.e, x1 = 2 = x3, y1 = Y2 = Y3, then x +y € S since x +y =
(x1 +y1, 20 + y2, 23 + y3)T and 21 + 41 = T2 +yo = 3 +y3. (iii) f x € S and o € R,
ie, 1 = xo = x3, then ax = (ax1, axy, axs) € S since axr) = axg = axs.

So S is a subspace of R3.

S = {x = (v1,79,23)7 : 23 = 1 + x2}. (1) 0 € S since 0 = 0+ 0 so S is not empty.
(ii) If x,y € S, ie, x3 = 21 + 2, Y3 = Y1 + Y2, then x +y € S since x +y =
(1 4+ y1,22 + Y2, 3 + y3)T and 3 +ys = (21 + 22) + (Y1 + ¥2) = (21 + 1) + (22 + Y2).
(i) If x € S and o € R, ie, 3 = 1 + z2, then ax = (ax1,axs, axs) € S since
ars = a(r) + x2) = ax] + axs.

So S is a subspace of R2.

Let S be the set of all 2 x 2 diagonal matrices. (i) The zero matrix is in S. (ii) The sum
of two diagonal matrices is still a diagonal matrix. (iii) The scalar multiple of a diagonal
matrix is still a diagonal matrix.

So S is a subspace of R?*2.

The set of 2 x 2 triangular matrices is a subspace of R?*? and it is similar to (a).
Similar to (b).

Let S be the set of all 2 x 2 matrices with aj2 = 1. (i) The zero matrix is not in S. So it
is not a subspace of R?*? (if it were, then it would contain the zero matrix (the identity
element of R2*?)).
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2 1]0 2 110
[A]0]= 3 |
so the null space of A is {(0,0)7}.
1 2 -3 —-1|0 1 2 -3 -1|0
[A]0]=
-2 -4 6 3 |0| R2+2R; |0 0O 0 110

so the null space of A is {(—2a +38,,3,0)T : a, 8 € R}.

Set a(2,1)T + 5(3,2)T = (a,b)T € R%. Consider the augmented matrix
2 3
1 2

The system is consistent (8 = 2b —a and o = a — 3(2b — a) = 4a — 6b). So the set is a
spanning set.

Set a(—2,1)" + 3(1,3)T +~(2,4)T = (a,b)” € R?. Consider the augmented matrix

a

1
b 0

Ry — iRy

-2 1 2|1 -2 1 2 1
1 3 4|b| Ro+iR | 0 2 5|b+3
The system is consistent so that the set is a spanning set.
Consider the augmented matrix
1 0 1]a 10 1] a Ri — R3 1 0 0jla—c+b
0 1 0|b 01 0| b 010 b
01 1|c| Rg—Rz2 |0 0 1|c—0 0 0 1| ¢—0b

In other words, the system is consistent so that it is a spanning set for R3. Indeed
(a,b,¢)T = (a —c+b)(1,0,0)7 +b(0,1,1)T + (¢ — b)(1,0,1)T.

Consider the augmented matrix

SR

1 01 1]a 1 011
010 2|0 01 0 2
011 3fc R3s — Ry 0 01 1|e=0

It has infinitely many solution, but the point is that it is consistent. So it is a spanning
set for R3.
Consider the augmented matrix

1 0a 10 10 a

1 2] Ry — Ry 0 2|b—a 0 2 b—a

3 1c 0 1|c—3a | Ry— 1Ry 0 0|c—3a—3b+3a

It has no solution if ¢ — %a — %b # 0, say (a,b,c)l = (0,0,1)T. So it is not a spanning
set for R3.



3
10
11

3
1
0

3
10
11

3
1
0

2
10
13

Ry/10

2
1
2

-9
—20
—22

Ry/10

11 (a) x € span {x1, X2} means that x = axy+x2 for some a, 3 € R. Consider the augmented
matrix
-1 3|2 -1
[x1 x2|x] = 2 416 Ro 4+ 2R, 0
3 2|6 | R3+3R; 0
-1 3|2 -1
0 1|1 0
0 11113 | R —11R, 0
It is inconsistent. So x ¢ span {x1,xX2}.
(b) y € span {x1,x2} means that y = ax;+[x2 for some «, 5 € R. Consider the augmented
matrix
-1 3]-9 -1
[Xl X2|y] = 2 4| -2 Ry + 2Ry 0
21 5 Rs+ 3R, 0
-1 3| -9 -1
0 1| -2 0
0 11| -22 R3 — 11Ry 0
It is consistent and a = 3 and f = —2. So y € span {x1,X2}.
12 Let {xX1,...,Xn} be a spanning set for a vector space V.

(a) If we add an additional vector x;11 to the spanning set, we still have a spanning set.

It it because each x € V can be written as a linear combination of xj,..

-y Xk, Say,

X = a1X1 + - - - + apXk so that we have x = ayx3 + -+ - + opxk + 0 - XK41-

(b) In general it is not true, for example e, e; span R? but e; does not span R2. However
it can be true for some situations, for example e, es, e; + ez span R? (by (a)) and if
we remove e] + ez, we still have a spanning set.



