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Some exponential inequalities for Semisimple
Lie group

Tin-Yau Tam

Abstract. Let ||| - ||| be any give unitarily invariant norm. We obtain some
exponential relations in the context of semisimple Lie group. On one hand they
extend the inequalities (1) |||e?]]] < H|eReA||| for all A € Cpxn, where Re A
denotes the Hermitian part of A, and (2) |||e**Z||| < |[le”e?|||, where A and
B are n x n Hermitian matrices. On the other hand, the inequalities of Weyl,
Ky Fan, Golden-Thompson, Lenard-Thompson, Cohen, and So-Thompson are
recovered. Araki’s relation on (e?/2ePe?/2)" and e"4/%e"Ber /2 where A, B
are Hermitian and r € R, is extended.

1. Introduction

A norm ||| - ||| : Cpxn — R is said to be unitary invariant if |||Al|| = ||[UAV|| for
all U,V € U(n). It is known [3, Theorem IX.3.1, Theorem IX.3.7] that for any
unitarily invariant norm ||| - ||| : Cpxn — R,
R
eIl < e, A € Caxn, (1.1)
e8| < llle?eB]]|, A, B € Cpxpn are Hermitian, (1.2)

where Re A denotes the Hermitian part of A € C,,«,,. Inequality (1.2) is a gener-
alization of the famous Golden-Thompson inequality [6, 21]

tre B < tr(ee?), A, B Hermitian. (1.3)

It is because that the Ky Fan n-norm, denoted by || - ||, is unitarily invariant,
where || A, is the sum of the singular values of A € C, . See [16, 22, 1, 2] for
some generalizations of Golden-Thompson’s inequality.
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A result in [3, Theorem IX.3.5] implies that for any irreducible representation
7 of the general linear group GL,,(C),

In(eATB)| < |n(eRe4eReB)| A B € Coyn, (1.4)

where | X| denotes the spectral radius of the linear map X.

The inequalities (1.1) and (1.2) compare two matrix exponentials using uni-
tarily invariant norm. Apparently unitarily invariant norm plays no role in the
inequality (1.4). But we will obtain Theorem 3.1 as unified extension of (1.1),
(1.2) and (1.4).

After the preliminary materials are introduced in Section 2, Theorem 3.1 is
obtained in the context of semisimple Lie group. It contains two sets of inequalities
concerning a pre-order of Kostant [14]. To further demonstrated the importance of
Theorem 3.1, in a sequence of remarks, we derive from Theorem 3.1 the inequalities
of

1. Weyl [3]: the moduli of the eigenvalues of A are log majorized by the singular
values of A € C,,«p.

2. Ky Fan [3]: the real parts of the eigenvalues of A are majorized by the real
singular values of A € C,,«n,.

3. Lenard-Thompson [16, 22]: ||[eA+Z||| < |||e4/2eBeA/?|||, where A, B € C,xr,
are Hermitian.

4. Cohen [4]: the eigenvalues of the positive definite part of e# (with respect to

the usual polar decomposition) are log majorized by the eigenvalues of eRe 4

where A € C,,x,.
5. So-Thompson [18]: the singular values of e# are weakly log majorized by the
exponentials of the singular values of A € C,,«y,.

In Section 4 we extend, in the context of semisimple Lie group, Araki’s result
[1] on the relation of (e4/2ePeA/2)" and er4/2¢"BemA/2 where A, B € Cpx, are
Hermitian, » > 0.

2. Preliminaries

We recall some basic notions, especially a pre-order of Kostant and some results
in [14].

A matrix in GL,,(C) is called elliptic (respectively hyperbolic) if it is diagonal-
izable with norm 1 (respectively real positive) eigenvalues. It is called unipotent
if all its eigenvalues are 1. The complete multiplicative Jordan decomposition of
g € GL,,(C) asserts that g = ehu for e, h,u € GL,(C), where e is elliptic, h is
hyperbolic, u is unipotent, and these three elements commute. The decomposi-
tion is obvious when ¢ is in a Jordan canonical form with diagonal entries (i.e.,
eigenvalues) 21, - , zp, in which

Zn

o — ding (i ) h = diag (121],- -+ |2al)

[l el
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and u = h~te !¢ is a unit upper triangular matrix. The above decomposition can
be extended to semisimple Lie groups.

Let g be a real semisimple Lie algebra. Let G be any connected Lie group
having g as its Lie algebra. An element X € g is called real semisimple if ad X €
End g is diagonalizable over R and is called nilpotent if ad X € End g is a nilpotent
endomorphism. An element g € G is called hyperbolic if g = exp X, where X € g is
real semisimple and is called unipotent if g = exp X, where X € g is nilpotent. An
element g € G is elliptic if Adg € Aut g is diagonalizable over C with eigenvalues
of modulus 1. The complete multiplicative Jordan decomposition (CMJD) [14,
Proposition 2.1] for G asserts that each g € G can be uniquely written as

g = ehu,

where e is elliptic, h is hyperbolic and u is unipotent and the three elements e, h,
u commute. We write g = e(g)h(g)u(g).

Let g = £+ be a fixed Cartan decomposition of g. Let K C G be the analytic
group of ¢ so that Ad K is a maximal compact subgroup of AdG. Let a C p be
a maximal abelian subspace in p. Then A := expa is the analytic subgroup of a.
Let W be the Weyl group of (a,g) which may be defined as the quotient of the
normalizer of A in K modulo the centralizer of A in K. The Weyl group operates
naturally in a and A and the isomorphism exp : a — A is a W-isomorphism.

For each real semisimple X € g, let

o(X)=AdG(X)Na

denote the set of all elements in a which are conjugate to X (via the adjoint
representation of ). For each hyperbolic h € G, let

C(h):={ghg ':geGInA

denote the set of all elements in A which are conjugate to h. It turns out that
X €g (h €@, ee @) is real semisimple (hyperbolic, elliptic) if and only if it is
conjugate to an element in a (A, K, respectively) [14, Proposition 2.3 and 2.4].
Thus ¢(X) and C(h) are single W-orbits in a and A respectively. Moreover

C(exp(X)) = expe(X).
Denote by conv W (X) the convex hull of the orbit We(X) C a under the action
of the Weyl group W. For arbitrary g € G, define
Clg) = C(h(9)),
where h(g) is the hyperbolic component of g and
Alg) = exp(conv W (log h(9)))

(For a hyperbolic h € G, we write logh = X if eX = h and X is real semisimple.
The element X is unique since Ad () = €% and the restriction of the usual
matrix exponential map e = S A

0 T,l on the set of diagonalizable matrices over
R is one-to-one). Clearly A(g) C A and is invariant under the Weyl group. It is
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the “convex hull” of C'(g) in the multiplicative sense. Given f, g € G, we say that
f=gif

A(f) C Alg),
or equivalently

C(f) < Alg)-

Notice that < is a pre-order on G and A(¢gf~1) = A(g) since h(€gl~1) = Ch(g)¢~*
for all £ € G. It induces a partial order on the equivalence classes of hyperbolic
elements under the conjugation of G. The order < is different from Thompson’s
pre-order [22] on SL,, (C) which simplifies the one made by Lenard [16]. Indeed the
orders of Lenard and Thompson agree on the space of positive definite matrices.
We denote by G the index set of the irreducible representations of G, my :
G — Aut (V3) a fixed representation in the class corresponding to A € G, |m(9)]
the spectral radius of the automorphism 7)(g) : VA — Vi, where g € G, that is,
the maximum modulus of the eigenvalues of m(g), and x, the character of my.
The following nice result of Kostant describes the pre-order < via the irreducible
representations of G and plays an important role in the coming sections.

Theorem 2.1. (Kostant [14, Theorem 3.1]) Let f,g € G. Then f < g if and only if
ImA(f)] < |ma(g)| for all A € @, where | - | denotes the spectral radius.

The following proposition describes < in terms of inequalities when G =
SL,(F), F=R or C.

Proposition 2.2. Let G = SL,(F), F =R, C and let f,g € G. Denote by aq,...,ap,
the eigenvalues of f and (1, ..., 3, the eigenvalues of g arranged in the way that
laq| > |azg] > -+ > |ay| and |B1] > |B2| > -+ > |Bn]- Then f < g if and only if |«
is multiplicatively majorized by |3|, that is,

k
T el
i=1

n n

H log| = H 1Bl
i=1 i=1

Proof. We just deal with the real case (the complex case is similar) and we first
describe the CMJD. Let G = SL,(R) with K = SO(n), A C SL,(R) consists of
positive diagonal matrices of determinant 1, and a is the space of diagonal matrices
of zero trace. Now Adg = g(-)g~ ", g € SL,(R), that is, Ad g is the conjugation
via g. It is known that s € s[,,(R) real semisimple means that s is diagonalizable
over R (see [11, Theorem 6.4] and [15, 558]); n € sl,(R) nilpotent means n* = 0
for some integer k > 0. So h € SL,,(R) hyperbolic means that h is diagonalizable
over R and the eigenvalues of h are positive; e € SL,(R) elliptic means that e
is diagonalizable over R and the eigenvalues of e have modulus 1; u € SL,(R)
is unipotent if u — 1 € s[,(R) is nilpotent. Then follow [8, Lemma 7.1]: viewing

IN

k
H|6’L|7 kzlv"'an_lv
i=1
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g € SL,,(R) as an element in gl, (R), the additive Jordan decomposition [12, p.153]
for gl,,(R) yields
g=s+m

(s € SL,(R) semisimple, that is, diagonalizable over C, ny € sl,(R) nilpotent
and sn; = nys). Moreover these conditions determine s and n; completely [11,
Proposition 4.2]. Put u := 1+ s~ !n; € SL,(R) and we have the multiplicative
Jordan decomposition

g = su,
where s is semisimple, u is unipotent, and su = us. By the uniqueness of the
additive Jordan decomposition, s and u are also completely determined. Since s is
diagonalizable,

s =eh,

where e is elliptic, h is hyperbolic, eh = he, and these conditions completely
determine e and h. The decomposition can be obtained by observing that there is
k € SL,,(C) such that

k sk = 511y & B S

Tm)

where 51 = €%t [s1],..., 8, = em|s,,| are the distinct eigenvalues of s with mul-
tiplicities r1, ..., r,, respectively. Set

e:=k(eS . @ @I, kL hi=k(si|L, @@ |sm|L, Ykt

Since

1

ehu = g = ugu~! = vew uhu"tu,

the uniqueness of s, u, e and h implies e, v and A commute. Since g is fixed
under complex conjugation, the uniqueness of e, h and u imply e, h,u € SL,(R)
[8, p.431]. Thus g = ehu is the CMJD for SL,,(R). The eigenvalues of h are simply
the eigenvalue moduli of s and thus of g.

We now are to describe <. Let sl,(R) = so(n) + p be the fixed Cartan
decomposition of sl,(R), that is, ¢ = so(n) and p is the space of real symmetric
matrices of zero trace. So K = SO(n). Let a C p be the maximal abelian subspace
of s, (R) in p containing the diagonal matrices. So the analytic group A of a is
the group of positive diagonal matrices of determinant 1. The Weyl group W of
(a,g) is the full symmetric group S, [13] which acts on A and a by permuting the
diagonal entries of the matrices in A and a. Now

C(f) == C(h(f)) = {diag (lav)l; -+ s lao@m)]) 1 0 € Sn},

where a1,...,q, denote the eigenvalues of f € SL,(C) with the order |ap| >
lag| > -+ > |ag|. So

C(lOg h(f)) = {diag (log |ao(1) |7 -, log |ao(n) |) 10 € Sn}
and
A(f) = €xp conv {diag (log |a0’(1)|7 T 710g |aa(n)|) NS Sn}
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So f < g, f,g € SL,(R) means that log|a| is majorized by log|3| [3, p.33],
usually denoted by |a| <10g |3] and is called log majorization [2], where §’s are
the eigenvalues of g. O

Remark 2.3. In the above example, the pre-order < in SL,, (R) C SL,,(C) coincides
with that in SL,,(C) since the Weyl groups are identical. But it is pointed out in
[14, Remark 3.1.1] that the pre-order < is not necessarily the same as the pre-
order on the semisimple G that would be induced by a possible embedding of G
in SL,,(C) for some n.

3. A pre-order of Kostant and some order relations
Fix a Cartan decomposition g = € 4 p for the real semisimple Lie algebra g. For
each X € g, write X = Xp + Xp, where Xy € t and Xp € p. Let
G=KP

be the Cartan decomposition of analytic group G of g [8], where P := expp.

Define ¢* := pk~! if ¢ = kp with respect to the Cartan decomposition G =
KP. When G = SL,(C) with K = SU(n), ¢g* is simply the complex conjugate
transpose of g.

Theorem 3.1. Let g be a real semisimple Lie algebra. Fix a Cartan decomposition
g =&+ p. Then for any g € G,

9" =< (g)"g" < (g"9)",  nm=1,2,.... (3.1)
Moreover for any X,Y € g,
XHY | —O(XHY)/2,(X+Y)/2 eXper, (3.2)

where 6 is the Cartan involution of g with respect to the given Cartan decompo-
sition.

Remark 3.2. When G = SL,(C) or GL,(C), the relation ¢g*"¢" < (¢9*g)" was
established in [4] and ¢g*" < (g*g)"™ was obtained in [22]. The inequality ¢°" <
(g*)"g™ is reduced to Weyl’s inequality by Proposition 2.2. See Remark 3.8. Kostant
[14, proof of Theorem 6.3] also proved g2 < (g*¢)" and eA+B < e4eB A B ey,
for general GG. The generalization as a whole is new.

Proof. Let 6 € Aut g be the Cartan involution of g, that is, # is 1 on £ and —1 on
p. Set P = eP. We have the (global) Cartan decomposition

G=KP.

The involution # induces an automorphism © of GG such that the differential of ©
at the identity is 6 [13, p.387]. Explicitly

O(kp)=kp™', ke K, pcP.

For any g € G let
g =0(g7).
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If g = kp, then
g =0 k) =0 )k =pk,
and hence g*g = p? € P, since the centralizer G® = {g € G : O(g) = g} coincides
with K [13, p.305]. So
g =0 ) =00)" ) =9 (fo)=gF )=0"),
for all f,g € G, n > 1. Since 0 is the differential of © at the identity, we have [8,
110
0(eX) = X,
for all X € g. So
(eX)* =0(e™¥) =%, (3.3)
The relation g?" < (g*g)™ in (3.1) is known in [14, p.448] and we use similar
idea to establish (3.1). Actually the original idea can be found in [22] when G =
SL,(C).
We denote by IIy : g — End V), the differential at the identity of the repre-
sentation 7y : G — Aut V). So [8, p.110]
expolly = my o exp, (3.4)
where the exponential function on the left is exp : End V), — Aut V), and the one
on the right is exp : g — G. Now u = ¢ 4 ip (direct sum) is a compact real form
of g¢ (the complexification of g). The representation ITy : g — End V), naturally
defines a representation u — End V), of u, also denoted by I and vice versa. Let U
be a simply connected Lie group of u [24, p.101] so that it is compact [5, Corollary
3.6.3]. There is a unique homomorphism 7y : U — Aut V) such that the differential
of @ at the identity is ITy [24, Theorem 3.27]. Thus there exists an inner product
(-,-) on V such that 7y (u) is orthogonal for all u € U. We will assume that V) is
endowed with this structure from now on. Differentiate the identity

(7 (etZ)Xv fr}\(etz)y> = <X7 Y>7
for all X,Y € V) at t =0 we have
(M\(2)X,Y) = =(X, T\ (2)Y)
by (3.4). Thus, with respect to (-,-), II\(Z) is skew Hermitian for all Z € u
[13, Proposition 4.6], [14, p.435]. Then I1(Z) is skew Hermitian if Z € € and is
Hermitian if Z € p. So m)(2) is unitary if z € K and is positive definite if z € P
by (3.4).
Since each g € G can be written as g = kp, k € K and p € P,
u, T (pk ™ )v)
u, mA(P)TA (k™ )v)
m(k)ma(p)u, v)
A(g)u, v),

(u,ma(g")v) =

=
(
(m

for all u,v € V). Thus
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where 7y (g)* denotes the (Hermitian) adjoint of mx(g). Thus mx(g*g) = 7a(g9)*7ma(g) €
Aut V) is a positive definite operator for all g € G. Denote by

[ma(g)vll
7T (= max ————,
(o)l = oy 1
the operator norm of 7y (g) € Aut Vi, where ||v|| := (v,v)}/? is the norm induced

by (-,-). Thus the spectral theorem for self-adjoint operators implies
[T (@)l = lma(p)[l,  for all p € P.
Because of Theorem 2.1, to arrive at the claim (3.1) it suffices to show
(g™ < Ima((g)"g™)| < Ima((g"9)™)l,  for all A € G
Now
[ma((g7)"9™)]

I ((g™) 9™l

[ ((g™) g™ since T\ ((9")"g") € End V} is p.d.
= |Ima(g") ma(g™)ll by (3.5)

Ima(g™)I? since [|T|* = | T*T|.

On the other hand,
Im((g"9)") = Ima(g"9)
= |m(g* " since mx((¢*g) € End V) is p.d.
= [Ima(g)*ma(9)
= |lm(g)**  since |T|* =TT
lma(g™II* since [T < [|T|",

where the inequality is due to the well known fact that the spectral radius is no
greater than the operator norm. So we have (¢*)"¢" < (9*g)". Now

ma((g))g™)| = [ma((g™) ) malg™)] = [lmalg™)IIP = Imag™)[* = |ma(g®™)]-
Hence g?" < (g*)"g"™ and we just proved the claim.
By the first relation in (3.1), if ¢ = xy, where x,y € G, then for any m € N,

()" < ()" (ay)”"
Set x = eX/2" y = e¥/?"  where X,Y € g. From (3.3)

(efay/zmefe)(/zm)zm (eX/2m ey/zm)2m'

| n

"

~ I~ o~

v

Since limy o (eX/teY/t)t = eX+Y [8) p.115] (Lie-Trotter formula; as pointed out
in [7, p.35], Trotter’s formula is for suitable unbounded operators on an infinite
dimensional Hilbert space [17, VIIL.8]), and the relation < remains valid as we

take limits on both sides because the spectral radius is a continuous function on
Aut Vi, by Theorem 2.1 we have e2(X+Y) < e=0(XHY)o(X+Y) Ag a result

XY < 67%9(X+Y)e%(x+y), forall X,Y €g
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and we just established the first part of (3.2).
Let g = eXHY)/7 XV € g. By the second relation of (3.1) and (3.3)

(efe(XJrY)/n)n(e(XJrY)/n)n = ((efe(XJrY)/ne(XJrY)/n))n'

As before

e (X +Y) X +Y (X+Y)p _ Xpt Y L €2Xp€2yp7

= 62
where the last relation is established in [14, Theorem 6.3]. O

Similar technique of the proof is also used in [19, 20]. By setting Y = 0 or
Y = X in the second set of inequalities of Theorem 3.1, we have

Corollary 3.3. Let X € g. Then e¥ < e 0X/2eX/2 < b

Remark 3.4. The statement eX+Y < " €e"¢ is not true by simply considering G =
SL,(C) in which K = SU(n) and & = su(n). Clearly ¢" te"t € SU(n) and we may
pick X, Y € sl,,(C) such that X 4+ Y is nonzero Hermitian matrix with a positive
eigenvalue. Viewing each g € SL,,(C) as a linear operator on V) = C™ (the natural

representation of SL, (C)), the spectral radius [~ e €| = 1 but [eX+Y| > 1.
Remark 3.5. (Cohen’s inequalities) When G = GL,,(C) the second relation in (3.1)
99" < (g"9)",  n=12..

is equivalent to

p(g") < (p(9))", n=12,..
where g = k(g)p(g) is the polar decomposition of g € G. If we set g = e*X/™, then

p(e®) < pEeX™),  n=12,..

Now p(eX/n) _ ((eX/")*eX/")1/2 _ (ef(-)X/neX/n)l/Q' By limtﬂm(ex/tey/t)t —

eX 1Y we have
lim [p(eX/n)]n — lim [(e—GX/neX/n)n]l/Q = [ lim (e—GX/neX/n)n]l/Q _ eXP,
and thus
p(eX) < b,

In particular the singular values of e? is log majorized by the eigenvalue moduli

of eReA, i.e., Cohen’s result [4] when G = GL,(C) (with appropriate scaling on
SLn(C)).

Remark 3.6. (Ky Fan’s inequality and inequality (1.1))

Continuing with Proposition 2.2, for A € sl,,(C), the moduli of the eigenvalues
of e? are the exponentials of the real parts of the eigenvalues of A, counting
multiplicities. The matrix eRea g positive definite. So the eigenvalues of eRea
are indeed the singular values, and are the exponentials of the eigenvalues of Re A.
The eigenvalues of Re A are known as the real singular values of A, denoted by
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(1 > -+ > [Bn. Denote the real parts of the eigenvalues of A by oy > -+ > «,. By
Corollary 3.3 e? < eRe4 which amounts to

k k
Heo” < Heﬁi, 1=1,...,n—1,
=1 zzl

Heﬁi’

i=1

n
[
1=

that is e <iog ef. Thus, by taking log on the above relation, the relation e4 <
Re a
e

amounts to the usual majorization relation o € conv 5,3, a well known
result of Ky Fan [3, Proposition II1.5.3] for gl,,(C) with appropriate scaling on
s, (C)).

From the second relation of Corollary 3.3, e <e which amounts to
the fact that the singular values of e? (that is, the square roots of the eigenvalues
of eAe””) are multipicatively majorized, and hence weakly majorized [3, p.42], [2],

AeA* A+A"

by the singular values (also the eigenvalues) of the positive definite eReA Thus
R
eI < Hlle™e A1,

for all unitarily invariant norms ||| - ||| [3, Theorem IX.3.1] by Ky Fan Dominance
Theorem [3, Theorem IV.2.2]. Thus we have (1.1).

Remark 3.7. (So-Thompson’s inequality)
For A € C,,xy, So-Thompson inequalities [18, Theorem 2.1] asserts that

k k
Hsi(eA) < Hes"(A), k=1,...,n.
i=1

i=1

From e?e?” < eAt4" A € C,xpn, So-Thompson inequalities can be derived via
Fan-Hoffman inequalities [3, proposition 111.5.1]

Ai(ReA) <s;(A), i=1,...,n,
where s1(A) > -+ > s,(A) denote the singular values of A € C,,xp,.

Remark 3.8. (Weyl’s inequality and inequalities (1.2) and (1.4))
Let A € SL,(C). By (3.5) A2 < A*A. By Proposition 2.2, [A\2(A4)| <iog
[A(A*A)| = |s(A*A)], that is,

IACA)] <1og 5(A)-

By scaling and continuity argument, the log majorization remains valid for A €
Chxn, that is, Weyl’s inequality [3, p.43]. In the literature, Weyl’s inequality is
often proved via the kth exterior power once |A1(A)| < s1(A) is established, for
example [3, p.42-43]. Such an approach shares some favor of Theorem 2.1.

If A, B € C,x,, are Hermitian, then e?, e® and eA? are positive definite.
Though e?e® is not positive definite in general, its eigenvalues, denoted by 6; >
... > 6,, are positive since eAe” and the positive definite e4/2eBe4/2 share the
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same eigenvalues, counting multiplicities. Denote the eigenvalues of eA+5 by ~; >

- > 4,. Thus v is multiplicatively majorized by § because of eATE < e4eP
(Theorem 3.1). Notice that ¢ is also multiplicatively majorized by the singular
values s; > --- > s, of edef , by Weyl’s inequality. Hence we have the weak
majorization relation v <,, s [3, p.42] so that (1.2) follows. Finally (1.4) follows

from Theorem 3.1 and Theorem 2.1.

Remark 3.9. (Lenard-Thompson’s inequality) Lenard’s result [16] together with
[22, Theorem 2] imply that

(e[| < |l|e??ePe??||, A, B € Cpx, Hermitian, (3.6)
from which Golden-Thompson’s result follows. It is because et 5 and e?/2ePe4/2
are positive definite and their traces are indeed the Ky Fan n-norm, that is, sum of
singular values which is unitarily invariant. Indeed Lenard’s original result asserts
that any arbitrary neighborhood of eA*?5 contains X such that X < e4/2¢Be4/2
[16, p.458]. By a limit argument and Thompson’s argument, (3.6) follows. The
inequality (3.6) follows from the stronger relation:

eAtE < eA2eBeA2 A B Hermitian. (3.7)
Let us establish (3.7). From Theorem 3.1
eAtB < e4eB, A, B Hermitian

is a generalization of Golden-Thompson’s inequality (1.3). Now (3.7) is true be-
cause my(e?eP) and 7y (e?/2ePe4/?) have the same spectrum (by the fact that
XY and Y X have the same spectrum and my is a representation) and thus have
the same spectral radius. Then apply Theorem 2.1.

4. Extension of Araki’s result

Araki’s result [1] asserts that if A, B € C, ., are Hermitian, then
(eA/2eBeA/2)r =< 6TA/26TBGTA/2, r>1. (41)
It appears in the proof of the main result in [1, p.168-169]. Also see [10] for a short

proof. Notice that e4/2eBe4/2 and e"4/2e"Be™4/2 in (4.1) are positive definite so
that their eigenvalues and singular values coincide. So (4.1) amounts to

S((eA/QeBeA/2)T) <log S(GTA/2€TBGTA/2), r>1,
or equivalently
S((qu/Qququ/Q)l/Q) <log S((ePA/?epBepA/?)1/1))7 0<q<np.

Using (4.1) and Lie’s product formula [8, Lemma 1.8, p.106]
A+B _ li (erA/QerBerA/2)l/r7

T—

e

Golden-Thompson’s result is strengthened [2]:

lleP4/2er B erd/2|
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decreases down to |||e*E||| as p | 0 for any unitarily invariant norm ||| - ||| on
Cpxn and in particular

tredtB < tr [ePA/2ePBepA/2 M > 0.

Araki’s result also implies a result of Wang and Gong [23] (also see [3, Theorem
IX.2.9]).

In order to extend (4.1) for general G, we need a result of Heinz [9] concerning
two positive semidefinite operators. Indeed the original proof of Araki’s result
[1] also makes use of Heinz’s result. Given two positive semidefinite operators
A, B, the spectrum (counting multiplicities) A\(AB) = A\(A'/2BA'/?) and thus all
eigenvalues of AB are positive. So the largest eigenvalue of AB, A\1(AB), is the
spectral radius of AB. The first part of the following theorem is due to Heinz [9]
(see [p.255-256] for two nice proofs of Heinz’s result). The second part is proved
via the Heinz’s result in [3, Theorem IX.2.6] in a somewhat lengthy way. See [19]
for some generalization of Heniz’s theorem.

Theorem 4.1. The following two statements are equivalent and valid.

1. (Heinz) For any two positive semidefinite operators A, B,

|A*B*| < | ABJ*, 0<s<1.
2. For any two positive semidefinite operators A, B,
M(A°B*) < A(AB), 0<s<l1.
Proof. We just establish the equivalence of the two statements. Since ||T|| =
712,
|A°B*|| = H(ASBS)ASBS||1/2 _ ||BSAQSBS||1/2 _ )\}/Q(BSAQSBS) _ )\i/Q(AQSBQS)7
and
IAB|* = | ABBA||*/? = X}/*(AB?A) = Y* (A2 B?).
O

Remark 4.2. An equivalent statement to Heniz’s result is that for any positive

operators A, B, ||A'Bt|| > ||AB||* if t > 1, or equivalently \;(A*B*) > \!(AB) [3,
p.256-257).

Since P := P, each element of P is of the form e, A € p so that ()" :=
e" € P, where r € R. So f",g" € P, f7g" (hyperbolic, since f"g" is conjugate to
27 /%), r € R, are well defined for f,g € P.
When A, B € p, e??2eBeA/?2 € P since it is of the form g*g, where g =
eB/2eA2 Thus (eA/2eBeA/2)" € P (r € R) is well defined.
Theorem 4.3. Let A, B € p. Then
(eA/QeBeA/2)r =< €TA/2€TB€TA/2, r>1,

o A/2orBrA/2 (eA/2eB€A/2)T, 0<r<1.
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Moreover, for all A € G
xa((e?/2eBet2)r) X (e r>1,
X)\(ETA/QGTBGTA/Q) < X)\((EA/QEBEA/2>T), 0<r<1.

IN

TA/26TBGTA/2),

Proof. Notice that 7y (e?) is positive definite and
m((eh)) = (m(eh)",  reR,

where (7 (e?))" is the usual 7th power of the positive definite operator 7y (e?) €
Aut V. In particular |7\ ((e®)")| = |mx(e?)|". So for r € R,

Im(e2eBeA2)T| = |y (A 2B (eA/2eBeA2 ¢ P)
= |m(ete?)"
= |m(eMm(?),
and
ma(em 4/ 2eBer A2 = [my(emten?)| = [(ma(e™))" (ma(e?))].

Since the operators 7y (e?) and 7y (e?) are positive definite, by Theorem 4.1 (2)
and Remark 4.2,

|7T)\(€A/2EBGA/2)T| < |7T)\(6TA/26TBGTA/2)|, r>1
>

|7T)\(6A/2GB€A/2)T| |7T)\(6TA/2€TB€TA/2)|, 0<r<I1.

By Theorem 2.1, the desired relations then follow.

Now (e4/2eBeA/2)" € P since e/2eBeA/2 ¢ P. Clearly e"4/2emBer4/2 ¢ P.
Thus (e4/2eBeA/2)" and e"4/2e7Be™4/2 in P and thus are hyperbolic [14, Propo-
sition 6.2] and by [14, Theorem 6.1}, the desired inequalities follow. O
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