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A RANGE ASSOCIATED WITH SKEW SYMMETRIC MATRIX

XUHUA LIU, DAWIT G. TADESSE AND TIN-YAU TAM

ABSTRACT. We study the range
S(A) := {z" Ay : 2,y are orthonormal in R"},

where A is an n X n complex skew symmetric matrix. It is a compact convex set. Power
inequality s(A%1) < s?T1(A), k € N, for the radius s(A4) := maxgeg(a) €] is proved.
When n = 3,4,5,6, relations between S(A) and the classical numerical range and the
k-numerical range are given. Axiomatic characterization of S(A) is given. Sharp points
and extreme points are studied.

1. INTRODUCTION

Let C,x, be the set of n x n complex matrices. The classical numerical range of

AeC, ., is
W(A) :={z"Ax: 2 € C", z*x = 1}.
It is the image of the unit sphere
S"t={zeC":2*r =1}
under the quadratic map = +— x*Az. Toeplitz-Hausdorff theorem asserts that W (A) is a
compact convex set [10]. It can be written as
W(A) ={(U*AU)y; : U € U(n)},

where U(n) denotes the group of n x n unitary matrices. The Lie algebra u(n) of U(n)
is the set of n x n skew Hermitian matrices and gt,,(C) = C,,«,, is the complexification of
u(n).

Similar to the classical numerical range, a different range emerges if one replaces the
unitary group U(n) by the special orthogonal group SO(n). The Lie algebra so(n) of
SO(n) is the set of n x n real skew symmetric matrices, whose complexification is the
Lie algebra so,(C) of n x n complex skew symmetric matrices. The range of A € s0,(C)
associated with SO(n) is defined to be the set

(1.1) S(A) :={(0"A0);, : O € SO(n)} C C.
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It is a compact convex set in C by [20, Corollary 2.4 (b),(c)] (with C' = 1 <(1) _01 ) ®0,-2).

0 «

Also see [15, 21]. Whenn = 2,i.e., A= (—a 0

n > 3,

>, S(A) = {a} is a singleton set. When

S(A) = {af Azy: x1, 15 are two columns of some O € O(n)}
= {2" Ay : z,y are orthonormal in R"}.

We remark that S(B) may not be convex for general B € C,,«,, even though S(B) is
well defined for all B € C,,«,,.

1 4
00

S(B) :={(OTBO)13: 0 € SO(2)} = {—cosf(sinh — icosb) : 0 € R}.

Example 1.1. Let B = ( > By direct computation,

1 :
So S(B) contains the points :|:§ + % but not their midpoint %

We briefly describe the contents of the paper. In Section 2, some formulation of S(A) is
given. Power inequality s(A**1) < s?**1(A), k € N, for the radius s(A4) := maxeeg(a) [¢]|
is proved. In Section 3 we study the special cases n = 3,4, 5,6 in which relations between
S(A) and the classical numerical range and the k-numerical range are given. Explicit
description of the elliptical disk S(A) is provided when n = 3. In Section 4 we provide
some basic properties of S(A). In Section 5 axiomatic characterization of S(A) is given.
In Section 6 characterization of sharp points and extreme points are obtained. In Section
7 we compare the g-numerical range W,(A) and a real analog S,(A).

2. SOME FORMULATIONS OF S(A) AND POWER INEQUALITY FOR s(A)

We first show that S(A) is an elliptical disk centered at the origin when A € so3(C) in
the following remark.

Remark 2.1. Alike Davis’ treatment [4] for W(A) when A € Cayyo, there is a geometric
way to see that S(A) is an elliptical disk. If

0 a b
A= —a 0 c| € 503(@),
-b —¢c 0

direct computation yields

2T Ay = a(x1ye — xoy1) + b(z1y3 — y1x3) + c(x2ys — x3y2) = (¢, —b,a) - (x X y).

Since {z x y : x,y € R? are orthonormal} = S% (the unit sphere in R?), S(A) is the image
under the linear map 2z € S% — (¢, —b,a) - 2 € C. Thus S(A) C C is an elliptical disk
centered at the origin.
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We will see that the orthogonality restriction on z,y € R™ in the definition (I.1) of

S(A) can be relaxed. Moreover, S(A) = W(A) where A := (_OA 61) In order to do

so, we recall a real analogy of the classical numerical range W (B) of B € C,,«,, [2, [10]:
V(B):={z"Bz:zcR" 272 =1},

for which we may restrict B to be symmetric since V(B) =V (B+TBT> . The corresponding

radius is

B) = .
v(B) grenvag)lﬂ

Theorem 2.2. (Mclntosh [10, p.476]) If B € C,,,, is symmetric and n > 3, then V(B) =
W (B) and hence w(B) = v(B).

Lemma 2.3. Let A € s0,(C) with n > 3.

(1) Suppose z1, 75 € R™ and y;1,y2 € R™ are orthonormal pairs, and span {xy, 25} =
span {y1,y2}. Then y3 Ayy = +a3 Az,
(2) If £ € S(A), then t& € S(A) for —1 <t < 1.

Proof. (1) Notice that [y; ya] = [x1 22]O, where O € O(2), that is,

[y1 yo] = [w1 23] ( cos 6 sine)

—sinf cosf

or

sinf cosf

i o] = 21 ) (—cose sine) -

Then for the first case

ys Ay, = (sinfz; + cos Ox)" A(cos Oy — sin Ozy)
= cos®Ozd Axy — sin® OxT Az,
= 2l Az,
and for the second case yd Ay, = —21 Az;.

(2) Because of Remark 2.1/ we may assume that n > 4. Suppose that £ = x7 Ay where
x,y € R™ are orthonormal. Choose a unit vector z that is orthogonal to y and y; :=
(ReA)y € R™ and y; := (ImA)y € R"™ since n > 4. Then choose p € R so that
w = tx + pz is a unit vector. Hence y and w are orthonormal and t& = ta? Ay = w? Ay €
S(A). O

The following theorem shows that the orthogonality restriction on z,y € R™ in the
definition (L.1) of S(A) can be removed. Moreover S(A) can be realized as the classical
numerical range of some matrix with double size. Thus it yields the convexity of S(A),
independent of the approach in [20)].
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Theorem 2.4. Let A € so,(C) with n > 3 and A := ( 0 A). Then

—-A 0
S(A) = {2"Ay:x,y € R" are unit vectors}
= {a"Ay:a,y e R" |lz]3 + [lyll; = 2}
= V(4)
= W(A).

Thus S(A) is compact and convex.

Proof. The last equality follows from Theorem 2.2. For arbitrary unit vectors z,y € R",
write y = ax + By, where o, 3 € R with || < 1 and 3 € 2t is a unit vector. So
2T Ay = pat Ay’ € S(A) by Lemma 2.3(2). Notice that

(2T yTA <z> =227 Ay.

Thus it is easy to see that

S(A) = {2TAy:x,y € R" are unit vectors}
C {2"Ay: 2,y e R [lzf3 + |yl =2}
c {TAz:zeR™ T2=1}).

On the other hand, if z = <;> € R™ is a unit vector, then by Lemma 2.3(2),

o T Y
since 2||z]l2/lyll2 < [lz[|5 + [lyll3 = 1. O
Define
A) = )
s(A) = max [¢]

The power inequality [7, p.118-119], [I7] for the numerical radius asserts that

(2.1) w(A*) < wh(A)

for any A € C,,»,, and k € N. Since A € s0,,(C), the power A%***! remains skew symmetric
but A%* is symmetric.

Theorem 2.5. Let A € s0,,(C) with n > 2.

(1) When n = 2, s(A?F1) = s%+1(A).
(2) When n > 3 and k € N, s(A?*1) < $2k+1(A).
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Proof. (1) It is trivial.
(2) By Theorem 2.4/ s(A) = w(
(—=1)*A%+1So by (2.1)

8<A2k+1> _ w(ﬁ’”\l) — w(AQkJrl) < w(A)QkJrl _ 8(A)2k+1.

N

), where A = (_OA é) Observe that A2+ =

3. SHAPE OF S(A) WHEN n = 3,4,5,6

0 A
—-A 0
with n > 3. We want to study S(A) and its relation to the classical numerical range
and k-numerical range when the dimension is low. The k-numerical range of B € C,,«,,
1<k<n,is

From Theorem 2.4, S(A) = W(A) and A = ) € Copxon when A € s0,(C)

Wi(B) :={x}Bxy + -+ x;Bxy : x1,- -+ ,x € C" are orthonormal}.

Berger [1] (also see the remark on [7, p.315-316]) proved the convexity of Wy (B) for any
B E (Cnxrn.

Theorem 3.1. (1) If A € s03(C), then S(A) = W(B) for some B € sly(C) and thus
is an elliptical disk (possibly degenerate) centered at the origin. Conversely, if
B € s15(C), then there is A € s03(C) such that S(A) = W(B).
(2) If A € 504(C), then S(A) = W(B)+W (C) for some B, C € sl5(C) and thus it is the
sum of two elliptical disks (possibly degenerate) centered at the origin. Conversely,
if B,C € sly(C), then there is A € s04(C) such that S(A) = W(B) + W(C).
(3) If A € s505(C), then S(A) = Wy(B) for some B € spy(C) C Cyyy, ie., B =
By, DBy
By —BT
B € spy(C), then there is A € s05(C) such that S(A) = Wy (B).
(4) If A € s506(C), then S(A) = Wy(B) for some B € sl,(C). Conversely, if B € sl,(C),
then there is A € s06(C) such that S(A) = Wy(B).

, where Bi, By, By € Coyo and Bs, By are symmetric. Conversely, if

Proof. The following lower dimensional Lie algebra isomorphisms
ap =by, 2 =aDa, by =, a3 =103

are known [8, p.516] and motivate our results.
Let K := SO(n) (or any connected Lie group K with Lie algebra ¢ = so(n)). Given
A€ g:=tdit =50,(C), consider the orbit of A under the adjoint action of K
AdK -A:={Ad(k)A: ke K}.

S0
S(A)={trCY :Y € AdK - A}
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0 —1
1 0
subgroup of the adjoint group Int ¢ C Aut¢ corresponding to ad ¢ [8, p.126, p.129]. Thus
Ad K - A is independent of the choice of K. In particular we can pick the simply connected

where C' = % ®0,,_2. The orbit Ad K- A depends on Ad K which is the analytic

SO(n).
(1) The following is a Lie algebra isomorphism sl (C) — s03(C) given by
0 —2ia i(b+c)
(“ b ) — 2ia 0 c—b
c - —i(b+c¢) b—c 0

and its restriction ¢ : su(2) — s0(3) is a Lie algebra isomorphism. Thus there is a Lie
group isomorphism [23, p.101] ¢ : SU(2) — SO(3) so that dy. = ¥ which naturally
extends to sly(C) — s03(C) (indeed there is a double covering SU(2) — SO(3)). So we
have the relation
dp JUAU' : U € SU(2)}

= dpJUAU": U € SU(2)}

= {o(U)(dpc(A)p™(U) : U € SU2)}

= {O(dp.(A)O™': 0 €S0(3)}

= {O(dp.(A)O™": 0 € SO(3)}.

where the second equality is due to the fact that
dp.(Ad(g)A) = Ad ((g))dpe(A), A €sk(C),

and that the adjoint action is conjugation for matrix group. The numerical range map
r+— x* Az, z € S, amounts to ULAU — (U 'AU)yy, U € SU(2) and thus corresponds
to —5- (¢~ H(U)dee(A)p(U))12, i-e., (x,y) — 2T dpe(A)y, where z,y € R?® are orthonormal.
Thus

0 —2ia i(b+ c)
W(“ _ba>:—i,s 2ia 0 c—b
¢ 20\ Zi(b+e) b—e 0

Since v is an isomorphism, the converse is true.
(2) The following is a Lie algebra isomorphism 9 : sl3(C) @ sly(C) — s04(C):

0 i(a—d) Lle=b—f+e) Li(b+c—e—f)
b d e —i(a—d) 0 Libtetets) FE(c—b+f—e)
(%)@ (f d) = SL(e—b—f+e) Fri(b+ctetf) 0 i(a+d)
Fi(btc—e—f) L(c—b+f—e) —i(a+d) 0

and thus its restriction ¢ : su(2) @ su(2) — so(4) is a Lie algebra isomorphism. Thus

there is a Lie group isomorphism [23, p.101] ¢ : SU(2) x SU(2) — SO(4) so that dp, = 1
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(indeed there is a double covering map SU(2) x SU(2) — SO(4) [19, p.42]). So we have
the relation
de JUAU' : U € SU(2) x SU(2)}
= dp {UAU": U € SU(2) x SU(2)}
= {p(U)(dp.(A))p(U)™ : U € SU(2) x SU(2)}
= {O(dpe(4))0" - 0 € SO(4)}
= {0(dp.(A)O™: 0 € SO(4)}.

2)
2)

where the second equality is due to the fact that
dee.(Ad (9)A) = Ad (p(g))dpc(A), A € s(C) ®si2(C)

and that the adjoint action is conjugation for matrix group. The map UAU!
(UAU )11 + (UAU 1)y, U € SU(2) x SU(2) corresponds to +(o(U)(dee(A))p~ (U)o,
ie., (z,y) — 2Tdp.(A)y where z,y € R* are orthonormal. So

W (e )+ (F %)

0 i(a—d) %(c—b—f—i—e) %Z‘(b—l-c—e—f)
1 g —i(a—d) 0 Lilbretetf) SH(c—bt+f—e)
T Se—b—f+e) Fi(b+etetf) 0 i(a+d)
Slibte—e—f) L(c—b+f—e) —i(a+d) 0

Notice that W (¢ b )+ W (? fd) is simply the sum of two elliptical disks centered at the
origin. Since % is an isomorphism, the converse is true.
(4) Following the idea in Knapp [12} p.162], direct computation yields an isomorphism

between sl4(C) and sog(C):

a1 a1z 13 14
Q21 Q22 Q23 24
—
gy az2 0433 34
A41 Q42 Q43 —0a11 — A22 — (33
0 (0,23-}—{1,14;{141—@32) (0,24—(1,13;0,31—0,42) i(a11+az2) 7r(aze,—(1142—ﬂr41-*-ﬂrsz) 1(@24+ﬂr13;a31+a42)
_ (a23+a14;a41*a32) 0 a34+a12;a21*a43 i(a2§+a142+a41+a32) i(a11+ass) i(a34*a122*@21+a43)
_(024—013';131—ﬂ42) _(ﬂr34+012;f121—a43) 0 i(a24—a132—0r31+“42) i(034+012;a21+“43) —i(aza+ass)
—i(a11+a22) ,i(u23+a14;ra41+a32) ,i(u24*ﬂ132*a31+a42) 0 (a23*a14;ﬂ41*032) (u24+a13;a31*a42)
i(ag3—a1q—ayq +a: ) i(agq+ + 3—ajatagr —as 34— —ay:
_i(agg 414041 a32) —i(a114a33) _ilazq a1zg-a21 ag3) _ (a23 @14t a32) 0 (a3q 012;%1 a43)
,'i(<124+0132+a31+ﬂ42) ,'i(a34*a122*a21+a43> i(as2+ass) ,(a24+0135031*a42) ,(a34*a12;ﬂ21*ﬂ43) 0

Then apply the same argument in (1) to have the desired result.
(3) When A € sp,(C), the fifth row and column are zero so that the map in (4) yields
an isomorphism of sp,(C) and so5(C). Then apply the argument in (1). O
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Example 3.2. Let

i1
g _02 % 231
A= , s 2 2
-5 =5 0 2
3t
-3 2 20

The following is the plot of S(A):

imaginary axis
o
T

-4 -3 -2 -1 0 1 2 3 4
real axis

Indeed by Theorem 3.1(2), it is the sum of the unit disk W 8 (2)> and W ((2) _12)

which is the elliptical disk with foci £2 and the length of minor axis is 1.

The following provides a description of the elliptical disk S(A) in terms of the entries
of A.

0 o
Proposition 3.3. S| —a 0 ~ | is an elliptical disk (possibly degenerate) with foci
-6 7 0

T/ a? + 2 + 2

and minor axis of length

0= /2a? + 202 + 2|72 — 2[a? + 52 + 2],
In particular, it is a line segment (possibly degenerate) if and only if 0, a, 3, v are collinear.

Proof. This follows from the proof of Theorem [3.1(1) and the elliptical range theorem [13]
for the classical numerical range which asserts that given A € Caya, W(A) is an elliptical
disk with eigenvalues A, Ay as foci and minor axis of length \/tr(A*A) — [A\[2 — [Ao]2.
The rest is straightforward computation. O
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4. BASIC PROPERTIES

The following is a collection of some basic properties of S(A).

Theorem 4.1. Let A, B € 50,(C) and C € s0,,(C). Then

(1) S(A) is compact and convex.

(2) When n > 3, S(ReA) = ReS(A) = [-01(Re A),01(Re A)], where Re A denotes
the real part of A and Re S(A) denotes the real part of the set S(A) and o1(Re A)
is the largest singular value of Re A. Moreover, 101(A) < s(A4) < 01(A).

When n > 3, S(A) is symmetric about the origin.

(A) = aS(A) for all o € C.

(A+ B) C S(A) + S(B).

(OTAO) = S(A) for all O € SO(n).

(A) C S(C), if A is a principal submatrix of C'.

(A® C) = conv{+S(A), £S(C)}. In particular,

) if min{m, n} > 3, then S(A & C) = conv{S(A4), S(C)}.

b) if A= (_Oa a) and C' = ( 0 6),then S(A® C) = conv {+a, +5}.

(3)
(4) 5
(5) 5
(6) S
(7) S
(8) S
(a
(

0 -8 0

Proof. (1) We provide a proof different from [20] and Theorem [2.4. Tt is based on Theorem
3.1. The cases n = 3,4 are proved in Theorem [3.1. Consider n > 4. Let w; = z] Ay, and
wy = 21 Ay, be two distinct points in S(A), where x1,4; and x5, y» are orthonormal pairs
in R". Let A: E — E be the compression of 4 onto E := span {1, 29,y1,y2}. Then
the matrix A is complex skew symmetric and S (fl) contains w; and ws. Since wq, wy are
distinct, 2 < dim F < 4.
Case 1: 3 < dimFE < 4. By Theorem 3.1, S (A) is convex and hence contains the line
segment [wy, ws]. So does S(A) since S(A) C S(A).
Case 2: dim F = 2. Then span {z, 4} = span {z2,y2} so that w; = —ws # 0 by Lemma
2.3(1). Pick z3 € R™ such that x3 ¢ span{zy,y;} since n > 4. Apply the previous
argument on E’ := span {1, x3,y;} to have the desired result.

(2) Clearly S(Re A) = Re S(A). It remains to show that if D € so(n), then

max{z’ Dy : x,y € R" are orthonormal} = o;(D).
This is true because there is O € O(n) [9, p.107]

OTDO — o1(D)J @ - ®0ynn(D)J if n is even
O'l(D)JEB EBO'(n 1/2<D>J@O 1fn18 Odd,
where J = (_01 (1)> and o(D)’s are the singular values of D. Clearly s(A) < o1(A) and
01(A) = ||All2 < ||[Re A2+ |Im A]2 = 01(Re A) +01(Im A) = s(Re A) +s(Im A) < 2s(A),
where || - ||2 denotes the spectral norm of a matrix.

(3), (4), (5), (6) and (7) are straightforward.
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(8) Clearly S(A @ C) D> S(A) since 2TAy = (27 0T)(A @ C) (g), and similarly
S(A@ C) D S(C). Thus S(A@ C) D conv{£S(A),£S5(C)} because S(A @ C) is convex

and symmetric about the origin.
To establish the converse inclusion, write the orthonormal pair z,y € R"*™ in parti-

tioned form
x Y1
Tr = s = s
() = ()

and then write y; = t;z; + . (t; € R) so that 2y, = 0 for i = 1,2. Then
(Ao Cy = x{ Ay + 230y,

T Ay 2 Oy
21|29 o + [[z2ll2llgs o
R EANPAE PR
Clearly
TA / TC /
a::xl—y}ES(A), :::EQ—y?GS(C').
1 [|2][y1 ]2 |22 |2][2]2

By Cauchy-Schwarz’s inequality

lz1llollyille + llz2ll2llvalle < lzallollylle + z2ll2llvallz < llzll2llylle = 1.
So #T(A® C)y € conv {a, 3,0} C conv{+S(A), +5(C)}. O

5. AXIOMATIC CHARACTERIZATION AND CONTINUITY OF S(-)

We now view S : s0,(C) — P(C) as a function, where P(C) denotes the power set of
C. We have the following axiomatic characterization of S(-) alike to C.R. Johnson’s [11]
for W (-). The convexity of S(A) plays a very important role in the proof.

Theorem 5.1. Let n > 3. Then S : 50, (C) — P(C) is the unique function such that

(1) S(A) C C is compact and convex.

(2) S(aA) = aS(A) for all a € C.

(3) S(ReA) =ReS(A) = [—01(ReA),01(Re A)], where Re A denotes the real part of
A and Re S(A) denotes the real part of the set S(A) and o1(Re A) is the largest
singular value of Re A.

Proof. Suppose S; and Sy are the two complex set-valued functions on so, (C) satisfying
the conditions. Let A € so0,(C). We are going to show that Sj(A) = Sa(A). Suppose
on the contrary Si(A) ¢ Ss(A), i.e., there is § € S1(A) \ S2(A). Because of (1), by the
separation theorem, there is 8 € R such that

Re (e”) ¢ Re (e95(A)) = Sy(ReeA) = [—01(Re e A), 01 (Re e A)]
where the equalities are from (2) and (3). However
Re (e3) € Si(Ree?A) = [0, (Ree A), 01 (Re e A)],

a contradiction. O
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Alike to [7, p.117] we now discuss the continuity of S when the range is the set C of
all compact sets of C. We first equip C with the Hausdorff metric. For each M C C and
€ > 0, define

M+ (e)={z+a:z€ Mo <€}
If M, N C C are compact subsets, the Hausdorff metric d(M, N) is the infimum of all
positive numbers € such that both M C N + (¢) and N C M + (e).

Theorem 5.2. The function S : s0,(C) — C, where C is the set of all compact convex
sets in C endowed with the Hausdorff metric, is continuous with respect to the operator
norm.

Proof. If ||A — B|| < ¢, then |27(A — B)y| < € and
" Ay = 2" By + 27 (A — B)y € S(B) + (e).
It follows that S(A) C S(B) + (¢) and by symmetry S(B) C S(A) + (e). O

6. SHARP POINTS AND EXTREME POINTS OF S(A)

Let K C C be a compact convex set. A point ¢ € K is called an extreme point if £ is
not in any open line segment that is contained in K. A point £ € K is a sharp point if
¢ is the intersection point of two distinct supporting lines of K [10, p.50]. Clearly sharp
points are extreme points.

Donoghue [5] showed that sharp points of W (A) are eigenvalues of A. Indeed the
following is a characterization of the sharp points of W (A).

Theorem 6.1. ([L0, p.50-51], [18]) Let A € C,,«,, and & € W(A). Then £ is a sharp point
if and only if A is unitarily similar to £ @ B with & & W (B).

Analogous to Donoghue’s result, we are going to study the sharp points of S(A) for
A € 50,(C).
Theorem 6.2. Let A € so0,(C). When n > 3, A is a sharp point of S(A) if and only if A is

orthogonally similar to AJ @ ---®AJ ® B, with A ¢ conv {£S5(B)}, where J = (_01 (1)>

and B is skew symmetric.

Proof. We may assume that A # 0, i.e., S(A) is not trivial. Suppose that A is orthogonally
similar to AJ @ -+ @ A\J @ B with A ¢ conv{£S(B)}. By Theorem 1.1}

S(A) = conv{x\, £5(B)}.

Since A is not contained in the compact convex set conv {£S(B)}, A is a sharp point of
S(A).

Conversely suppose A € S(A) is a sharp point and we denote A = (a;;). Without loss of
generality, we may assume that A\ = a1 by orthogonal similarity. For each &k = 3,... n,
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0 A QA1
the 3 x 3 principal submatrix A := | —A 0 ag | of A satisfies S(A4x) C S(A)
—ap —agy 0
and S(Ayg) is an elliptical disk (possibly degenerate). Since A # 0 is a sharp point of S(A),
S(Ag) must be the line segment [—\, A]. Hence a1y = agr = 0 by Proposition 3.3l Thus
A=\ ® A with A € Cin-2)xn-2. fn—-2<2o0r X ¢ S(fl), we are done; otherwise \

~

must be a sharp point of S(A), and we can repeat the above argument until we get the
desired form. O

Because of Theorem 2.4, we have the following notions.

Definition 6.3. Let A € s0,,(C) and £ € S(A). Define
Ma(&) .=t (5) teR, 2T Ay = ¢, x,y € R" are orthonormal} C R*"

and
M, (&) ={t (Z) teR, T Ay =¢, x,y € R" are unit vectors} C R*"

(3)

Notice that M4 (&) is not a subspace in general, but it is homogenous. Moreover

and
2

=2} CR™
2

My(€) = {t(i) teR, 2TAy=¢, z,y € R,

(6.1) MOAOT(f) = OMA(f), (OXS O(n)
and
(6.2) Maa(a) = Ma(§), a€C.

We also remark that (?j) € M4(¢) if and only if <—yx) € M4(€). It is the same for

M',(€) and M4(€). We are going to characterize the extreme points of S(A) using M(€)
alike Embry’s characterization for the classical numerical range [0]; also see [3].

Lemma 6.4. Let A € so(n) with n > 3 and let 0,(A) be the largest singular value of
A, If 2T Ay = 01(A) with 2,y € S, then z and y are orthonormal and z + iy is an
eigenvector of A corresponding to ioi(A), i.e., Ar = —oyy and Ay = o;z.

Proof. If x and y were not orthonormal, then y = tx + /1 — t2y' where 3/ € 2t is a unit
vector and 0 < [¢| < 1. Then
o' Ay = 2T Alte + V1 — 2y) = V1 — 227 Ay < 2T Ay < 0,(A)

since 01(A) = max, yegn-1 27 Ay. Use the equality case of Cauchy-Schwarz’s inequality
o1(A) = 2T Ay < ||z]]2||Ay|l2 < 01(A) to conclude that z and Ay are collinear and thus
Axr = —oyy and Ay = oyx. O
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Theorem 6.5. Let A € s0,(C) with n > 3 and £ € S(A). Then £ is an extreme point of
S(A) if and only if £ is a boundary point and M4(€) is a subspace of R?". In this event

Ma(€) = M)(€) = Ma(€).

Proof. We may assume that A # 0. All extreme points of S(A) are boundary points.
Suppose that £ = & + & (§1,& € R) is an extreme point of S(A). Since S(A) is convex,
there is a supporting line L of S(A) at . Let p := p; +ip2 € C (p1,p2 € R) be a unit
vector perpendicular to L. Project S(A) onto the line Rp. Write A = A; + iA,, where
Ay, Ay € s0(n). Then é = p1&1 + p2&s € R is an end point of the line segment

~

S(A) = [~01(A),1(A)),

where

A~

(6.3) A= p1 A + prAs € s0(n)

Clearly we have M4(£) = M 4(€). For definiteness, we assume £ = oy (A). By the spectral
theorem for real skew symmetric matrices, there is O € O(n) such that

OAO0T — A — 0-1(/})1]@"'@0-71/2(14)JA %fn%s even,
01(A)J @ - @ op_1)2(A)J &0 if nisodd,

-1 0
since Mo 401 (€) = OM4(€). So 2T Ay = oy (A) implies that [z y] = [ea;_1 ea;] R(6), where
R(0) is some rotation matrix in SO(2) for some j = 1,...k and k is the multiplicity of
o1(A). Thus if <§> : (Z) e M;(€), ie., T Ay = u” Av = o, (A) with orthonormal pairs
x,y € R" and u,v € R", then either

(a) [uv] = [z y]R(9), for some R(H) € SO(2), or

(b) k> 2 and span {z,y} L span {u,v}.

If (a) happens, then for j =1,...,k, x = eg;_1 and y = ey; so that u = x cosf —ysin¥,

v =1xsinf + ycosf. Hence x + v and y + v are orthogonal,

where J = ( 0 1 ) and o (A)’s are the singular values of A. We may assume that A = A’

Iz +ullz = ly + vz = 2(1 + cos8),

and (z+u)TA(y+v) = 2(1+cos 0)aT Ay = 2(1+cos0)€. So (Zj i g) € M;(€) and thus
M ;(€) is a subspace of R?".
If (b) happens, then x + u and y + v are orthogonal and ||z + ul? = ||y + v|? = 2.

Moreover for some 1 < j # ¢ < k, * = egj_1, Y = €35, U = €21, U = ey so that
(z +u)TA(y 4+ v) = 2¢. So (i iz € M (€) and thus MA(f) is a subspace of R?".

Conversely, suppose that & € S(A) is a boundary point and My4(§) is a subspace of
C™. If £ were not an extreme point, there would exist distinct «, 5 € S(A) such that
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£ € (a,B3). Let x,y € R® and u,v € R" be orthonormal pairs such that a = 27 Ay,
3 =ulAv and let A denote the compression of A onto E := span {z,y,u,v} over C. We

~

may assume that 5 # +a. Hence dim E = 3 or 4. Clearly ¢ € («, 5) C S(A) C S(A) and

A

¢ is a boundary point of S(A). We consider the following two cases:

~

(a) dim £ = 3. By Proposition [3.3 and Theorem [4.1(7), S(A) has to be a line segment
(but not a point since o # 3) [—~, ] passing through the origin. Moreover A is orthog-

onally similar to A" = (_O7 g) ® 0. Since My, 457 (&) = OM;(§) for any O € O(3) we

may assume that A = A’. Since M_;(af) = M;(€) for any a € C, with appropriate
rotation, we may assume that v > 0 and £ > 0. Notice that

effl(%@ +4/1— (%)263) =¢

so that
€1
(%(32 +./1- (%)263> € M4(§) € Ma(9).

0

However their difference (2 \/1_7(%263) & My(§).

(b) dim E = 4. By Theorem 3.1(2) S(A) is the sum of an elliptical disk (possibly

CCL b and the line segment W (d 0 > (d # 0). Moreover A

degenerate) £ = W 0 —d

is orthogonally similar to

0 ila—d) 1%(c—b) si(b+c)

yas 1| —i(a—d) 0 silb+c) Stc—1b)

g %(c— b) Si(b+c) 0 i(a+d)
Shilb+c) 3(c—b) —i(a+d) 0

Since M, jor(§) = OM(€) for any O € O(4) we may assume that A’ = A. With
appropriate rotation we may assume that d > 0. So £ = &+ &, where & € OW CCL _ba

(either the highest or the lowest point of the ellipse £) and &, is in the open interval (—d, d).
Without loss of generality we may assume that +a are the highest and lowest points of £

and & = a. Then

(e15in @ + egcosB)T A'(egsin  + e4 cos )

b+c b+c

cosfsinf — cosfsinf

= a+ (cos® 0 —sin® 0)d +
= a+ (cos26)d.
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There are two distinct 6y, 65 € [0, 7] such that dcos26 = &. So

([ exsinty + e3cos by )
k= (62 sin 0y, + ey Cosek) € M;(&§) C Ma(§),

k = 1,2, but the linear combination
z18in 0y — 29 8in 6 = sin(fy — 61) (:3) & Ma(§)
4

since 67 # 6, and e Ae4—a+d7é§
We already estabhshed the equivalence of the two conditions. Suppose ces ( ) is an
extreme point. One can see that M}(§) = M/ (§) and My (€) = M 4(€), where A is given

n (6.3) and € = o1(A). If 2,y € R” with HSIZH% + [lyll3 = 2, then by Lemma 2.4
€ = o Ay = ||zll2lyllo(r) TA() < ()T A(E-) € S(A)

| || ||y||z 1yl

since 2||z||2||yll2 < ||lz||2 + ||ly]|2 = 1. The fact that £ = oy (A) forces the inequality being
an equality so that [|z||; = Hy||2 = 1. Write y = ax + [y, where § > 0 and ¢/ is a unit
vector orthogonal to = with a® + 2 = 1. Thus £ = 2T Ay = ﬁxTAy and 2T Ay e S(A).
So 3 =1 and we have z L y. We just proved M4(£) = M/, (€) = Mu(€). O

IIxIIz

7. ¢-NUMERICAL RANGE

We remark that for any A € C,,«,, ¢ € C a fixed number such that 0 < |¢| < 1, Tsing’s
result [22] asserts that the g-numerical range of A
Wo(A) = {a" Ay 2%y = g, [|zlls = [yl = 1,2,y € C"}
is convex. It evidently is a generalization of Toeplitz-Hausdorff’s theorem. See Li [14] for
a simpler proof of Tsing’s result. It is known that [22, p.199]
(7.1)
Wo(A) = {gz4r/1 = [aPVI Ay = |2 1y € C Iyl = 1,2 = y"Ay € W(A),r € C,[r] < 1.

Let —1 < ¢ <1 and A € s0,(C). One can define a real analog of g-numerical range
S (A) = {27 Ay z,y € Si7Y, 2Ty = ¢}.

The following result shows that S,(A) is convex and that S(A) and S,(A) has a simpler
relation comparing with the complex case (7.1)).

Theorem 7.1. Let —1 < ¢ <1 and let A € s0,,(C). When n > 3, S,(A) = /1 —¢*S(A

and hence is convex and symmetric about the origin.
Proof. Assume that n > 3. Let £ € S,(A), i.e., £ = 2T Ay with 27y = ¢, [|z]l2 = |Jy|l2 = 1,

r,y € R*. Write y = g + /1 — ¢®y' where 3y € ' is a unit vector. Since A is skew
symmetric, 27 Az = 0 and thus

2T Ay = /1 —¢2x" Ay € \/1 - ¢2S(A




16

X. LIU, D. G. TADESSE AND T.Y. TAM

so that S,(A4) C /1 — ¢2S(A) and the converse inclusion is true as well. O
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