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DETERMINANT AND PFAFFIAN OF SUM OF SKEW
SYMMETRIC MATRICES

TIN-YAU TAM AND MARY CLAIR THOMPSON

ABSTRACT. We completely describe the determinants of the sum
of orbits of two real skew symmetric matrices, under similarity
action of orthogonal group and the special orthogonal group re-
spectively. We also study the Pfaffian case and the complex case.

1. INTRODUCTION

Let U(n) C C,x, be the unitary group. Fiedler [3] obtained the
following result.

Theorem 1.1. (Fiedler) Let A, B € C,,«,, be Hermitian matrices with
eigenvalues oy, ...,a, and f,...,3,. Then

H(A,B) :== {det(UAU '+ VBV : U,V € U(n)}

is the interval [min,es, [1, (0+000)), Maxses, | [y (@itBo())], where
S,, denotes the symmetric group on {1,...,n}.

See [2, 6, [7] for related studies. The result remains the same if U(n)
is replaced by the special unitary group SU(n). It is also the same if
A, B € R, «, are real symmetric matrices and U(n) is replaced by the
orthogonal group O(n) or the spectral orthogonal group SO(n).

If A, B € R,,«, are skew symmetric, we consider the set

D(A,B) = {det(UAU '+ VBV :U,V € 0(n)}
= {det(A+VBV ) :V €O0(n)}.
The case n = 2k 41 is trivial since n X n real skew symmetric matrices
are singular so that D(A, B) = {0}. We only need to consider the
even case n = 2k. Theorem /1.1 can only provide lower and upper

bounds for the compact set D(A, B) C R via the Hermitian matrices
iA and iB. The orthogonal group O(n) is not connected and has two
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components corresponding to +1 an(Ai —1 determinant, namely, the
special orthogonal group SO(n) and SO(n) := DSO(n), where

D :=diag(1,...,1,-1).

Though O(n) is disconnected, we show that D(A, B) is an interval
when k£ > 2. In Section 2 we determine D(A, B) and

Dy(A, B) :={det(UAU ' + VBV : U,V € SO(n)}.

In Section 3 we study the case when the determinant function is re-
placed by the Pfaffian. In Section 4 we obtain corresponding result for
the complex case.

2. DETERMINANT AND SUM OF ORBITS

Let A, B € Ry, be skew symmetric. Denote by
A(A,B) == {UAU '+ VBV UV €0(2k)}
Ao(A,B) = {UAU ' +VBV':UV € SO(2k)}

the sums of orbits of A and B under O(2k) and SO(2k) respectively.
Set
D(A,B):={det M : M € A(A,B)}
and
Do(A, B) :=={det M : M € A¢(A, B)}.

Notice that Dy(A, B) is a closed interval since SO(2k) is compact and
connected.

The spectral theorem for real skew symmetric matrix A under O(2k)
[5] asserts that there is an orthogonal matrix O € O(2k) such that
OAO™! is in the following canonical form

(1) OAO ' = J @ - @ apJ = diag (o, ..., ) @ J

where
0 1
(50,

Thus we may assume that A and B are in their canonical forms when
D(A, B) is studied. The eigenvalues of A are purely imaginary and
occur in pairs
tiay, ..., +iog

and we may assume that a; > a3 > ag > ag > -+ > g > (> 0)
which are the singular values of A.

However the spectral theorem for A under SO(2k) involves the sign
of the Pfaffian of A, denoted by d4 = +1. To quickly see it, consider
J and —J which are similar via O(2) but not SO(2). Eigenvalues fail
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to distinguish J and —J. However PfJ = 1 and Pf(—J) = —1, where
Pfaffian of A [4] is defined as

k
1
PfA = SFE Z sgn(o) H (g (2i—1),0(2i)>

JESQk =1

and sgn(o) is the signature of o. For example

0 a b ¢

0 a —a 0 d e
pPf {—a 0]_a, Pf b o—d 0 f =af — be+dc.

—c —e —f 0

In particular, if A = diag(a,...,a;) ® J, then PfA = a;---ag. It is
well known that [, 9]
(PfA)? = det A.

If A € Rogyar is skew symmetric, there is O € SO(2k) such that

diag (ar,...,—ap) @ J if d4 = —1

Lemma 2.1. Let A, B € Rogy9r be real skew symmetric. Then

(a) DO(A7B) - R+.

(b) D(A, B) = Dy(A, B) U Dy(Ap, B), where Ap := DAD™!,
Proof. (a) The determinant of each real skew symmetric matrix in

Rokxax is nonnegative so Do(A, B) C R,
(b) It is easy to see that

A(A, B) = Ag(A, B) U Ag(Ap, B) U Ag(A, Bp) U Ag(Ap, Bp)

where Ap := DAD™!. Notice that Dy(A,B) = Dy(Ap, Bp) and
Dy(Ap, B) = Dy(A, Bp) since

= DO(Aa B)
= {det(UAU '+ VBV : U,V € SO(2k)}

= {det(DUD'ApDU'D™ '+ DVD 'BpDV'D™Y) : U,V € SO(2k)}

= Do(AD, BD>
]

Notice that Do(A, B) and Do(A, Bp) are closed intervals. We will
show that is the case for D(A, B) when k > 2.

Lemma 2.2. Let k£ > 2 and let A, B € Ryp«9r be real skew symmetric
with singular values ay > a1 > as > ay > -+ > ap > «a; and
By > P> P> 0Py > -+ > B > Br. The following are equivalent.
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(a) A(A, B) € GLy(R).
(b) Ao(A, B) € GL(R).
(¢) [aw, a] N [By, 1] = &
Proof. (a) = (b) is obvious.
(

(b) = (¢) Suppose [ag, | N[Bk, 1] # ¢, i.e., either (i) ap < B < oy
or (ii) By < ap < (1. By symmetry we may assume that (i) holds.
Because of (2) and Dy(A, B) = Do(Ap, Bp) we may assume that

A=diag(ay,...,a) ®J, B=diag(f,...,00r) ® J
where § := §405 = £1. Set h(V) := Pf(A+ VBV™), V € SO(2k).
Clearly
W) = {Hf (@i 1) 2 0 it =1
(ag — Be) [[,Z; (i +B;) <0 if 6 =—1.
k) such that
b= diag (=S, B2, - -, Be-1, —001) ® J

Now let V' € SO(2
VBV~
Then

h(V) _ ( ﬁk)(@k 61) Hz 2(al+ﬁl) <0 ifd=1
( ﬁk)(ak—i—ﬂl)nz 2(0&,4‘50 >0 ifd=-—1.

By the path connectedness of SO(2k) and the continuity of the Pfaffian,
there is W € SO(2k) such that h(W) = Pf(A+ WBW™!) = 0, so
A+ WBW ™! is singular.

(¢) = (a) See [0, Lemma 3]. O

The next two theorems determine Dy(A, B) and D(A, B) respec-
tively.

Theorem 2.3. Let A, B € Rgyor be real skew symmetric with singular
values a; > o > ap > g > - > o > o and By > 1 > By > B >

- > By > P respectively. Let 04 and dp be the signs of the Pfaffians
of A and B, respectively. Let Dy(A, B) = [mg, My).
(a) If [ak7 al] N [ﬁk?ﬁl] = ¢7 then
M — Hle(ai + Br—it1)? if 040 =1
0= .
maxy<j< (0 — Brojp1)? [Lo; (i + Brmiv1)?  if 6405 = —1

Hf:1(04i — Bris1)? if 040 =1,k even
or 0,0 =—1,k odd

ming << (aj + Br_jt1)? Hl#( — Briz1)? if 940 = —1,k even
or 040 =1,k odd

mo =
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(b) If
(1) i

%, B1] # ¢, we have two cases:

o, an] N [
f k=1, then

2 _
Dy(A,B) = dag %f(SAdB—l
0 if (SA(SB = —1.

(II) if k Z 2, then Do(A, B) = [0, Mo]
Proof. We consider two cases.

(I) If k =1, then Do(A, B) = {s}, where

6 — (Oél+ﬁl)2 if 5A5B:1
(Ozl — 51)2 if 5,453 =-1

(II) Let k > 2.
(a) Suppose [ag,a1] N[Ok, f1] = ¢. Because of (2) and Dy(A, B) =
Do(Ap, Bp) we may assume that

(3) A:diag<al)"'7ak)®‘]7 B:dia‘g(ﬁlw'wﬁk—l;aﬁk)@‘]

where 0 := d40p. Notice that my and M, depend continuously on
Q1 > -+ > ag. So we may assume that
(4) oy > g > > > 0.

By Lemma 2.2] all matrices in Dy(A, B) are nonsingular. Assume that
Dy(A, B) = {det(A+ VBV ™) : V € SO(2k)}

attains its minimum mg or maximum M, at det(A + By), where

By = VBV !
for some V) € SO(2k). The optimizing matrix
(5) C() =A + BO

is nonsingular and Cj lis skew symmetric. For each real skew sym-
metric matrix S € Ropyor, € € SO(2k). Recall Fiedler’s lemma [3]:

det(P + €Q) = (det P)(1 + etr QP™1) + o(€?),
where P, () € C,,»,, and P is nonsingular. Hence
det(A 4 e“Bye %) = det(A+ By + €[S, By)) + o(€?)
= det Co(1 + etr [S, Bo]Cyt) + o(€?)
= det Cy(1 + etr S[Boy, C5']) + o(€?)

so that tr S[By,Cy'] = 0 for all real skew symmetric S. Choose S =
[Bo, Cy '] to have [By,Cy'] = 0, i.e., By commutes with Cj* and thus
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with Cy, i.e., Bo(A+ By) = (A + By)By. Hence ByA = AB,. Because
of (3) and (4),
BO = dlag (iﬁa(l)a ey iﬁa(k)) ® J

for some o € 5, with

even ifd=1

(6) the number of subtracted terms is ,
odd ifd=—

This becomes a finite optimization problem. The maximum and mini-
mum occur among the numbers

k

(7) H(ai + B,i))% 0 € Sk

i=1
subject to (0). The maximum is attained at
By = diag (Bo(1)s - - - Bo(k—1), 0Bok)) @ J

for some o € S, and we have

M maXgeg, Hle (a; + ﬁg(i))z if =1
0= max sesy (Q’j — ﬁg(j))Q Hf;é](@l + /60(1‘))2 if 6=-—1.
1<j<k

The expression maxyeg, Hf (@i + By(i))? can be identified. Notice that
[3, p.29] for i < j and o(i) < o(j),

(i t+Bo i) (@ +Bo () — (it Boi) ) (@ +Bo(i)) = —(ai=a;) (Boiiy—Bo(y) <0
for each o € S;. So

k
(8) maXH o + 60 (%) = H(az + ﬂk7i+1)2-
=1

o€ESy

The expression max gegk (0= Bo))? I8 (i B51))? can also be iden-
1<

tified. Notice that for i < j and o(i) < a(j),
(a) if a; — By > 0, then a; — B,¢;) > 0 and
(i=Bo(i)) (ajFBo(i)) —(i—=Br() ) (0 +B)) = —(i+05) (Boy—Boi)) <0
(b) if a; — Boi) < 0, then a; — By < 0 and

(= Bo(i)) (j4Bo(j)) = (itBo) ) (@j=Boi)) = (i—;j)(Bo)—Bs()) = 0
So
k

mex (o — 3,0 [ (@i-Boo)? = ma (0= By T[ (it i)
1<]<kk 1#] T i#]
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Since [ag, a1|N[Bk, B1] = ¢, aj+Br—;j+1 > 0 for all j, it can be expressed
k
as maxj<;< % [Ti—i (i + Brin)?.
The minimum is attained when most subtracted terms are present,
ie.,
Case 1. k is even:

(i) if 0 = 1, then for some o € Sk
BO = dlag(_/glm EIIEE _ﬁl) ® J
yields the minimum Hle(&i — Br_ir1)? Tt is because
k k

(9) min | [(a; — Bo))* = H(Oéz‘ — Br—it1)

ocESk
i= i=1

since for definiteness we may assume that oy > 31 and for ¢ < j
and o(i) < o(j),

(i =Bo(i)) (= Bo()) —(@i—Bo()) (= Bo(i)) = (i—;) (Boiiy—Bo(z)) = 0

for each o € Sy. Also see [0, Theorem 1].
(ii) if 6 = —1, then for some j and some o € Sy

By = diag (=B5a), - - Bo()s - - s —Bor)) © J
yields minlie%g(aj + Bo()? [T (i — Bo@)?. Since [ag, o] N
j

1B, B1] = o, _(aj — Br—j+1)* > 0 for all j. For definiteness,
assume «y > 1. Then

(i tBo) ) (= Bo()) = (itBr(y ) (a5 —Bo(i)) = (Qita)(Boiy—Ba(j)) = 0

So
(10) ) )
min (a;+8()” [ (@ —Ba0)? = min (0 4+Bis0)” [ (05— Biisn)?
1<5<k i#j i#]

. . ( J"l‘lgk ]+1 2
which can be expressed as min; << (Cre e HZ (= Br—it1)”.

It is attained at one of the

BO:dia‘g(_ﬁkv"aﬁk—j-‘rla"'7_ﬂ1)®J7 ]:lavk
Case 2. k is odd:
(i) if 6 = 1, one of the

BO:diag(—ﬂk,...,6k_j+1,...,—61)®J, jzl,,k'

vields mini<j<x (0 + Bej1)? Tz (@ — Brinn)?.
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(ii) if 6 = —1, then
BO = dlag (—Bk, ceey _ﬁl) X J

yields T[T, (a; — Br_is1)
(b) Suppose [ag, 1] N [Pk, F1] # ¢. The case k =1 is trivial. When
k > 2, by Lemma 2.2, 0 € Dy(A, B) and hence my = 0. For the
maximum, by continuity argument and the fact that the set of singular
skew matrices in Rogxor is of measure zero, we may assume that (4)
holds and that A + B is nonsingular. So Dy(A, B) # {0} and thus the

maximizing matrix Cy in (9) is nonsingular. Then follow the argument
in the proof of (a). O

Corollary 2.4. (a) When 0405 = 1, all matrices in Ag(A, B) are
singular if and only if rank A 4+ rank B < 2k.
(b) When d405 = —1, all matrices in Ay(A, B) are singular if and
only if rank A +rank B < 2k or a; = 3; = ¢ > 0 for all i =
L..., k.

Proof. (a) Suppose 405 = 1. Then Dy(A, B) = 0 if and only if M, =
Hle(ozi + Br_ir1)?> = 0 from Theorem 2.3, i.e., a; = Br_i11 = 0 for
some 7 = 1,...,k. In other words, rank A + rank B < 2k.

(b) Suppose 0405 = —1. Then Dy(A, B) = 0 if and only if M, =
maxlgjgk(aj—ﬁk_jﬂ)Z H;;j(ai‘i‘ﬁk_ﬂ_l)Q = 0, i.e., either O‘j_ﬁk—j—l-l =
Oforall j=1,...,k or a = Bx_js1 = 0 for some 7 = 1,... k. The
first amounts to a; = ; = ¢, a constant, for alli=1,... k. O

Theorem 2.5. Let A, B € Ry«9r be real skew symmetric with singular
values oy > o 2 g > > - > > oo and By > B1 2> By > B >

- > B > P respectively.
() If k = 1, then D(A, B) = {(aq — 31)?, (a1 + (1)*}.
(IT) Let k 2 2. Then D(A, B) = [m M], where

M = H(Oéi + Bp-iy1)’
i=1

and

m — Hf Sy = Br—iva)? i o, aq) N [Bk, 1] = @
0 if o, 0n] N [Br, 5] # &,

Proof. (I) is trivial.
(IT) By Lemma 2.1(b)

D(A, B) = [mo(A, B),M()(A, B)} U [mo(AD,B), Mo(AD, B)],
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where
Mo(A, B) = {Hle(&i + Br—it1)? . ?f 040 =1
maxi<j<k (@ — Bre—ji1)? [1iy, (i + Broin1)? i 040 = —1
and
My(Ap, B) = {HL(O‘@' * Ge-in ) " 0405 =1
maxi<j<k (@ — Br—ji1)? [1iy, (i + Broig1)? if 040 =1
since 04, = —04, according to Theorem 2.3 So M is the maximum of

My(A, B) and My(Ap, B) and is [, (a; + Br_is1)®.

(1) If [ag, 0q] N [Br, B1] # ¢, then my(A, B) = mo(Ap,B) = 0 by
Theorem 2.3 So m = 0 and D(A, B) is the interval [0, M].

(i) If [, ca]N[B, 01] = ¢, we have m = min{my (A, B), mo(Ap, B)} =
Hle(ozi — Br_it1)?, again by Theorem 2.3, It remains to show that
D(A, B) is an interval, i.e., Dy(A, B) N Dy(Ap, B) # ¢. Let

k

L = H(ai"i_ﬁkfﬂrl)z

=1

k
yp— 2 2
(= lrgjcfgck(ozj—ﬁk_jﬂ) 1;[(@¢+ﬁk—i+1)
i#£j
k
. 2 2
s = lglgk(aj+ﬁk—j+1) g(ai—ﬁk—iﬂ)
i#j

S = (ai - 61971#1)2

—.

|
—

Clearly S < s < ¢ < L. To show that Dy(A, B) N Dy(Ap, B) #
¢ it suffices to consider d405 = 1 by symmetry. Suppose d 0 =
1. By Theorem 2.3, when k is even Dy(Ap, B) = [s,¢] C [S, L]
Dy(A, B); when k is odd Dy(A, B) = [s, L] and Dy(Ap, B) = [S,
Hence D(A, B) is an interval.

O

Example 2.6. Let k =2 and A = (_03 8) S5 <_01 é) and B =

—4 0 -2 0
Theorem 2.5 Since k£ = 2,
S(A,B) C {det(UAU '+ VBV :UV €U4)}
= {det(UGEAU '+ V(EB)V ™) : UV € U4)}
= H(iA,iB).

( 0 4) @< 0 2>, Since [1,3] N [2,4] # ¢, S(A, B) = [0,625] by
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The eigenvalues of iA are 3,1, —1,—3 (denoted by o}, af, af, o), and
those of i B are 4,2, —2, —4 (denoted by 31, 55, 5%, B4). None of Hle(aﬁ—
ﬁ;(i)), o € Sy, is zero. Indeed, if 7 = (13) € S, denotes the transposi-

tion, then 3 = (—2,2,4,4). So [T, (o} + f.,)) = —63 & S(A, B).

. : . 0 4 0 3
Similarly if we consider A = (_4 0) & (_3 0) and B =

(_02 g) @ <_01 (1)) Since [3,4] N [1,2] = &, S(A, B) — [3,625]

by Theorem 2.5, [, (c/ + Bly) = —24 ¢ S(A,B). So the lower
bound of Theorem [1.1/is in general not included in S(A, B).

3. PFAFFIAN AND SUM OF ORBITS
We consider
P(A,B) .= {Pf(UAU '+ VBV : UV € O(2k)}.
and
Py(A,B) = {Pf(UAU' + VBV 1) : U,V € SO(2k)}.
Clearly Py(A, B) is an interval.
Theorem 3.1. Let A, B € Ry«9r be real skew symmetric with singular

values oy > ap > -2 2o 2 0and By > 1 >+ > B > B 2 0
respectively.

(a) If [ag, ] N [Br, B1] # ¢, then P(A, B) = [P, P], where P =

Hf:l(ai + Br—it1)-
(b) If [ag, a1 N [Pk, B1] = ¢, then P(A, B) = [-P, —p|]U|[p, P] where

p= Hf=1 @i = Br—ital-
Proof. Since
P(A,B) = Py(A, B) U Py(Ap, B) U Py(A, Bp) U Po(Ap, Bp)
and
(11) Py(Ap,Bp) = —Py(A,B), Py(A,Bp) =—Fy(Ap, B),

P(A, B) is symmetric about the origin. Since det A = (PfA)?, using
Theorem 2.5/ we have the desired result. U

Theorem 3.2. Let A, B € Rgor be real skew symmetric with singular
values oy > oy > - >ap >y >0and 51 > 51 > ---> B, > 3, >0
respectively. Let 4 and g be the signs of the Pfaffians of A and B,
respectively.
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(I) If k =1, then Py(A, B) = {s}, where

a1+ﬂ1 if(SA:CSB:l
—(ozl—i—ﬁl) if5A=5B:—1
o — By if 64 =1,0p = —1
—ap+ 0 ifda=-15=1
(IT) Let k > 2. Set Py(A, B) = [po, Pl
(a) Suppose [ag, aq] N [Bk, B1] = ¢.

(1) If 6A = (53 = 1, then PO = Hle(Oéi + 6k—z’+1) and

Do = T2, loi — Brin if k even
ming <j<r (0 + Bejir) [Ty [0t = Briga| if k odd

(2) If 64 = 05 = —1, then

- H§:1 i — Br—is1l if k even
Po =9 —min ses, ( + o) Tl [0 — Boe| if & 0dd
1<5<k

and pg = — HL(O@ + Br—it1)-

(3) If 64 =1 and ép = —1, and
(1) if ap > (1, then

k
Py = max loj — Br—js1] 1;[(% + Br—it1)
i#j

and

Po = min1§j§k<06j -+ ﬁk*j+1) Hi’é] \ai — Bk7i+1| if k£ is even
0 — . .
Hle | — Br—is1 if k is odd

(ii) if B > aq, then

I minlgjgk(ozj + ﬁk—j+1) Hi; |Oéi - Bk—z‘+1| if k is even
Py = J

T, | — Beeiga] if & is odd

and

k
Do = — gl%xk |Oéj - ﬂk—j+1| 1;[(%- + Br_izv1) <0
i#]

(4) If 64 = —1 and 05 = 1, and

11
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(i) if ap > By, then

- Hf:1 lot; — Br—it] if kis odd

and

P = {— Hlinlgjgk(&j -+ ﬁk*j+1) Hf?éj ‘Oéi — ﬁk7i+1| if k£ is even
0 =

k
Po = — max lo; — Br—jt1] 1;[(% + Br—i+1) <0
i

(ii) if B > aq, then

k
Py = max |aj — ﬁk_j+1| H(Oéz‘ + Br—it1)

1<5<k -
]
and

Do = miIllSjSk((Ij + ﬁk_j_H) Hf;éj |C¥Z‘ - 5k_2‘+1| if k is even
’ Hf:l o — Br—iy1] if k is odd

(b) Suppose [y, a1] N Bk, B1] # ¢.
(1) If 64 = 6 = 1, then Py(A, B) = [a, []1_, (@ + Br_i41)] for some
— Hle(ai + Op—iz1) < a <0.
(2) If 64 = 65 = —1, then Py(A, B) = [— [T0_y (s + Brir1),b] for

some 0 < b < Hle(ozi + Br—iv1)-
(3) Ifo4=1,0p=—1,0r 04 = —1, 5 = 1, then Py(A, B) is either

k
lc, max |o; — Br—jt1] H(Oéz' + Br—it1)]

1<5<k -
i#£]

fOI" some —HlaXlgjgk ’Oéj — ﬁkfjJrll HZ&]-(OQ + ﬁkfiJrl) S C S O,
or

k
[— max |a; — fr—js1l H(sz‘ + Br—i+1), d]

1<5<k S
i#]

for some 0 < d < max;<j<i |a; — Br—j11| Hf#(ai + Br—it1)-

Proof. (1) is trivial.

(IT) Clearly Py(A, B) is a closed interval. Since Dy(A, B) = [mg, My,
where mg, My > 0 are given in Theorem 2.3 and det A = (PfA)?
Py(A, B) is either [mé/Q, Mé/Q] or [—M&ﬂ, —m(l)/2]. It is also clear that

Py(Ap,Bp) = —Py(A,B), PFy(A,Bp)=—PFy(Ap, B).
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(a) Suppose [ag, a1] N [Bk, B1] = ¢. By Lemma 2.2, 0 & Py(A, B) so
that either Py(A, B) C R, or Fy(A,B) CR_.

(1) If 64 = 6p = 1, then clearly 0 < Hle(ozi + Br—itv1) € Py(A, B).
So Py(A, B) = [my/?, M)?).

(2) If 04 = 0p = —1, then clearly 0 > —Hle(ai + Br—iy1) €
Po(A, B). So Py(A, B) = [-M)"?, —m}/).

(3) Suppose 64 =1 and dp = —1.
(1) if ap > 51, then 0 < maX1§j§k<Oéj — ﬁk—j+1) HZ&J(O[Z +
Bi_ir1) € Po(A, B). So Py(A, B) = [m/*, M.
(11) if ﬁk > o, then 0 > maxlgjgk(aj — ﬁk,jJrl) Hf;ﬁj(ai +
Beis1) € Po(A, B). So Py(A, B) = [—-M"* —m{/?].

(4) Similar.

(b) Suppose [ag, a1]N Bk, f1] # ¢. Then 0 € Py(A, B) by Theorem 2.3
(1) and (2) follow from Theorem 2.3l (3) Clearly Fy(A, B) contains

maxi<j<k |Oéj — ﬁk—j+1| HZ&J(OQ + ﬁk—i—i—l) or its negative by Theorem
2.0, U

We were not able to obtain a, b, ¢, d.

4. COMPLEX CASE

Given complex skew symmetric matrices A, B € Cogxop With singular
values oy > oy > - > >y >0and 51 > 51 > -+ > 6, > 5, >0
respectively. Consider the complex analog

Ac(A,B) .= {UAUT + VBVT . UV € U(2k)},
D(c(A, B) = {detM M e Ac(A,B)}

and

Pe(A, B) = {PfM : M € Ac(A, B)).

Theorem 4.1. Let A, B € Cypxor be complex skew symmetric with
singular values a; > a3 > g > ag > -+ > a > o and By > [ >
By > [Py > -+ > Pr > [ respectively. Then

(1) Dc(A, B) is an annulus of inner radius r and outer radius R,
where

k
R = H (0 + B H—l
=1
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and

Hf:1<ai — Br—iv1)® A o, ca] N B, B1] = ¢
0 if  [og, on] N [Br, Bi] # ¢

(2) Pc(A, B) is an annulus of inner radius /7 and outer radius v/R.

r =

Proof. Clearly D¢(A, B) admits circular symmetry and by the connect-
edness of U(n), Dc(A, B) is an annulus. By Autonne’s decomposition
[1] (also see [10]) we may assume that

A =diag(aq,...,ap) ®J, B=diag(f,...,0c) ® J.

The radii of D¢(A, B) can be deduced from Theorem 2.5 and [0, The-
orem 1] since o’s and (3’s are singular values of A and B respectively.
Pc(A, B) also admits circular symmetry since

PHUAUT +VBVT)
= det(e?* 1P (UAUT + VBVT)
_ Pf(eiG/QkUA(eiG/QkU)T + €i0/2kVB(€i9/2kv)T)
using Pf(PAPT) = (det P) Pf A. O

We remark that circular symmetry does not exist if U(2k) is replaced
by SU(2k).
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