Lie Algebra Math 7970 Solutions and Remarks

For historical background of Lie algebra and Lie group see the book review by Brian Parshall on
“Kssays in the history of Lie groups and algebraic groups”, by Armand Borel. Also |early history.
See a biography| of Marius Sophus Lie.

1.1

Example: Verify that the cross product on L = R3 makes L a Lie algebra, i.e.,

T Xy = (T2y3 — T3Y2, —T1Y3 + T3Y1, T1Y2 — T2Y1),
where x = (21,22, 23) and y = (y1,%2,y3) € R3. See Exercises 1.

Questions: 1. Show that (L2’) [z,y] = —[y, ] if and only if (L2) [z,z] = 0 for all z,y € L, provided
that char F # 2 (why char F causes trouble?).
2. Show that [z,0] =0 for all x € L.

3. Show that if [z, y] # 0, then x,y € L are linearly independent.

1.2

Verify that the bracket [z,y] = 2y — yx makes End V' a Lie algebra over F.
What is the difference between gl(V') and End (V)?

Questions:

Verify e;jer = 0jieq and equation (*) [ei;, ep] = 0juei — Oien;j-
Verify n(n,F),o(n,F), t(n,F) are Lie subalgebras of gl(n,F).
Is it true that [n(n,F),n(n,F)] = n(n,F)? Explain.

Show that [L, L] is a subalgebra of L. Is it true that [L, L] = L for general L? Give an
example if your answer is not.

AN R A

o(n,IF): Let char F # 2. Let f be a nondegenerate symmetric bilinear form/ on the vector space V
over F. A symmetric bilinear form f: V x V — F is bilinear and

fv,w) = f(w,v), forall v,w € V.

Nondegenerate means that f(v,w) =0 for all w € V implies v = 0.

Let (e1,...,e,) be a basis of V. Then the matrix s = (f(e;,e;)) (nonsingular symmetric
matrix) completely characterizes f, i.e., if v =), vie;, w = ), w;e;, and if we identify v and
w as (vy,...,v,)" and (wy, ..., w,)! respectively, then f(v,w) = vtsw.

Now

L:=o(V)={xecgl(V): f(z(v),w) + f(v,z(w)) =0 for all v,w € V}.
It is a subalgebra of gi(V).
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Remark:

Remark:

Remark:

Proof. Since we use the usual bracket of gl(V'), (L1), (L2) and (L3) are clearly satisfied. We
only need to show that o(V) is closed under bracket. Let ,y € o(V'). Then for all v,w € V

[z, y](v), w) + f(v, [z, y](w))
= fl(zy - y$)( ), w) + f(v, (zy — yz)(w))
f(zy(v),w) = f(yz(v),w) + f(v,zy(w)) — f(v,yz(w)) bilinearity of f
f@(y(v),w) — f(y(@(v)),w) + f(v,z(y(w))) — f(v,y(z(w)))
—f(y(v), z(w)) + f(z(v)), y(w)) — f(2(v), y(w)) + f(y(v), x(w)) since z,y € o(V)
= 0

(1) You can also verify it in terms of matrices (see below).

(2) In the above proof we did not use the symmetric property of f. Indeed the proof works for
nondegenerate skew symmetric bilinear form f, i.e. f(v,w) = —f(w,v) forallv,w € V, i.e., a
proof for sp(V') being a subalgebra of gl(V'). But it turns out skew symmetric nondegenerate
form f on V implies that V is even dimensional.

We can describe o(V') in terms of matrices, i.e., o(n,F) as we see on p.3. On p.3, the form f
on V is defined by the matrix s as we just saw, i.e., f(v,w) = v'sw for all v,w € V, where

([0 I, ‘
ifn=2¢
I, 0

s = 1 0 0
0 0 I ifn=20+1.
L \0 I, O
Notice that s is nonsingular symmetric. So
0 b b
o204+ 1,F) = <ax=[-b, m n €sl(20+1,F):n' = —n, p = —p,m € Fyup
~bp p —m!

o(20,F) = {x: <m " t) € sl(20,F) :n' = —n, p' = —p,mEIFng}.
p —-m

Suppose F = C. Let r be an (complex) orthogonal matrix such that r'r = s, namely

o e~/ [T il
V2 I I

Then the map z +— rzr~—! sends z € 0(2¢,C) to a skew symmetric matrix since
st =—x's & rire = —zlrlr & (rar D +rar !t =0
and it is clearly an (algebra) isomorphism. Similar for o(2¢ + 1, C).

Indeed the above argument works for algebraically closed field F and char F #£ 2 since every
symmetric bilinear form on the vector space V over F has an orthogonal basis if char F £ 2
(by induction on the dimension of V, e.g., Serge Lang, Algebra, p.575). In other word, the
symmetric matrix s over F can be written as s = u’du where d is a diagonal matrix over F,

then set r = v/du since F is algebraically closed, i.e., s = rir.
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1.3

Remark:

Questions:

1.4

1.

An F-algebra 2 is a vector space over F equipped with an additional binary operation
(multiplication) from 2 x 2 to 2, (z,y) — =zy denoted by juxtaposition. The binary
operation is bilinear which means that the following identities hold for any three elements
x,y,z € A, and all scalars a,b € F,

(a) (x+y)z =22+ yz.
(b) z(y + 2) = 2y + x=.
(c) (ax)(by) = (ab)(zy).

Multiplication is not necessarily associative.

. EndV is an F-algebra (associative) with the usual composition as the multiplication. It

is associative but not commutative (when dim V' > 2).

. A Lie algebra is an F-algebra in which the bracket is the multiplication, i.e., xy = [z, y].

By (L1) adz : L — L is a linear map for each € L and the adjoint representation
ad : L — gI(L) is a linear map. By the Jacobi identity, adx € Der L for each x € L.
Check!

Is the term “derivation” justified for a linear map § : 2 — 2 such that §(ab) = ad(b) +
d(a)b?

. Do Exercise 11 on p.6. Hence Der 2 is a subalgebra of gl(2) and thus Der L is a

subalgebra of gl(L).

. Verify that adx € Der L, i.e., adz[y, z] = [adz(y), 2] + [y,ad z(2)]. So ad : L — gI(L)

can be considered as ad : L — Der L.

Is [H, K| =A{[z,y]:x € H,y € K}7

. Is [H, K] always a subalgebra of L if H, K C L are subalgebras of L? Explain.

Examples: The following is a realization of the Lie algebra R? with cross product in terms of linear Lie

0 —XI3 xT9

algebra (Ado’s theorem). Let ¢ : L — L', (z1,22,23) — | x3 0 —z |, where L’ is the

— X9 I 0

algebra of 3 x 3 real matrices. It is a vector space isomorphism: Check that it is one-to-one
since L and L’ have the same dimension and that

Pz X y)
= ¢(z2y3 — T3Y2, —T1Y3 + T3Y1, T1Y2 — T2Y1)

0 —(T1y2 — T2y1)  —T1Y3 + T3y
= T1Y2 — T2y1 0 —(72y3 — 3Y2)
—(—z1y3 + T3y1)  T2ys — T3Y2 0

([0 a3 0 —y3 v
= T3 0 —z1|,]| vs 0 —uy

[ \—72 =1 0 —y2 U 0
= [¢(z), o(y)]-



Remark: “A moment of thought on p.5”: With [z;,z;] = >, a”xk (warning a - does not mean the

Questions:

power (a;;)*; k is just an index)

iy Li] — - 1% j jy L7 .7. - - .77
[2i, 2] = 0 = [x, 5] + [xj,2:] foralli,j < af =0= a -+ a” for all 4,5,k (1)

Jio

is implied by (L2). Conversely (L2) follows from (1) since if = . ¢;z;, then

= [Z cixi,chxj] = ZciCj[xi,xj] = ZCQ[x“x, + Zc,cj [z, 2] = 0.
i J

i i i

Notice that
k _ k m _ k _m
(i, z5], Z agj T, Ty Z agj [k, o) = Z Qgj Z Apelm = Z(Z agjaLe) Tm
k k m m k

So the Jacobi identity implies

(i, 23], e + ([, ), ] + [, 2, 5] = 0 Y (afiafy + abpaft + afiail) =0, (2)
k

for all 7, j, £, m. Set
f(@isxg, we) := ([0, 5], 2] + [[25, 2], 2] + [[20, 2], 25]-

Then f(z;,7;,7,) = 0 implies that f(2,x), Ts(j), To(¢)) = 0 for all permutations o : {3, j,(} —
{i,7,0}, i.e. checking (2) is sufficient for the ordered triple (i,7j,¢). The bilinearity of the
bracket and (2) imply the Jacobi identity for z,y,2: Let © = )", apzr, y = > ) by, 2 =
Ek CrTf. Then

([, y], 2] + [ly, 2], 2] + [[z, 21, 9]

_ Zk:ak[xk,y],z}+Zk:ak[[y,z],$k]+Zk:ak[[zvxk]7y]

= Zak([ﬂ:k,y],ZH[[%ZLMH[[Z’%L?JD

= ZakZa, ([or, wi], 2] + ([, 2], i) + [z, 23], 2)

. ZZZakalaj ks ), 2] + (s, ), 2] + [l 2], 21])

= O

1. Check: [z,y] = x actually defines a Lie algebra. Notice that ai, = 1,a%, = 0.

2. Summarize the 1-dimensional and 2-dimensional Lie algebras.



Exercises on Section 1

1. (L1) We know that the [cross product| on R? is bilinear, i.e.,
[a121 + agx2,y] = (a121 + ag®2) X y = a1x1 X y + agxe X y = a1[r1,y] + az[r2, Y]

for all 1,22,y € R3 and a1,as € R and similar for the second coordinate.
(L2) [z,y] =2 xy=—y X = —[y,x] is also well-known.
(L3) By [vector triple product/a x (b x ¢) = b(a - ¢) — ¢(a - b) we have
[, 1y, 2]l + [y, [z, 2]] + [z, [, 9]
= sxX(yxz)+yx(zxz)+zx(rxy)
= yl@-2)—2(@-y)+2(y-2) —2(y-2) +2(2-y) —y(z-2) = 0.

Since [e1, ea] = e, [e1, e3] = —ea, [e2, e3] = e1, the structure constants are

ab = Ova%Q = Oaa?Q =1,
a%3 — O,G%g — —1,CL:1‘)3 — 0,
aég = 1,@%3 = 0,&%3 =0.
2. Given a basis (z,y,2) of L, [z,y] = z, [z,2] =y, |y, z] = 0, the structure constants are
ajy = ajy = 0,03y = 1,
1 3 2
aj3 =ay3 =0,a13 =1,
1 2 3
93 = a33 = ah3 = 0.
They satisfy the structure equations (see p.5)
ak =0 = afj + a;?i, (the first equality is implied by (L2))

kE _m k m kE _my\ __
E (aijagy + ajeay; + agag;) =0,
k

or for the last equality we just observe (see the note on p.5)
[z, [y, 2] + [z, [, yll + [y, [z, 2]] = [2,0] + [z, 2] + [y, —y] =

Remark: Such checking is not practical when dim L is getting large.

3.
01 1 0 0 0
=0 0)- v=(o ) == (1) esem
Now
adz(r) = 0=0-z2+0-h+0-y
adz(h) = [z,h)=2h—hrx=-2x=-2x4+0-h+0-y
adz(y) = [z,yl=2y—yr=h=0-24+h+0-y.
0 -2 0
So the matrix of ad z with respect to the basis (z,h,y) isadz= |0 0 1
0 0
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Similarly

adh(z) = —adz(h)=2x
adh(h) = 0
adh(y) = —2y.
2 0 0
Henceadh= |0 0 O
0 0 -2
ady(x) = -—adz(y)=-h
ady(h) = —adh(y) =2y
ady(y) = 0.
0 0 0
Henceady=1]-1 0 O
0 2 0

ada:201,ady: _10.
00 0 0

Hence ad : L — End (L) is injective. Thus ad L C End (L) is a Lie algebra isomorphic to L.
Via the adjoint representation/ad , we have a matrix model for the 2-dimensional L (predicted
by [Ado’s theorem! p.4). Clearly

adzady —adyadz = [adz,ady] = ad [z, y] = ad x.
See Example 10 on p.4 of Notes on Lie Algebras|to see how it arises as the affine Lie algebra
of the line consisting of all real 2 x 2 matrices with second row 0.

. It is easy to see that t(n,F), n(n,F) and o(n,F) are invariant (or stable) under the (matrix)
bracket. So they are subalgebras of gl(n,F). We have

t(n,F) =n(n,F) ®o(n,F)

since each A € t(n,F) is the sum of its diagonal part, diag A € ?(n,F), and its strictly upper
triangular part, and clearly the intersection of o(n, F) and n(n, F) is trivial, i.e., the zero space.
Notice that 2(n,F)n(n,F),n(n,F)o(n,F) C n(n,F) so that

[o(n,F),n(n,F)] C n(n,F).

(here [H, K] denotes the subspace of L spanned by commutators [z,y|, z € H, y € K. See
p.3.) So

[t(n,F),t(n,F)] = [n(n,F)@on,F),n(n,F)Do(n,F)]
C  [n(n,F),n(n,F)] + p(n, F), n(n, F)] + [n(n,F),2(n,F)] + [p(n, F) & d(n, F)]
n,F),n(n,F)] C n(n,F)

2]

F
F

I
=X
—~
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since d(n,IF) is abelian. The rest is to show that n(n,F) C [t(n,F),t(n,F)], ie., e €
[t(n,F), t(n,F)] for all i < j. Since

leij, ene) = Ojkeir — Opier;
(equation (*) on p.2) it follows that e;; = [es, ;5] if @ # j and we have the desired result.
1. t(n,F) has basis e;5, 1 <i < j <n. Sodimt(n,F)=1+---+n=n(n+1)/2.
2. n(n,F) has basis e;;, 1 <i < j <n. Sodimn(n,F)=14+---+(n—1)=n(n—-1)/2.

3. ?(n,F) has basis ¢;;, 1 <i <n. So dimd(n,F) = n.

. Let x € gl(n,F) be a matrix of distinct eigenvalues. It is well known from matrix theory that

a matrix with distinct eigenvalues is diagonalizable. Let y~!

-1

zy = d where d is a diagonal
matrix, i.e., z = ydy

Recall adz € End (gl(n,F)). Consider a slightly more general case. Let o € Aut (gl(n,F))

1

defined by o(x) := yxy—*, x € gl(n,F), where y € gl(n,F) is nonsingular. Then

ado(z) = o(adz)o !

(indeed it is true for all o € Aut (gl(n,F)). See p.9). It is because
ad (o(2))(2) = ad (yoy~)(2) = lyay ™", 2] = yay~ 'z — zyzy ™' = ylo,y 2yl
Hence ad o(z) and ad = have the same eigenvalues since they are similar.

1

Let us get back to our case. As o(d) := ydy~' = z, adz and add are similar and have

the same eigenvalues. So it is sufficient to consider add where d = diag(ay,...,a,) with
ai,...,ay, distinct eigenvalues of . Now

add(ei;j) = (a; — aj)e;;, 1<1i,7<n.

So e;; (1 <1i,j < n) are eigenvectors of add with eigenvalue a; — a; and there are n? such
eigenvalues. They need not be distinct.

. Each a € gl(n,F) can be decomposed as

_Tra

o= —
n

Tr
I+ (a— Ta)ln € sl(n,F) +s(n,F).
Moreover if b € s5(n,F) (the algebra of scalar matrices), i.e., b = AI,,, and ¢ € gl(n,F), then
[b,c] = bc— cb = Apc— e\, =0,

ie., [s(n,F),gl(n,F)] = 0.

It remains to show that the intersection sl(n,F) N s(n,F) is trivial with the assumption that
the lcharacteristiclof IF, denoted by char F, is zero or else a prime not dividing n (note that in
general char F is either zero or a prime for a field F). Let a € sl(n,F) Ns(n,F). So a = A\,
for some A € F and 0 = Tra = nA. Hence A = 0 and thus a = 0.
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8. Similar to o(2¢,F),

o(2(,F) = {(TZ _T:nt> :nt = —n, ptzp,mEFng}.

{eij — ertjeris 1 << j <L U{eerij — €otjin €t — € 1 1 <0< j <}

So

is a basis of 0(2¢,F), where e;; € Fyy, is the standard basis element with (7, ) entry 1 and
zero elsewhere. Hence

dimo(20,F) = 02 +0(0 —1)/2 + £(£ —1)/2 = 20> — 4.

9. Clearly [L, L] C L. It suffices to show that L C [L, L] where L is a classical algebra with the
assumption char F = 0.

1. sl(¢ 4+ 1,F), £ > 1: Notice

2e;j = lew —ejjeijf] €L, L], 1<i#j<(l+1
ei —ejj = leg,ej] € [L, L), 1<i#j<{+]1,

motivated from Ex. 3.

2. sp(2¢,FF): Notice that

m n
sp(20,F) = {(p —mt> nt=n, pb=p, me ngg}.

To get m @ (—m?') consider 1 <i # j < £ and
2(eij — errjueri) = e — €jj — €evipti + €vjargs €ij — rtje+il € L, L]
€ii — €etifti = [€ip+ireeyiil € [Ly L]
To get n consider 1 <1 # j < £ and
2eirj +ejevi) = lew+ € — €oviri — €oyjerg €ierj + et € [L, L]
2(€i 040 F €ogii) = [€ii — €oqiotis Ciri T €oqi) € [L, L.
So € ¢+; € [L,L]. To get p consider 1 < i # j </{
2eptij T eorji) = [eoriri T eorjors = €ii — €5, €evij + €esjal € [L, L.

3. 0(2¢,F): Recall

o(2(,F) = { (T; _T:nt> €sl(20,F):nl = —n, pl=—p,mec ngg} .

In view of the computation for sp(2¢,F) we only need to consider n and p. For n, if
1<i#j </ then

2(€i 045 — €juti) = €+ €jj — €ryioti — €otjitjs€iprj — €jeti] € [L, L.

To get p consider 1 <1 #£ j </

2(epqij — €otrji) = |€r4ipti T Corjotrj — €ii — €jjsCotij — €ryiil € [L, L.



0(20 4 1,F): Recall

0 b b
o(2¢+1,F) = —bk m n €sl(20+1,F):n' = —n, p = —p, m € Fyuy
—bﬁ p —mt

and the computation is similar.

Remark: We will see in Corollary 5.4 that L = [L, L] is a property of semisimple Lie
algebra and A, — Dy are simple.

11. Let 6,0" € Der 2 . We are going to show that [0, '] € Der 2. For a,b € L,

[6, 8"}(ab)
— (66 — &'6)(ab)
= 66 (ab) — §'5(ab)
§(ad’ (b) + 6'(a)b) — &' (ad(b) + 5(a)b)
§(a)d'(b) + add' (b) + 68’ (a)b + 8" (a)d(b) — (6" (a)d(b) + ad'§(b) + §'5(a)b + 6(a)d’ (b))
= add’ (b) + 86’ (a)b — ad’5(b) — §'6(a)b
= a[3,0](b) + 1[5, 8"](a)b,

i.e., [0,0'] € Der 2. So Der 2 is a subalgebra of gl(2). Thus if L is a Lie algebra in which the
product of x,y is just the bracket of x,y, then Der L is a subalgebra of L.

Notice that
(68")(ab) = §(ad’(b) + &' (a)b) = 5(a)d’(b) + add’ (b) + 56 (a)b + &' (a)d(b).

Now set § = &', a = b € 2 so that 62(a?) = 2(6(a))? + ad?(a) + 6%(a)a # ad?(a) + 6%(a)a,
unless (6(a))? = 0.

12. Tt is sufficient to show that if y,z € L are eigenvectors of adz corresponding to A and p
respectively, then [y, z] € L is also an eigenvector of ad x or zero. By the Jacobi identity,

adz([y, 2]) = [z, [y, 2]] = [z, 9], 2] + [y, [z, 2]] = [My, 2] + [y, p2] = (A + )]y, 2].



