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The object of this talk is to show how to unify the treatment
of R™ with that of more general vector spaces, such as Py,
the space of polynomials of degree < n, and C'[a,b], the
space of continuous functions defined on the interval [a, b],
in a standard first course in linear algebra. To this end, we
begin by generalizing the definition of a matrix.
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1 Matrices

Definition 1.1 A matrix isa 1 X n array

V=|8 - ¥|eVvXn

of vectors in a vector space X for some positive integer n.
For each ¢ € R", the matrix-vector product V ¢ is the linear
combination

Examples of matrix-vector products are

1 >
(T 72 i =142t + 1%,

where ]th (a) = f(a), and

N N 1 .2> 2> R
[sin2t cos2t] [1] —=sin“t+cos“t =1.

The array A € R™*™ satisfies this definition if we consider
it to be the 1 X n array of its columns,
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Note, however, that the n x 1 array of its rows

[all aln]

am o+ amn ]

Is not a matrix under this definition. We will return to this
mathematical object later.

We usually speak of the image and kernel of a matrix, when
we mean the image and kernel of the associated linear trans-
formation T'4. We extend this identification of a matrix with
its associated linear transformation, unless clarity demands
more care, as the following examples show.

Definition 1.2 .

1) The columns of the matrix V: R™ — ¥ span X if and
only V' is onto.

2) The columns of V' are independent if and only if V' is one-
to-one.

3) The columns of V' form a basis for ¥ if and only if V' is an
isomorphism (i.e., both onto and one-to-one) or, equivalently,
the columns of V' are independent and span ..

Each of these definitions relates attributes of a sequence of
vectors to attributes of the associated linear transformation.



1.1 The matrix-matrix product

Definition 1.3 /f A: R — R¥ and V: RF — X are ma-
trices, the matrix-matrix product VA is the matrix for the

functional composition Vo A, with diagram

rR® 4, Rk
VA N\ lyv
s

For example,

[sinzi cos27>5] [ 1

= [ sin? t + cos? t

The product satisfies

VA =

+

—sin27>5+cos21>§} — [ 1

052 |

The standard treatments of dimension and coordinates rela-

tive to a basis work for these matrices, but there is no analog

for the LU decomposition.

decomposition.

Instead, we have the following



1.2 The BR decomposition

A B R decomposition of a matrix R (onto) N
V:R" — ¥ consists of a one- R - R
to-one matrix B: R*¥ — ¥ and \ |

an onto matrix R: R* — RF v B (1-1)
in reduced row echelon form such imV c %

that V = BR.

Since R is onto, imV = im B, so the columns of B form a
basis for im V. Hence the name of the decomposition.

R
Example 1.4 sin?¢ and cos?t are independent, since scalar
—

R _—
multiples have the same roots, but 1 = (1)sin®t 4 (1)cos?t,
yielding the decomposition

> >, > > 1 01
V =1 sin?t cos?t 1}:[sin2t cos%][o 1 1]-
b R

Clearly, the decomposition is unique. Also, since B is one-to-
T
one, kerV =kerR =span| —1 —1 1 ] :
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For an array A € R™*", reduction to reduced row echelon
form yields R. The matrix B consists of the pivot columns
of A, and the matrix R consists of the nonzero rows of R.

If W is a standard basis for X, then the matrix Vj;, satis-
fying V. = WVyy, is easily found, and Gaussian elimination

techniques yield Viyy = BR. Then V. = WV = (WB) R
is the BR decomposition of V, since both W and B are
one-to-one.

Example 1.5 The standard basis for Py is W = (1 Q If

V = | 142t 2+4f 2+5¢ 1+£],then
v — |t2211] 120 3]
W = 12451 001 —1]"
(1 2][1 20 3
Vw = 25”001—1]’3”"
B R
> .11 2 0 3
Vo= | 112 2+5t}[001_1].
W B

R



2 Adjoints

From this point on, all spaces are inner product spaces, and
R"™ and C'[a, b] have the standard inner products defined by

(T, W)gn = - @ and (f,9)cpay = Jo f(t)g(t) dt. The
transpose of an array satisfies

(Ag)-d= (AT d=¢" (ATd) =¢- (ATd).

The analog for general linear transformations between inner
product spaces is the adjoint.

Definition 2.1 /fT: © — X is a linear transformation, the
linear transformation T™: ¥ — © is an adjoint for T if and

(T(1):5)x = (BT ()¢

forall3€ X andt € ©.

only if

As expected, the adjoint shares many of the properties of the
transpose, e.g., (T*)" =T, (T'S)" = S*T*, etc.



2.1 The adjoint of a matrix

If V: R™ — ¥ is a matrix, then

] |

Ve, 8)y = (v, 8y +---+cn(Un, Sy
| C1 ] | <617§>Z |
— : : = (C, V*5)gn , where
 Cn | | <77n7§>Z_
i <?717°>Z |
V* = :
i <?7n, >Z i
Example 2.2 /fV: R? — C[0,1] = | T |, and § =2,
then V*5=[1 ] 5=
. i
S 7 -
* 42 < ) > 1 2
1*¢ ) C[0,1] ) Jo 1t dt (13
= | L= B = | 1/4
£ ¢2 < ,t2> J& Tt dt
] - L Clo,1] ] ]




2.2 Products of matrices and matrix-adjoints

matrix-matrix VA adjoint-adjoint A*V*
*
VA \ lV A*VY* \ TV*
> 5
%\ /%
. . a1
|: Va]. o o o Van :|
ap V>
adjoint-matrix V*W matrix-adjoint VI/*
W\ Ty« w+ /" vl
*
)y © m Y
viwy - UiWn
5 Ny + - -+ + Ty,
77}];"171 '57;'11771

In each case, we multiply the rows of the first object with
the columns of the second object. However, all these forms
coalesce into different ways of computing the same product
only when all matrices are rectangular arrays of numbers.
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2.3 The four fundamental spaces

Throughout this section, T': © — X is linear with an adjoint
T*: Y — ©. There are four fundamental spaces associated
with T imT and kerT™ in £, and kerT" and imT™ in ©.

Theorem 2.3 ker T' = (im T*)~*.

Proof.
fckerT <— Tf=0
— < F§> —Qforall5€ X
— <£T*§>620fora//§ez
— te(imT*)*t
|

While many of the fundamental theorems involving images,
kernels and orthogonality do not hold for all linear transforma-
tions between inner product spaces, they do hold for matrices,

1
e.g., imV* = (ker V)T, ((im V)L) =imV, etc.
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2.4 A least-square fit

The treatment of discrete and continuous least-square fits
is the same. For example, the continuous first-degree least-

H
square fit in ¥ = C'[0, 1] to § = t° is the orthogonal projec-

tion of s onto the image of V' = [ 1 F]. As in the discrete
case, we first solve the normal equation V*Vii = V*§ for 7.

1%
[V*VsV*§]=V*[Vesﬂ=[}*][f P 2=
i T i 1 1 ]

Jd1dt fgtdt : [Ft2 dt 13 : 2
Jotdt Jgttdt o Jgtddt ] |3 3+ 5
1 0 : —1 _1

MY o0 0 NNJ 6 _): 6
101 5 1] o [ 1[

So
3 o[ -]
Pt :Vn:[lt}[ g]:t—@
The algorithm is the same as in the discrete case; only the

computation of the inner product is different. Here are plots
of both the parabola and the continuous least square fit,
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Figure 1: A least square fit.

3 Matrix decompositions

We next show that several important decompositions of a
matrix V' can be obtained from decompositions of V*V.

Theorem 3.1 SupposeO:© —I,B: I —- 0,andT: © —
> are linear transformations. If T*T' = BO is a decomposi-
tion of T*T and O is onto, then there is a unique linear trans-
formation W which maps [ onto im I’ so that the following

diagram commutes. If B: I — imT™*T is an isomorphism,
soisW:I' —imT.

/0 (onto) B\
© lw imT*T C©® (3.1)
\T ™ s
im7 C X
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3.1 The BR decomposition

If V: R™ — X is a matrix, then V*V € R"™*", so Gaussian
elimination yields V*V = BR, Diagram 3.1 becomes

Rk
/"R (onto) B\
R"™ s imV*V C R"
Y s
imV C XL
B = [ VF, - Vg, ] consists of the pivot columns of
V*V,and B = [ Ujy o Uy, ] consists of the columns of

V' corresponding to the pivot columns of V*V.

The columns of R form a basis for im V* so the BR de-
composition provides a basis for three of the four fundamental
spaces for V. We only lack a basis for ker V*, which we are
not going to get in general, since ker V* may be infinite di-

mensional.
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3.2 Isometries and orthogonal matrices

Definition 3.2 An isometry QQ: I — X is a linear transfor-
mation from [ onto X that preserves distances, I.e.

1Q (v — w)|| = [|QV — Q|| = |[(T — )|

for all v,w € T.
Theorem 3.3 Q) is an isometry if and only if Q*Q) = idf.

Theorem 3.4 Suppose S: R — R¥ and T: © — X are
linear with adjoints satisfying S*S = T*T, and S is onto.
Then there is an isometry Q: R¥ — im T that makes the
following diagram commutative.

RFE
/s (onto) S* "\
R" iQ imT*T C R"
N "
im7T C X

For the following two resulting decompositions, we plot the
columns of S to obtain a picture of the columns of V =

sin?t cos?t | with (f, )y = [T f(t)g(t) dt.
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3.3 The QR decomposition

If V:R"™ — X is an isomorphism, then V*V: R" — R" is
a positive definite array, so it has an LDLYT decomposition,

T
v*v =LpL" = (vDL')" (VDL') = RTR.
Theorem 3.4 applies to yield the isometry () so that V' = QR.
R’I’L
/" R=\/DLT RT=LVD >
R" lQ R™

Y Ve

cos f

—_—
sin-f

> 3

The columns of V.
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3.4 The singular value decomposition

If V: R"™ — X is one-to-one, then V*V is symmetric and
positive definite, so it has an orthogonal diagonalization

(V*V) = PDPT = (ZPT)T (=PT),

where ¥ = /D, yielding the diagram below. The resulting
orthogonal matrix () satisfies V' = QX P, which is called
the singular value decomposition of V.

R’I’L

/ZPT (ZPT)T \

R"™ Lo R™
Y s
>
Example 3.5 For V = sin21>5 coszi , the columns of

Q = VP TS=1 turn out to be multiples of 1 and cos 2t.
Plotting the columns of £ PL yields this figure.
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-1L

The geometry of four vectors in im V.

Ll L] ] = %
The standard identities, 1 = cos®t + sin®t and cos2t =
cos?t — sin?t are evident in the figure.



