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SCATTERING BY A PERIODIC ARRAY OF SUBWAVELENGTH
SLITS II: SURFACE BOUND STATES, TOTAL TRANSMISSION,
AND FIELD ENHANCEMENT IN HOMOGENIZATION REGIMES*

JUNSHAN LINt AND HAI ZHANGH

Abstract. This is the second part in a series of two papers that are concerned with the quan-
titative analysis of the electromagnetic field enhancement and anomalous diffraction by a periodic
array of subwavelength slits in a perfect conducting slab. In this part, we explore the scattering
problem in the homogenization regimes, where the period of the structure is much smaller than the
incident wavelength. In particular, two homogenization regimes are investigated: in the first regime,
the width of the slits is comparable to the period, while in the second regime, the width of the slits
is much smaller than the period. By presenting rigorous asymptotic analysis, we demonstrate that a
surface plasmonic effect mimicking that of plasmonic metals occurs in the first regime. In addition,
for incident plane waves, we discover and justify a novel phenomenon of total transmission which
occurs either at certain frequencies for all incident angles or at a special incident angle but for all
frequencies. For the second regime, the nonresonant field enhancement is investigated. It is shown
that the fast transition of the magnetic field in the slits induces strong electric field enhancement.
Moreover, the enhancement becomes stronger when the coupling between the slits is weaker.
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1. Introduction. This is the second part in a series of two papers that are
concerned with the electromagnetic scattering and field enhancement for a perfect
conducting slab patterned with a periodic array of subwavelength slits. In the first
part [24], we investigated the field enhancement in the diffraction regime, where the
period of the metallic structure is of the same order as the incident wavelength. In
this paper, we explore the scattering problem in the homogenization regime, where
the size of the period is much smaller than the incident wavelength. We shall consider
two homogenization regimes. In the first regime, the width of the pattered slits has
the same order as the period of the slab (see Figure 2, top), while in the second
regime, the width is much smaller than the period (see Figure 2, bottom). The
studies are motivated by recent growing interest in extraordinary optical transmission
and strongly enhanced electromagnetic fields in subwavelength apertures or holes,
which could lead to potentially significant applications in biological and chemical
sensing, near-field spectroscopy, etc. [11, 13, 14, 15, 19, 28]. We remark that a similar
homogenization regime has been investigated for periodically arranged subwavelength
resonators such as plasmonic particles and bubbles in [4, 5], where the mechanism of
metasurface is explained. The reader is also referred to [23] for scattering and field
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Fic. 1. Setup of the scattering problem. The slits S are arranged periodically with the size of
the period d, and each slit has a rectangular shape of length £ and width €, respectively. The domains
above and below the perfect conductor slab are denoted as QT and Q~, respectively, and the domain
exterior to the perfect conductor is denoted as Qe, which consists of Se, QT, and Q~.

enhancement for a single narrow slit and [8, 10] for a closely related problem of
scattering by subwavelength cavities.

We now present the setup of the scattering problem. Figure 1 depicts the geometry
of the cross section for the metallic structure under consideration. The slab occupies
the domain {(z1,22) | 0 < x2 < ¢} on the x5 plane, where ¢ is the thickness of the
metallic slab. The slits, which are invariant along the x3 direction, occupy the region

Se = U:ozfoo(Ss(o) + nd), where d is the size of the period, and SO = {(z1,22) | 0 <
1 < €,0 < xg < £}. We denote the semi-infinite domains above and below the slab
by Q1 and Q~, respectively, and the domain exterior to the perfect conductor by .,
ie, Q. = QT UQ™ US.. We also denote by v the unit outward normal pointing to
the exterior domain Q% or Q.

The width of slit € is assumed to be much smaller than the thickness of the slab
£. For clarity of exposition, we shall set £ = 1 in all technical derivations. The general
case for £ # 1 follows by a normalization process and a scaling argument. Furthermore,
we assume that the size of the period d is much smaller than the wavelength A such
that the problem under consideration is in the homogenization regime. The following
two homogenization regimes are investigated here:

(H1) The scale of geometrical parameters are given by £ =1, ¢ ~ d < 1, and the
incident wavelength A ~ O(1) or A > 1. That is, ¢ ~ d < A. A schematic
plot of the geometry is shown in Figure 2 (top).

(H2) The scale of geometrical parameters are given by £ = 1, e < 1, d ~ 1 or
1<« d< A and A > 1. That is, ¢ < d < A. A schematic plot of the
geometry is shown in Figure 2 (bottom).

Assume that a polarized time-harmonic electromagnetic wave impinges upon the
perfect conductor from above. We consider the transverse magnetic (TM) case where
the incident magnetic field is perpendicular to the xixzs plane, and its x3 component
is given by the scalar function u? = e*("*1=¢(#2=1)) Here k = ksinf, ¢ = kcosb, k is
the wavenumber, and 6 is the incident angle. Throughout the paper, we assume that
0] < 6y < 5 for some  to exclude the case of grazing incidence angle. The total
field u., which consists of the incident wave u* and the scattered field w7, satisfies the
Helmholtz equation

(1.1) Au. + K*u. =0  in Q.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/25/18 to 131.204.236.156. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

956 JUNSHAN LIN AND HAI ZHANG

S
vmt

A

d

Fi1c. 2. Geometry of slits in two homogenization regimes. Top: £ =1, ¢ ~ d < 1, Bottom:
l=1.ek1l,d~1,0ord>1butd < A.

and the boundary condition

Ou,
ov

(1.2) =0 on0Q,.

We look for quasi-periodic solutions such that u.(zy,72) = €14, (21, x2), where .
is a periodic function with @.(x; + d, z2) = . (x1, z2), or equivalently,

(1.3) ue(x1 + d, x0) = emdus(zl,xg).

Define 9
n =K+ % and (k) = /k? — K2,
where the function f(z) = /z is understood as an analytic function defined in the
domain C\{—it : ¢ > 0} by
Vz= |Z‘%e%iargz
throughout the paper. Then it can be shown that the outgoing scattered field adopts
the following Rayleigh-Bloch expansion in Q1 and Q7 respectively (cf. [6, 7, 31]):

(1.4)
oo
” (CU1 x2 § us-‘r 1K T1+iCn T2 and u xl x2 E u57_6“‘7nwl zCnxz
) k)
n=—oo n=—oo
where u* are constants. The expansion (1.4) is usually referred to as the outgoing

radiation condition and is imposed for the scattered field in the two semi-infinite
domains. In sum, the mathematical model for the scattering problem is defined in
the domain €. and given by (1.1)—(1.4). Due to the quasi periodicity of the solution,
we will restrict  to the first Brillouin zone (—n/d, 7/d]. Such k is called the reduced
wave vector component [7, 31].

In this paper, based upon a combination of layer potential techniques and asymp-
totic analysis, we present quantitative analysis of field enhancement and anomalous
transmission behavior for the scattering problem in the above mentioned two homog-
enization regimes:
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(i) In the homogenization regime (H1), the asymptotic expansions of the dis-

persion relation and the associated eigenmodes of the structure are derived,
which demonstrate the existence of surface plasmonic effect mimicking that
of plasmonic metals. More precisely, the dispersion curve, which lies below
the light line with k(k) < ||, resembles that of surface plasmon polaritons of
metallic slabs made of noble metals, and the eigenmodes, which are surface
bound states along the boundaries of the perfect conducting slab, resemble
the plasmonic waves of noble metals. Therefore, the specific configuration
with € ~ d < X in this regime extends the frequency band for the surface
plasmon, which is originally supported on noble metals in an optical and near-
infrared regime, to the lower frequency regime where metals can be viewed as
perfect conductors. This is the so-called spoof surface plasmon in the physics
literature and has the potential for openning new opportunities to control
radiation at surfaces over a wide spectral range [14, 28].
We further derive the asymptotic expansion of the scattered wave field when
an incident plane wave impinges on the periodic structure. In such a scenario,
|k| = |ksinf| < k and the solution to the scattering problem (1.1)—(1.4) is
unique. Interestingly, it is shown that total transmission through the slab
structure can be achieved either at certain frequencies for all incident angles
or for all frequencies at a specific incident angle. We clarify that such perfect
transmission is not due to a plasmonic resonant effect or scattering resonance.
Instead, the former is related to as Fabry—Perot resonance associated with
the homogenized homogeneous slab, where all reflected waves from the slab
boundaries interfere destructively [33], while the latter can be attributed to
the Brewster angle effect [2, 3].

(ii) In the homogenization regime (H2), we show that there exists no complex
resonance or real eigenvalue, and the scattering problem (1.1)—(1.4) attains
a unique solution. We derive the asymptotic expansion of the wave fields
and show that although no enhancement is gained for the magnetic field, a
strong electric field is induced in the slits and on the slit apertures. Such field
enhancement is induced not by resonances but due to the fast transition of
the magnetic field in the slits. In addition, we discuss the enhancement with
varying period d. We show that as the period d decreases and the coupling
between the slits is stronger, the field enhancement becomes weaker.

The rest of the paper is organized as follows. We begin by introducing layer po-
tentials for the scattering problem and presenting the asymptotic expansion for the
solution to the scattering problem in section 2 for both homogenization regimes. The
quantitative analysis of anomalous transmission and field enhancement behaviors is
presented in sections 3 and 4 for the homogenization regimes (H1) and (H2), respec-
tively. The paper is concluded with some remarks about ongoing and future works
along this direction in section 5.

2. Boundary integral equations and the solution to the scattering
problem.

2.1. Layer potentials and boundary integral formulations. In this section,
we collect some preliminaries on the layer potentials and boundary integral formula-
tions for the scattering problem. The reader is referred to the first part of this series
[24] for the proof. For a given k € (—n/d, n/d], let

1
Cn (k)

etrn (@1—y1)+iCn (k)2 —y2|
b

d _ d . __i -
@D g'wy) =g yin) = —55 n;oo
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where

2
R,szs—k% and (,(k) =

VE? — K2, |kn| <k,
in/K2 — k2, |kn| > k.

It is clear that g%(z,vy,x) is the quasi-periodic Green function which solves the fol-
lowing equation:

Ag(x,y: k) + kg (x,y;5) = 70N T ey~ —nd)d(a2 —y2), x,y € R,

n=—oo

The exterior Green function g¢(z,y) = ¢g¢(z,y, k) in domain QF U Q™ with the

Neumann boundary condition %ﬂf’n) =0on {y2 =1} and {y, = 0} is then given

by g¢(z,y) = g% (x,y, k) + g% (', y, k), where

i (@1,2 =) ifx,y € QF,
r= (z1,—m2) ifz,yeQ .

The Green function gt (z,y) that solves
Agi(z,y) + kK g(z,y) = 6(x —y), w,ye S,

with the Neumann boundary condition may be expressed as

oo

m,n=0

where ¢, = m, Gmn = / “2n cos(TZHL) cos(nmag) with the coefficient

To formulate the boundary integral equations, we consider the reference cell
QO = {z € R* | 0 < x; < d} as shown in Figure 3. Denote the upper and

lowers apertures of the slit Séo) in Q© by I'f and T'Z, respectively (see Figure 3).

A !
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2 o © :xlzd

1
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FIG. 3. Problem geometry in one reference period Q(0),
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LEMMA 2.1 (see [24]).  Let uc(x) be the solution of the scattering problem
(1.1)~(1.4); then

D) ,
ue(z) = /F+ 9% (z,y) ?;yiy) dsy +u' +u" forz e QO Nt

Oue _
ue(x) = —/F g%(z,y) l(‘;y(gy) ds, forx e Q9 na,

. u. i Ou.
wle) = [ atton T, — [ giton P s, for e s,

Here u" = ve1+C(x2=10) s the reflected field by the ground plane {xo = 1} without
slits.

Based upon Lemma 2.1 and the continuity of the single layer potential, we obtain
the following boundary integral equations defined over the slit apertures I'F.

LEMMA 2.2. The following hold for the solution of the scattering problem
(1.1)—(1.4):

(2.2) u(x) = / g°(z,y) Ou<(y) dsy +u' +u" forx el
rt 0y
(2.3) ue () = —/ 9%(z,y) Oue(y) dsy forxel,,
- Y2

€

o duy) L duly) ]
) w@) = [ oo, - [ o) Pds, forw DI 0T

An application of the above lemma leads to the following system of integral equa-

tions:
Jue(y) / ; duc(y)
¢ d ¢ d
/1_‘;r g ($7 y) 31,/2 Sy + I‘;r gs(x7 y) ay2 Sy

, 9 .
—/ ge(z,y) ug(y)dsy—i—u’—i—urzo on I'f,
re

€

0ya
e Ouc(y) / ; Oue(y)
/FE 9°(z,y) 995 dsy + - ge(x,y) 95 dsy

: duc(y) _
— 1 € d :0 F .
/rsga(”j’y) oy T

PROPOSITION 2.3. The scattering problem (1.1)—(1.4) is equivalent to the system
of boundary integral equations (2.5).
It is clear that
Ou, _ Ou.
ov r+  Oys

(2.5)

ou,

Ou,
(yl ) 1) ) O -

ro B 892

(ylvo), (Ui—'_ur)‘l"g' ZQeiH;pl.

The above functions are defined over the slit apertures with width ¢ < 1. We
rescale these functions by introducing X = x;/¢ and Y = y; /¢, and we define

Oou, .

P1(Y) = =Y. 1)
Ou, )
QDQ(Y) = 8y2 (5Y7 0),

f(X) = (u' +u")(eX,1) = 2e™eX,
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GLX)Y) = GUX, Y, k) :=g°(eX, 1;eY,1) = g°(eX, 0;€Y,0)

_ _i i 1 einns(XfY),
d, = (k) ’

GLX,Y) :=gi(eX,1;¢Y,1) = gt (cX,0;¢Y,0)

= Z cm”:m” cos(mmX) cos(mnY);
m,n=0
éé(X, Y):= gé(eX, 1;eY,0) = gz(sX,O;sY, 1)
i (_1)ncmnamn

€

cos(mnX) cos(mnY).

m,n=0

We also define three boundary integral operators:

(2.6) (T*0)(X) = / GE(X,Y)p(Y)dY X € (0,1);
(2.7) T)x) = [ GUX.YV)pV)dY X € (0,1)
(2.8) (T@:)(X):/O GLX,Y)p(Y)dY X €(0,1).

By a change of variable 1 = ¢X and y; = €Y in (2.5), the following proposition
follows.

PROPOSITION 2.4. The system of equations (2.5) is equivalent to the following
one:

"2 2] [0

2.2. Asymptotic expansion of the boundary integral operators. We in-
troduce several function spaces that are used throughout the paper; see also [24]. Let
H?*(R) be the standard fractional Sobolev space for s € R. For a bounded open
interval I, define the Hilbert spaces

H(I):={u=U|; | U € H*(R)}

and
H(I) == {u=U|; | U € H*(R) and suppU C I}.

Then H*(I) is the dual of H*(I). For simplicity of notation, we denote V3 = H~2(0,1)
and Vo = H2 (0,1). The duality between V; and V5 will be denoted by (u,v) for any
u€eVy,veVs.

Let us define the operator P : V; — V5 by

where 1 is a function defined on the interval (0,1) and is equal to one therein. Then
1 € V5 and the above definition is valid.

To obtain the solution of the scattering problem, we begin with the asymptotic
expansion of the integral operators T, T%, and T?. First, the kernels G%(X,Y) and
C;”s(X ,Y) attain the following asymptotic expansions.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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LEMMA 2.5. Let

(2.11) 6i(k,5):COtk 2ln2 4 1

e T Tr o B(k’e):(ksinkz)d

o (S22 e (o (552

GLUX,Y) = B'(k,e) + p'(X,Y) +ri(X,Y),
GUX,Y) = B(k,e) +7-(X,Y).

(2.12) PH(X,Y) = % [m (

If ke < 1, then

Here ri(X,Y) and 7-(X,Y) are bounded functions with
ri~ O((ke)?)  and 7o ~ O(e /%)

for all X,Y € (0,1).
The proof of the lemma can be found in [23, 24].

LEMMA 2.6. Assume that k € (—n/d,7/d] and k ~ O(1) satisfying |k/Vk? — K2|
< C, where C is a positive constant. Then the kernel GE(X,Y) attains the following
asymptotic expansion in both homogenization regimes (H1) and (H2):

where B¢(k, k,d, €) is independent of X andY , p¢(X,Y;k, k) is a function independent
of €, and r¢(X,Y) is a bounded function with r¢ ~ O(r(g)). In addition,

r(e) >0 as e —0.

(1) In the homogenization regime (H1),

1 m
2.14 (k,k,de) = ~In2— ——1
(215) (X, Y ik, k) = 2 In[sin(rn(X — V)| + —TL_ (X — V),
Vs k2 _ K/Q

where n = ¢/d. In addition, r(¢) = ¢ if k # 0 and r(e) = &% if k = 0.
(2) In the homogenization regime (H2),

(2.16)
1 ﬂ 1 1 i = 1
ek r.d =1 In2+1In— o I A
ﬁ(ﬂ‘@ aE) W(ns—i—n +nd)+ 271'Z|n‘ d Z Cn(k)
n#0 n=-—-0o0
and
1
(2.17) pe(X,Y;k,KJ) = *hl(‘X - Y|)
Vs

In addition, () =€ if kK #0 and r(e) = e?Ine if K = 0.

Remark 2.1. In the above, the expression

1 1 i = 1
2 2Tl 4,2 G
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3 (11 i 1 ) i
o 2 In|  d (k) d Co(k)’
where the series is convergent. Hence, the scalar function f.(k, k, d,€) is well defined.

is understood as

Proof. We derive the asymptotic expansion for the kernel G¢ when £ = 0. In the
homogenization regime (H1), we have kd < 1. Therefore,

1 einna(X—Y) _ ud 271'71 (X-Y)

;Cn(k) T oor o lnly/1- kd/27m
13- (2m=1) [ kd \*™\ j2za.x_y)
Z|n|< Z 2mm) (27rn> >e ’
Z 271-n )
Inl

2m
id ¢~ 1-3-(2 mol) g (KT L ey
o = 2mm) = 21 [n|

= % In (4sin®(mn(X - Y))) + O(k*<?),

where we have used the formula (cf. [18])

Z ieithE(X*Y) =In ( 4sin® meX —Y) .
] d

n#0
Therefore,
i = 1
G° X Y eznna(X—Y)
XY=0 2w
7 1

= + —In (4sin?(mn(X — Y))) + O(k%?).
CO( ) 2 ( ( 77( ))) ( )

The desired asymptotic expansion follows.
In the homogenization regime (H2), we have k¥ < 1 and ¢ <« 1. Applying the
Taylor expansion yields

Z - 1 ikae(x-yy _ _id i ZEmE(X-Y)

2m 5 Inly/1 - k;d/27rn
2m
Z Z 1-3---(2m—1) (kd i ZE(X YY)
|n| — 2mm) 2mn
By the formula
— Z iei%a(x_y) = In ( 4sin? me(X -Y) ,
n| d
n#0
and noting that for m > 1 (cf. [20]),

Z |n‘2m+1 Z in |2m+1 O(EE*™(X —Y)*) In(e(X —Y)),

n#0 n#0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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we obtain

Z 1 ei/{ns(XfY)

— ;ﬁ In (4sin2 7T€(X_Y)>

T d
id 1-3---(2m—1) kd\*" 1 )
B Y =) ——— 4+0(%e).
o 2mim] Z(%) i T O(E e
m=1 n#0
id 1

=—In (4 sin +O(e?Ine)

27

eSS 1 L
d 2m \ & Inly/1— (kd/2mn)?  |n]

i L me(X —Y)\ | id = 1 1 ,
=5 In <4sm — > + 5 Z B —1—27@(]6) + O(e” Ine).

The desired asymptotic expansion follows by noting that ¢ < d and using the expan-
sion

i e~ 1 i 1 1
Ge X7Y — _ _ e’LKnE(X—Y) - _ _ + e“ﬂnE(X—Y)
((X,Y) d n;m o (k) d \ ¢o(k) ;0 Cu(k)

Following similar procedures as above, the asymptotic expansion of the kernel for
k # 0 in both homogenization regimes can be obtained, by noting that

i 1 ) )
v b ike(X=Y) . _ 2 2
e =——— (14+ike(X =Y)+£r"-0(e)). O
d Co(k) kg_mgd( ire( ) ( ))

Let
(2.18) B=p"+p°,
where (3 is defined in (2.11), and 3¢ is defined by (2.14) and (2.16) for two homoge-
nization regimes, respectively. Set
p(X,Y k) = p'(X,Y) + p*(X, Y K, k),
Poo(X,Y K k) = r8(X,Y) +7¢(X, Y5 k,y k),
Poo(X,Y) =7 (X,Y),

where p’ is given by (2.12), p© is given by (2.15) and (2.17) for two homogenization

regimes, respectively, and r, 7., and r¢ are the high-order terms as specified in
Lemmas 2.5 and 2.6. We define three integral operators K, K, K by letting

(2.19) (K)(X) = / p(X.Y k. R)p(Y)dY, X € (0,1);
(2.20) (Kaf)(X) = [ on(XYskm)(V)Y, X € (0.1)
1
(2.21) (Roe 9)(X) = / P (X, V)p(V)AY, X € (0.1).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Remark 2.2. Note that in the above, the function § and the kernels of the integral
operators p, poo, and poo take different forms in the homogenization regimes (H1) and
(H2). Here and henceforth, we adopt the same notation for the sake of presenting a
unified asymptotic framework for the scattering problem (see section 2.3). However,
their values should be clear from the context.

LEMMA 2.7. Let the assumption in Lemma 2.6 hold; then in both homogenization
regimes, the operator K is bounded from Vi to Vo with a bounded inverse. Moreover,

a(k, k) := (K~1,1) is a real number and a(k, ) # 0.

Remark 2.3. « takes different values in the two homogenization regimes. It de-
pends on k, k in the former homogenization regime, and is independent of k£ and x in
the latter. For ease of notation, we will simply denote it as « in the rest of the paper.

Proof. The proof for the homogenization regime (H1) is postponed to the ap-
pendix. For the homogenization regime (H2), recall the kernel of the K takes the

form
() e (5]

which is independent of k, k. The proof can be found in Theorem 4.1 and Lemma 4.2
of [8]. O

LEMMA 2.8. Let the assumption in Lemma 2.6 hold; then the following holds for
(H1) and (H2):
(1) The operator T¢ + T admits the following decomposition:

1 1
(X, Yk, k) = 1n|XY|+{ln<
T ™

T°+T'=BP+ K+ Kn.

Moreover, K is bounded from Vi to Vo with the operator norm || K| < r(e)
uniformly for bounded k.
(2) The operator T* admits the following decomposition:

i = P+ Re,

Moreover, Ko, is bounded from Vi to Vi with the operator norm ||Kul|| <
e~/ uniformly for bounded k.

Proof. From the definition of 7¢ and T*, the kernel of T¢ + T% is G¢(X,Y) +
GL(X,Y). By the asymptotic expansions of the kernels in Lemmas 2.5 and 2.6, it is
clear that

GUX,Y)+GLUX,Y) = B+ B+ p°(X, Yk, k) + p (X, Y) +7E(X, Y3k, 5) +72(X,Y)
=B+p(X, Y5k, k) + poo (X, Y).

The assertion (1) then follows from (2.19) and (2.20). The proof of (2) follows by
using the decomposition

GUX,Y) = B(k,e) +7(X,Y) = Bk, ) 4 poo(X,Y). 0
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2.3. Asymptotic expansion of the solution to the scattering problem.
For both homogenization regimes, we define

_[BP P [ Ko Ko [ f/e _
p[BP /pr Km[K_m Koo]’ f{ 0 ] and L = KI+ K.

Then from the decomposition of the operators in Lemma 2.8, we may rewrite the
system of the integral equations (2.9) as

(2.22) (P+L)p=f.

Next, we derive the asymptotic expansion of the solution ¢. By Lemma 2.7, it is also
easy to see that IL is invertible for sufficiently small . Applying the Neumann series
yields

L= (KI+Kee) ' = [ Y (-1 (K 'Kee) | K' = K7+ 0 (r(e)).
j=0
Therefore, the following lemma follows immediately.
LEMMA 2.9. Let e; = [1,0]T and ex = [0,1]T. Then

(2.23) L'e; =K '1-e+0(r(e)), L 'es=K'1-es+0(r(c)),
and
(2.24) (L7 'ej,e1) =a+0(r(e)), (L7'ei,ep) =0(r(e)).

Here « is defined in Lemma 2.7.
LEMMA 2.10. Let e; = [1,0]7 and ex = [0,1]T. Then

<]L71e1, e1> = <L71827 82>, <L71817 82> = <]L7162, e1>.
Proof. Let L™'e; = (a,b)”. Then L(a,b)” = e;. More precisely,

Ka+ Kooa+ Koob =1,
Kb+ Koot + Koob = 0.

It follows that L(b,a)” = eq, or equivalently,
LileZ = (ba a)T7

hence the two identities hold. ]
By applying L.™! on both sides of (2.22), we see that

(2.25) L'Pp+e=L""f.
Note that

P o = B(p,e1)er + B(p, e2)es + B, e2)er + Blip, e1)e;
the above operator equation can be written as

(2.26)
Blp,e1)L e + B, e2)L " es + B, e2)L " er + Blp,e1)L ey + ¢ = L7'f.
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By taking the inner product of (2.26) with e; and eq, respectively, it follows that

(2.27) (M+1) { é:ﬁ: 22 } - { %j?g;i } ,

where the matrix M is defined as

@29 m=s| (g o) ey ]|+ 8| here) Weren )

From Lemma 2.10, it is observed that
N ~ 101 <I[f1e1,e1> <L*1e1,e2>
M = (B—i—ﬁ |:1 0:|) [(Llel,e2> <L*1e1,e1> ’

A straightforward calculation shows that the eigenvalues of M + I are

(2.29) M(k;g,de) =1+ (8+ ,5’) ((]L_lel,e1> + <]L_1e1,e2>) ,
(2.30) Ao(k; i dye) = 14 (5 = B) (L7 Mer,er) — (L7 er )
and the associated eigenvectors are [I  1]7 and [I —1]7, respectively. For simplicity

of notation, let us define
(2.31) p(k;k,d,e) := el (k;r,d,e) and q(k;k,d,e) :=era(k; K, d, €),

which will be used throughout the rest of the paper.
Solving (2.27) leads to

e o] -ene (008

By substituting into (2.25), we obtain the solution to the integral equation system

(2.9):

(2.33) p=L7"f - [L7%1 L7'e {g g} M+ D~ [%jg;” '

LEMMA 2.11. Assume that k € R™T is not a singular frequency. Let k = ksin 0,
where 0 is the incident angle. Then the following asymptotic expansion holds for the
solution ¢ to (2.9) in Vi x V1 in both homogenization regimes:

[0

o= K1k 00) o1+ S o)+ Serea)] + (24 2) - 000) +0(r(0)
Moreover,

e o] -eroeen G5 A])

Here o is defined in Lemma 2.7, and p and q are defined by (2.31).

Proof. For given k and k, we see that ¢ := vk? — k2 = kcosf. Thus k/¢ = tan 6
is bounded and the assumption in Lemmas 2.6 and 2.8 holds. Note that the matrix
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M + 1T has two eigenvalues A; and Ay given by (2.29) and (2.30), which are associated
with the eigenvectors [1  1]7 and [1 — 1], respectively. Therefore

1 11 1 1 -1
-1 _ L
o+ = o[+ on | 4 T
Substituting into (2.32) and (2.33) yields

(23] so e[ s - 4]

and
1— /(L™
P = L7if + 1/ 2>\e1,e1 +e3) (]L_lf,el +e2> . (]L_lel —HL_leg)
1
1—Xo(k,e)/(L " e1,e1 +e2) , _ _ -
(2.35) + 2( 62)>/\i(k ge)l - 2><L 'foer —eg) - (L7'e; — L 'ey).

From the Taylor expansion of f and the asymptotic expansion of the operator
L~! in Lemma 2.9, we can obtain the desired asymptotic expansions for ¢, (p,e;),
(¢, ez). This derivation is similar to Lemma 3.5 of the first part of this series [24],
and we omit here. ]

2.4. An overview of diffraction anomaly and field enhancement. From
Lemma 2.11, we see that the solution ¢ to the system of integral equations (2.9)
depends on the two functions p and ¢. In the rest of the paper, we investigate their
properties in both homogenization regimes and explore the anomalous behaviors and
field enhancement for the scattering problem.

In the homogenization regime (H1), we will shown that for each &, there exist
roots for p(k; k,d,e) = 0 and q(k; k,d,e) = 0 such that the homogeneous scattering
problem attains nontrivial solutions. These roots give the dispersion relation of the
surface modes of the underling periodic structure. Very interestingly, the first branch
of the dispersion curve k(x) and the corresponding surface modes resemble those of
surface plasmon polaritons of metallic slabs made of noble metals. This is the so-
called spoof surface plasmon [14, 28]. It extends the frequency band for the surface
plasmon, which is originally supported on a flat noble metal in an optical and near-
infrared regime, to the terahertz or lower frequency regime where metals are nearly
perfect conductors. We will derive the asymptotic expansions for the dispersion curve
and the associated eigenmodes in section 3. A discussion of the surface plasmonic
effect will also be presented. It is also demonstrated that total transmission can be
achieved. More precisely, for an incident plane wave, there exist certain frequencies
such that no wave is reflected, and all electromagnetic energy passes through the slab
in the limit of ¢ — 0. Such a phenomenon also occurs for all frequencies at a specific
incident angle. These results will also be reported in section 3.

In the homogenization regime (H2), it will be shown that no roots exist for
p(k;k,d,e) = 0 and q(k;k,d,e) = 0, and the periodic structure supports no sur-
face modes or resonance modes. However, significant electric field enhancement still
occurs in and near the slits. These will be investigated in section 4.

3. Homogenization regime (H1): Surface bound states and total trans-
mission. In the homogenization regime (H1), the scale of parameters is given by
e ~d < 1 (Figure 2, top). We adopt the notation 7 := ¢/d for the ratio between
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the slit width and the size of the period. We derive the asymptotic expansions of
the dispersion relation and the corresponding eigenmodes of the periodic structure
in sections 3.1 and 3.2. The effective medium theory for the periodic structure as
€ — 0 is presented in section 3.3, which recovers the leading order of the dispersion
relation given in section 3.1. A brief discussion on the surface plasmon effect of the
perfect conducting slab with slits and that of the plasmonic metallic slab is given in
section 3.4.

The other phenomenon induced by the given periodic structure is the total trans-
mission through the small slits when an incident plane wave impinges on the slab.
This occurs either at certain frequencies for all incident angles or for all frequencies at
a specific incident angle. More precisely, no wave is reflected, and all electromagnetic
energy passes through the slab in the limiting case of ¢ — 0. We derive the field
pattern above and below the slab for the scattering problem in section 3.3 and discuss
the total transmission phenomenon in section 3.5.

3.1. Asymptotic expansions of the dispersion relation. To obtain the dis-
persion relation, we consider the homogeneous scattering problem with incident wave
ut = 0. By (2.22), the homogeneous problem is equivalent to the operator equation

(P+L)p=0.

In light of (2.27), this reduces to

man | {25 ] =0

where the matrix M is defined by (2.28). Therefore, the characteristic values of the
operator-valued function P+ L, or equivalently the singular frequencies, are the roots
of \i(k;k,d,e) and A\y(k;k,d,€), the eigenvalues of M+ I. Then one only needs to
solve p(k; k,d,e) = 0 and q(k; k,d,e) = 0 to obtain the singular frequencies.

In light of (2.29), and the definition of 8 in (2.18), and Lemma 2.9, we may
explicitly express p as follows:

. B cot k 1 ) 3In2 1 1

p(k;k,d,e) = e+ K A +k;sink:_ k2—/£2>+ - s] ((]L e, e)+ (L e1,e2>)
cot k 1 mn 3ln2

1 = _
(3.1) €+K k +ksink’ k2—li2)+ - E:|(OL+S(€)),
where s(g) ~ O(r(¢g)). Similarly,

cot k 1 m 3In2

(3.2) q(k;k,d,e) = e+ {( Pl k2n2)+ - 5] (a +t(e)),

where t(g) ~ O(r(g)). First, we investigate the roots for the leading-order terms of p
and q.

LeEMMA 3.1. For each k,

cot k 1 m
k, k) = + - =0
cx(h k) = ==+ o N

attains real roots ki,o(”) (m=0,1,2,...,M*). In addition,
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57 57t
k=k k=~
4n an
37 37
k k
27 27
0 . . . 0 . . .
0 57 K 107 157 0 57 K 107 157

FIG. 4. Root of c+(k,k) = 0: k = ¢T (k) = k\/1 +n2tan2(k/2) (left), and root of c_(k, k) = 0:

k= ¢~ (k) = ky/1+n?cot2(k/2) (right).

(i) 0< k(jfo(/c) < kfo(/@) < < kjj\[/[iﬁ(n) < x|,
it) for each m, k= ,(k) is a continuous and monotonic function of &,
m,0
(iii) as |k| — oo, k:;ﬁo(n) — mm and k,, (k) = (m + )7 if m is odd, and

k’rj;,O(K) = (m+ )7 and k,, (k) = (m + 2)7 if m is even.

m,0

Proof. Solving ¢4 (k, k) = 0 yields

K =t¢y (k) =+t k\/1+n2tan(k/2), k> 0.

Without loss of generality, we consider k > 0 and k = ¢ (k).
Decompose the domain of the definition for ¢ (k) as nonoverlapping intervals:

e}

D(¢p4) = U ([Qmﬁ, (2m + 1)) U (2m+ L), (2m + 2)71')).

m=0

Then for k € [2mm,(2m + 1)7), ¢4 (k) is monotonic increasing and its range is
[2m, +00) (cf. Figure 4). Therefore, the inverse

(p4)~ " [2mm, +00) = [2mm, (2m + 1))

exists, which we denote by k3, o(x). It is clear that kj,, ,(x) is continuous and
monotonic. Furthermore, k‘;m,o(/ﬁ) € [2mm, (2m+1)m) and k3, o(k) < k. As k — o0,
it follows that k3, (k) = (2m + 1)m.

Similarly, ¢, (k) is monotonic decreasing in the interval ((2m+1)7, (2m+2)7) with
range ((2m+2)m, +00) (cf. Figure 4). The inverse (¢ )~ ! also exists and is denoted by
k3 i1.0(k). We have k:;'m_‘_l,o(/f) € ((2m+1)7, (2m+2)7) and |k, o(%)| < k. The
continuity, monotonicity, and asymptotic behavior of the function are straightforward
to derive.

Since the range of k3, o(x) and k3, ., o(x) does not overlap for different values
of m, we may arrange the roots such that 0 < k‘S:O < k‘fo << kJT/I,O < K. Similarly,
by solving c¢_(k, k) = 0 we obtain

k=x¢_(k):=Lk\/1+n2cot?(k/2), k>0.

An analogous argument as above leads to the assertion for the roots of ¢_(k,x). 0O
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Next we derive the asymptotic expansion of the roots for p and q. Note that
kd < 1 in the homogenization regime (H1); we may restrict the discussion in the
bounded domain Dy := {z : |z| < M} on the complex k-plane, where M > 0 is a
fixed constant. In addition, for a given k, p and ¢ are analytic with respect to k in
Dy except for the cut-off frequency k = k; thus we consider k£ which is away from
this cut-off frequency. To this end, let us define the domain

Dysv ={z: |2| < M}\Bs(k),

where 4 is a positive constant and Bj(z) is the disk with radius § centered at z on the
complex plane. Let ki,o be the roots of ¢4 (k,x) = 0 as given in Lemma 3.1. Note
that Oxcy (k i 0, k) = 0 only if K = 0 or Ox¢* (km.0) = 0. They hold on a countable set
on the (k, k)- plane, as observed from the definition of ¢* (k) and Figure 4. If k,, o €
Dy, 5,0, we obtain the following asymptotic expansion in the neighborhood of ki

THEOREM 3.2. For each K, if kmo € Dy sm and 8kci( .00 k) # 0, then in the
neighborhood B(;/Q(ki), the roots of p(k;k,d,e) = 0 and q(k;k,d,e) = 0 have the
following asymptotic expansion:

(33) kit =k (ne) =k o() + 8kci(k1:3§,0,n) <o¢(k£0,n) N 31:2> e+ 0(2).
Note that
p=cy(k,k)alk, k) + 3111#5 +e+0(s(e)),
g = c_(k, m)alk, k) + 31“#5 +e40(t(e),

and kE o are roots of the leading-order terms cy(k,x) = 0. Hence the proof of the
theorem follows the same perturbation argument as the one for Lemma 4.2 in [24],
and we do not repeat it here.

Remark 3.1. For a given k, from Lemma 3.1, we have \ki)o(nﬂ < |k|. By assum-
ing that ki, o is away from the cut-off frequency such that ky, o0 € Dy s.01, |k (k)] < |K]

holds true for kX obtained above.

Remark 3.2. Since both ey (kZ 00 k) and alkE 0, k) are real numbers, kE o and
the O(e) term in the above asymptotic expansion are real. In fact, since \k | < ||,
it can be argued by the variational method that k- are real eigenvalues. We refer
to section 4.2 of [24] for a complete discussion. Therefore, the O(¢?) term in the
asymptotic expansion is real too.

3.2. Asymptotic expansion of eigenmodes and surface bound states.
For a given k, recall that the eigenvectors for the corresponding two eigenvalues of
M+ Tare [l 17 and [I — 1]T. Therefore, if k is an eigenvalue of the scattering
operator such that Ay = 0 or Ay = 0, the solution to the homogeneous linear system

man | {25 ] =0

o] =a i) w02

respectively, for some constant ¢; and cs.

is given by

|
Q
[\
—
| =
—_
[E—
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We derive the eigenmode of the homogeneous scattering problem. Without loss of
generality, let us set ¢; = ¢y = 1. First consider the far-field zones Qf = {z | x5 > 2}
and Q7 := {z | 2 < —1} above and below the slab, respectively. By the quasi
periodicity of the solution, we may restrict the discussion to the domain Qi N 0O,
Observe that the scattered field

(3.4)

s e au€(y) ! e + (0)
ug(z) :/F+g (z,y) £y dsy = —5/0 9¢(z, (Y, 1)p1(Y)dY, ze€Q NnQ™.

Let k =k}, then (p,e;) = 1. In addition,

(3.5) 9°(z, (Y1) = ¢°(,(0,1)) (1 + O(e))  for z € Qf NQ,
and we obtain

(3.6) ud(z) = —e (1+0(e)) ¢°(z,(0,1)) forz € Qf NQO.

Note that x, ~ O(1/¢) and ¢, (k) = \/k? — k2 ~ O(1/¢e) for n # 0, since d ~ ¢.

Therefore,

e _ d _ Z - 1 i”n(lﬂ )+7f<n(kj;)|x _ll
9°(x,(0,1)) = 2¢%(x, (0,1)) = ~3 _Z me ' :
n=-—oo
i 1 1RT1+1 To— —2mn/e-|xo—
(3.7 :,gco(k;cb)e iiCoB)ea=1l 4 g(e=2mn/elz2—1ly,

Substituting into (3.6) and using the fact that |x| > k! yields that

(3.8)  ui(w) = —— iV =(ED -1 | O(e)  for z € QF NQO.
K2 — (k)2

Similarly, by using (¢, e3) = 1, we have

(3.9) ul(z) = ——beirm VR =(E) 22| 4 O(c) for 2z € Q7 NQO.
K2 — (kih)2

Namely, the eigenmode is a surface bound-state mode that decays exponentially above
and below the slab. The same holds for the eigenmode corresponding to k = k.

In the reference slit Séo), by noting that

Au + k*u. =0 in S§°),
Ou,
81‘1

=0 onz =0, 1 =¢,

we may expand u. as the sum of wave-guide modes as follows:

(3.10)
u(z) = aoeisz + boeik(l—wz) + Z <am€_kém>m + bme_k(zm)(l_w?)) oS w7
3
m>1
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where kém) = +/(mm/e)? — k2. Taking the derivative of (3.10) and evaluating on the
slit apertures, it follows that

2 m>1 3
0 4 -
(3.12) &(m,O) = ikag — ikboe'* + Z (_am + bme—kg ’) ké ) eog TEL.
ax2 m>1 3

For k =k}, recall that
(p,e1) = (p,e) = 1,
and from (2.26),
p=—(B+B)(L "er + L "e).
Therefore, it can be shown that
—ik —ik

aozaa':ei b0:b+:(1€_7€ik)’
and

lam| < C/m,  |bom| < C/vm  for m > 1.
A similar calculation for k = k|, leads to
—ik ik

&
bop=b, = ———~.
070 T T 1 eth)

0= o = (g Ry

0),int

Therefore, for a given k, the eigenmode in the slit region S&E ={z e Séo) | o2 >

g,1 — x5 > e} adopts the following asymptotical expansion:
’U,E({L‘) _ a(:)l:eikxg + b(:)l:eik(l—xz) +0 (e—l/e)

for the eigenvalue k = kt.

3.3. Homogenization and effective medium theory. As ¢ — 0, by the
homogenization theory, one expects that the scattering by the slab with an array of
slits is equivalent to the scattering by a homogeneous effective slab. To this end, let
us consider an incident wave u? = e!("*1=¢(@2=1)) where k = ksinf and ¢ = kcos6,
that impinges on the slab. We calculate the total field u. in the far-field zone. This
procedure is parallel to the one presented in section 3.2. First, it is clear that the
scattered field u? is given by (3.4) in QF N Q). Using the asymptotic expansion of
the Green function (3.5), it follows that

ul(z) = —e(1+0(e)) - g°(x, (0,1)) - /1 ©1(Y)dY  forz € Qf nQO,
0

An application of the asymptotic expansions for the Green function in (3.7) and
(p,e1) in Lemma 2.11 leads to

(313)  wl(e) = —¢(1+0()- (—;Coimemﬁ“o“ﬂml + O(el/f)>
(a+0(r(e))) <; + ;)
_ e 1.1 . girzi((z2—1)) |
o (p+q> (1+0()).
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\\\ ui _ Ioei(/cxl—g“xz)

F1c. 5. The effective layered medium as € — 0.

Therefore, by virtue of Lemma 2.1 and the relation € = nd,

ue(z) = u'(z) + [1 + % . ( + ) (14 O(E)):| ettret @z =0) for e O NQO,

p g
A straightforward calculation based on (3.1) and (3.2) gives

1 1 202k —i-2¢n - k*tank
B (T 1+0(e)).
o (3+3) = s =t 20 (0

We substitute the above into (3.13) and obtain
(3.14) uc(z) = u'(z) + R - @) for 2 e 0F N QO
where the reflection coefficient

- (—C? 4+ n?k?) tan k
(3.15) Ro - =C Ak tan (1+0(e)).

—i- (C+12k2) tank + 2Cnk
Similarly, it can be obtained that the transmitted field below the slab is
(3.16) ue(z) =T - ™16 for € Q7 NQO),

where the transmission coefficient

2¢nk
—i - (C2 +n2k?)sink + 2({nk cos k

(3.17) T = (1+0(e)).

Now let us derive the effective slab as € — 0. Denote the relative permittivity
and the permeability of the effective medium in the slab by 7 and [, respectively, and
consider the layered medium as depicted in Figure 5. The corresponding scattering
problem is formulated as

1
(3.18) V. (Vu> + k2 pu = 0,
T
where
1, x> 1lorzs <0, 1, g > 1loraxy <0,
T(x1,22) =4 and  p(zy,z2) =<
T, 0<z <1, i, 0 <x9 < 1.

We look for 7 and [z such that the associated far-field u recovers the leading-order
term of the far-field u. given by (3.14)—(3.17).
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THEOREM 3.3. Let

e and [ =
T = 0 1/7,] N’f’na

and let vt = Ipe'(vo1=C(@2=1) “yphere k = ksin @ and ¢ = kcos b, be the incident wave.
Then the total field for the scattering problem (3.18) has the following form:

Ioez'(mcl—{(acg—l) _i_Roei(mr:l+C(902—1))7 Ty > 1,
U($1, Z2) = .
Tyeilrer—C2), T2 < 0.
The reflection and transmission coefficients are given by

Roe i (= +n%k?) tank
0720+ 2k2) tank + 2(nk

B 2(nk I
R (€% + n2k2)sink + 2¢nk cos k 0

IOv

Proof. If T and p are given as in the theorem, then the solution to the scattering
problem can be written as follows in each layer:

Ioei(mcl—((:cz—l)) + Roei(rmcl-i-C(acz—l))7 Ty > 1,

u(z1, ) = { gteilkmthaz) a~etlnr—kea) 0 <y <1,
Toei(mmewz)’ zg < 0.

By imposing the continuity conditions along the interfaces o = 0 and z2 = 1,

u(z1,0-) = u(x1,04), Opul(xr,0=) =ndy,u(z1,0+);
u(zy,1=) = u(z, 14), Op,u(xy,1=) = ndp,u(xy,14),

we obtain the following linear system for (Rg,To,a™,a™):

at +a =Ty, —i(Ty = ink(a™ —a™),
e*at +c7*aT = Iy + Ry, ink(e*at —e *a7) = i¢(—=Iy + Ro).

This can be further reduced to the following system:

(3.19) [fi tank - (1+ C2) + 25} Ro=1Iy-i-(1—C?)tank,

(3.20) [—z’ tank - (14 C2) + 25} Ty = Ip - 2/ cosk,

(3.21) % (1 )Ty —at =0,

(3.22) % (1 + 5) Ty—a~ =0,

where ¢ = ¢/(nk). Solving (3.19) and (3.20) proves the assertion. |

Next, we demonstrate the dispersion relation for the homogenized layered medium
and recover the leading-order term of the dispersion relation kI (k) given in
Theorem 3.2.

THEOREM 3.4. If

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/25/18 to 131.204.236.156. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

SCATTERING BY SLITS IN HOMOGENIZATION REGIME 975

then the dispersion relation for the layered medium has two branches given by

(3.23) k=ky\/1+n2tan®(k/2) and K =k\/1+n2cot?(k/2).

Moreover, the corresponding eigenmode for each branch has the following form:

; 272
Roezmvrﬂ/n k wg’ Ty > 1’
w(x1,2) = § greilnorthes) 4 g—cilkai—kaa) (< g, < 1,
i _JrZ_2
eirT1 VKk2—k :1:2’ Zg < 0,

where

_dsink (mk ¢\ . 1/ ¢\ _ 1 <
flo =5 (C nk>7a _2<1 nk>’a _2<1+77k>‘

Proof. To obtain the dispersion relation, we solve for (k, k) such that there exists
nontrivial solutions to the linear system (3.19)—(3.22) when Iy = 0. This implies that

—itank - (1+¢%) +2¢ = 0.
Solving the above equation yields
¢ = S itan(k/2) or (= < —icot(k/2).
nk nk
Using the relation k2 + (2 = k2, it follows that
k? = k(1 +n?tan?(k/2)) or w*=k*(1+n?cot?(k/2)).

Finally, the corresponding nontrivial solutions to the above linear system are

Ty = C, Rozw2 sink-<n—c)0,

1, ¢ YA

for some constant C. By taking C' = 1, we proved the second part of the theorem. O

3.4. Surface plasmon for plasmonic metals and perfect conductors with
slits. It is known that surface plasmon modes can be supported on the flat interface
between dielectric and noble metals. Let the permittivity of the dielectric and the
metal be 71 and 7o, respectively. For metals, we assume that Re 75 < 0. Such metals
are also called plasmonic metals. Then it can be calculated that, for a metallic slab
with thickness ¢ as shown in Figure 6 (left), the following bound states (localized
surface plasmonic modes) exist along the interfaces of the dielectric-metal medium
(cf. [26])

; L R2 k2
eirT1 VKZ—k?T .’,827 To > 0)

(324) ’LL(.’Eh.'EQ) = a+ei(n7;1+\/n2—k2‘rg z2) 4 a—ei(fw:l—\/n2—k:27'2 avg)7 0< Ty < 67
toeinx1+\/nz—k212’ X9 < 0.

In addition, the dispersion relations are given by

TIVK2—k2Ty Yy
tanh(y/k2—k27ol) + Y el =0 and tanh(\/kK%2—k2m2f)+ \/ﬁ =0.
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Wy

V2

(71 40)

(730 1,)

(Tl"uo) KR

F1G. 6. The diaelectric-metal-diaelectric medium (left) and the associated dispersion curve (right).

For simplicity, assume that the exterior medium is vacuum so that 71 = 1. If one
applies the Drude model without damping for the metal permittivity by letting 7 =
2

1-— %, where wy, is the plasma frequency and it takes the value w, = 1.37 x 10'°Hz
for gold [27], then the first dispersion relation is shown in Figure 6 (right), and the
second dispersion relation has a similar shape.

Such localized plasmonic waves, however, do not exist for a perfect conducting
slab [26]. Now if the perfect conducting slab is patterned with an array of slits as we
consider here, a direct comparison of Figures 4 and 6 shows the resemblance of the
dispersion curves for the plasmonic metal and the perfect conductor. Both dispersion
curves lie below the light line such that k(x) < |k| and approach certain frequencies
as K — oo. In addition, from (3.8), (3.9), and (3.24), the corresponding eigenmodes
are both localized bound states along the slab interfaces. That is, a surface plasmonic
effect mimicking that of plasmonic metals exists in a perfect conducting slab with
engineered surfaces. In particular, for a perfect conducting slab with thickness ¢, by a
scaling argument, it is seen that the wavenumber k — 7 /¢ and 27 /¢, respectively, for
the first branch of two dispersion curves as the k increases to infinity, while for the
plasmonic metal, the wavenumber k — w,/(v/2¢) as x increases to infinity. Therefore,
1/¢ determines the plasmonic frequency for the perfect conductor. As such one can
tune the associated plasmonic mode in different frequencies by adjusting the thickness
¢ of the metallic slab.

3.5. Total transmission for the scattering by an incident plane wave.
As discussed in previous sections, surface bound states occur when k* (k) < ||. Now
if one considers scattering by an incident plane wave u! = e!(v#1—C(2=1)) *where
k = ksinf and ¢ = kcosf. Then |k| < k holds, and the solution to the scattering
problem is unique. The corresponding reflection and transmission coefficients are
given by (3.15) and (3.17). As e — 0, their limit values are the ones associated with
the effective medium as stated in Theorem 3.3. In this section, we investigate the
field pattern above and below the metallic slab in the limiting case of € — 0. To this
end, let us rewrite the reflection coefficient Ry and the transmission coefficient T in
Theorem 3.3 as

itank - (n? — cos? )
—itank - (n2 + cos?26)) + 2ncosf’
2cosf-n
—isink - (n? + cos?6) + 2cosf - ncosk’

(3.25) Ry =

(3.26) To =
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0=0 0=m/4
1 . 1 :
— IRl W\/_\_/ — il
— L — I
0.8 0.8
0.6 0.6
0.4 0.4}
0.2+ 0.2
0 T 27 37 An 0 T 27 3T An
0=m/3 0 =4n/9
1 7 1 7
— || — R
— % — Tl
0.8 0.8
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0.4+ 0.4r
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0 7r 2n 37 4m 0 ks 2n 37 4r

FIG. 7. |Ro|? and |Tp|? for various incident angles and wavenumbers when n = 0.5. Note that
|Ro|?> + |To|? = 1.

When 1 = 0.5, their amplitudes for various incident angles and wavenumbers
are shown in Figure 7. It is seen that at k = mm, where m is an integer, |Tp| = 1
for all incident angles. That is, total transmission is achieved at k& = mmx for the
scattering by the homogenized slab, which is the limiting effective medium of a perfect
conducting slab perorated with an array of small slits and with small periods. For
the special incident angle such that cos = 7, it can be calculated that T, = e** and
total transmission is obtained for all frequencies (see Figure 7). It should be pointed
out that perfect transmission has also been reported for highly conductive metals
patterned with narrow slits [9].

We now discuss the physical origin of the above total transmission phenomenon.
Note that surface bound states associated with the slab structure do not couple an in-
cident plane wave, since k% (k) < |«| holds for the real dispersion curves (3.23). On the
other hand, it is evident from our analysis in section 3.1 that there exists no scattering
resonance for the periodic structure in the homogenization regime (H1). Therefore,
we deduce that the total transmission observed here is not due to a plasmonic reso-
nant effect or scattering resonance. Instead, the first type of total transmission, which
occurs at frequency k = mm for some integer m, is due to the so-called Fabry—Perot
resonances associated with the homogenized slab. At those frequencies, all reflected
waves from the slab boundaries interfere destructively and the zero reflected wave is
finally attained on top of the slab [33]. The second type of total transmission occurs
for all frequencies at the special incident angle such that cos@ = n. This can be
attributed to the so-called Brewster angle effect [2, 3].

4. Homogenization regime (H2): Nonresonant field enhancement. In
the homogenization regime (H2) where ¢ < d < A (see Figure 2, bottom), we show
that there exists no resonance or eigenvalue and the corresponding scattering problem
(1.1)—(1.4) attains a unique solution in section 4.1. In section 4.2, we derive the
asymptotic expansion of the wave fields in both the near- and far-field zones and
study their enhancement in this regime. It is shown that although no enhancement
is gained for the magnetic field, a strong electric field is induced in the slits and on
the slit apertures. A discussion on the field enhancement for varying period d is
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presented in section 4.3. Briefly speaking, the field enhancement becomes stronger as
d increases. For extremely large d that still satisfies d < A, the effect of periodicity
is vanishing and enhancement resembles that of the single slit considered in [23] as
d — 00. On the other hand, as d decreases, the field enhancement becomes weaker.
In particular, if d ~ ¢ holds, then no electromagnetic field enhancement is gained.

4.1. Nonexistence of resonance or eigenvalue. From (2.22), the homoge-
neous scattering problem with the incident wave u* = 0 can be equivalently formulated
as the operator equation

(P+L)e =0,

which further reduces to

oaen [(25)] -

by (2.27). Therefore, the resonances/eigenvalues of the scattering operator are roots
of A\ (k; k,d, e) and o (k; K, d, €), the eigenvalues of Ml+1. Equivalently, they are roots
of p(k;k,d,e) =0 and q(k; k,d,e) = 0.

Let us define

1 T 1 1 P = 1
4.1 kk,d) == (3n2+In= i N
(4.1) v(k, K, d) 7T(Sn +nd)+ 2”,%:;“‘ dn;mcn(k) )

where

VE2 = (5 +2mn/d)2, |k+2mn/d| <k,
iv/(k +2mn/d)? — k2, |k + 27n/d| > k.

Cn(k) = C(kvﬁvd) = {

Then from (2.29), the definition of 8 in (2.18), and Lemma 2.9, we may explicitly
express

tk 1 1
p(k;k,d,e) = e+ [Cok + sk +ey(k, k,d) + 7Telne} (L™ 'er,eq) + <]L—lel,e2>)
cot k 1 1
(4.2) =c+ [ P +ksink+5'y(k,fi,d)+7rsln€} (a+ s(e)),

where s(g) ~ O(r(¢)). Similarly,

cot k _ 1
k ksink

(4.3) q(k;k,d,e) = e+ { + ey(k, k,d) + %5111 5} (a+1t(e)),

where t(g) ~ O(r(e)). It is clear that as k — 0,

COtk+ 1 o q cotk_ 1 _>_g
kO ksmk)C T K ksmk)Y T T2

Therefore, as e — 0, p(k; k,d,e) = 0 and ¢(k; K, d,e) = 0 do not attain roots for k < 1.
We can conclude that no resonance or eigenvalue (or singular frequency) exists for
the periodic slit structure in the homogenization regime (H2).
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4.2. Quantitative analysis of the electromagnetic field in the near-field
and far-field zones.

4.2.1. Field enhancement in the slits. From the previous discussion, the
scattering problem in the homogenization regime (H2) attains a unique solution. In
this section, we investigate the electromagnetic field in both near-field and far-field

zones. Note that in the reference slit St (see section 3.2), u. can be expanded as

(4.4)
) mmnxy

(m) _m)
ue(x) = ag coskxg + by cos k(1 — x9) + E (ame ka2 omhy “72) cos ——,
m>1

where kém) = /(mn/e)?2 — k2. The following asymptotic expansion holds for . in
SOt 1 e SO |y > 51— 30> €}
wnt

LEMMA 4.1. In the slit region SE(O)’ , we have u.(x1,22) = ug(x2) + uso (21, 22),

where
cos(kzg) (1 1 cos(k(l1—z9)) (1 1
4.5 = 0 —= =+ = —_— - — =
(45 unlen) = la-+ (o] | Tied (42 )+ =CE= (2 1)),
and Uos ~ O (6_1/8). Here « is defined in Lemma 2.7.
Proof. From the expansion (4.4), it follows that

Ou, . ik . _ gl (m) mmxy
4.6 1) = ikage"™ — ikb —ame " b | k —_—,
(4.6) 3@(3«”1,) tkape ? o-l-mz;l(ae : + )2 cos —

Oue . . ik —EMYN S (m) MTT1
(4.7) O (21,0) = ikag — ikboe'™ + mz>:1 (—am + be” "2 ) ks cos —
Therefore,

1 du. ! B 11

—apksink = - /F;r g (z1,1)dz; = 7/0 01(X)dX = — [a+ O(r(e))] <p + q> )

bok sin ks — i/r gz; (21, 0)day = /01 o2(X)dX = [a+ O(r(2))] <; - ;) .

We obtain

1 1 1 1 1 1
4. = -+ = = E——
(48) 0= o 00EN] (5+7). b= o+ 00 EN (5~ 1)
For m > 1, the coefficients a,, and b, can be obtained similarly by taking the

inner product of (4.6) and (4.7) with cos TTT1  Then a direct estimate leads to

(4.9) lam| < C/v/m, |bm| < C/vm for m> 1,

where C' is some positive constant independent of €, k, and m. The proof is complete
by substituting (4.8) and (4.9) into (4.4). 0

Recall that in homogenization regime (H2), e < 1 and k < 1. In what follows,
we set k = €7, where o > 0.
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LEMMA 4.2. Let 0 > 0 and k = €% ; then

1 . 1 — i 20 o+1
(4.10) > sk 2O[(l +0(*)+0(7T))
and
2

. - (1+0(E*)+0(e77)) if0<o<l,
(4.11) - =

q 2 9

ﬂs"_l (1+0(°™) ifo>1.

a
Proof. From the expression of 7 in (4.1), it is clear that
1 1

aemw TOW = ~1aeess T OW:

From the explicit formulas of p and ¢ in (4.2) and (4.3), a direct calculation yields

’Y(k, K, d) =

11 1 , ,
> Femk =~ (cosk T Da (LT O(RPelne) +0(k%))
- v 2420 I It
" 2a(1+ O(2)) (1 +0(e Ing) + y O(e'*)

(4.12) =5 (1 + 0(g*) + 1 . 0(51”)) .

&

On the other hand,

1 1
q= (—2 +O(k*) + e + des) (a+1t(e)) +e
7

dcosf

(4.13) = —« <; +O0(e*) + 774+ 0(e lns)> ,

whence the asymptotic expansion of 1/q follows. 0
THEOREM 4.3. Let o > 0 and k = €7; then u.(x1,22) = up(x2) + too(21,Z2),
where
229 + O(g29) + O(e179) if 0<o <1,
UO(I’Q) =
1+id-cosf(2z —1)e”~ 1 + O(e7t1) + 02" V) if o> 1,
and U ~ O (6*1/5).

Proof. By a combination of Lemmas 4.1 and 4.2, and the Taylor expansion, it
follows that when 0 < o < 1,

(1 + 0(62”))(cos(kx2) + cos(k(1 — xg)))
cos(kxg) — cos(k(1l — x2))
ksink
=(1+0(r(e))) 1 +0(E*) — (1 + O(*) + O(e' ™)) (1 — 222)]
25+ 0< > o “>,

| =

up(z2) = (14 O(r(e)))

*2(1+0(€2") O(e! ))
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while for o > 1,

uo(x) = (1+O(r () |1+ 07+ + w e (14 0(=" 1)) (1 - 21,)
=1+ W(l —229)e” "t + O(e7 ) + O(e277Y). 0

From the above theorem, we see that there is no enhancement for the magnetic
field ue in the homogenization regime (H2). However, the transition of the magnetic
field u. along the xo direction resembles a linear function with a slope of 2 (for
0 <o <1)and O(e°~1) (for ¢ > 1) in the slits. This is in contrast with the incident
field, which changes with a rate of O(k), or O(e?), in the slits. Such fast transition
of magnetic field from the upper to the lower slit aperture, compared to the incident
wave, induces strong electric field enhancement as stated in the following theorem.

THEOREM 4.4. If e < 1 and k = €7, then the electric field E. = [E. 1, E¢ 2,0] in
Sint has the following asymptotic expansion:
29

80\/T()/M0
Eeq= and E.y ~ O(e"1/%/e%).
d 0
087 ¢ min{O(e), 07} ifo > 1,

5\/70/M0

Here 19 and pg are the electric permittivity and magnetic permeability in the vacuum,
respectively.

+min{O(e),0(e'727)} if0 <o <1,

Proof. Note that in the TM case, the magnetic field is given by
H. =10,0,u.].
Therefore, by Ampere’s law
V x H. = [Que /Oxa, —Oue /0x1,0] = —iwTo E-.
For 0 < ¢ < 1, we have
2i 2i

k~/7T0/ 1o €7/T0/ 1o

E. 9= —0us/0x1 - i/wTy ~ O(e_l/s/k) = O(e_l/s/eg).

Eer = +O( k) + O(e' 77 /k) = +O0(e%) + 0(e27),

The electric field when o > 1 follows by a similar calcuation. O

Remark 4.5. From the above theorem, we see that the enhancement for the elec-
tric field is not uniform in the low frequency regime. When k = ¢? with0 < o < 1, E,
is of order O(1/e7), or equivalently O(1/k). Thus the enhancement becomes stronger
as k decreases in such a scenario, while for ¢ > 1, E. is of order O(1/¢), which is
independent of k.

Remark 4.6. It is also observed from the previous discussion that the electric field
enhancement also depends on the size of period d. Such dependence is significant when
o > 1. This will be discussed in more detail in section 4.3.
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4.2.2. Field enhancement on apertures of slits. Define
1 1
(4.14) h(X) = 7/ In|X —Y|(K~'1)(Y)dY,
™ Jo

and let
(4.15)

1 m 1 1 i = 1
¢ = p¢ ——Ilne=(In2+1In- —E——fg —
B (k'a'%yd) B (k‘,/i,d,é) = ne (Il + nd) + m = |TL| dn:7oo Cn(k)
LEMMA 4.7. The following asymptotic for the total field holds:

us(x1,1) = ! (a + 3) elne — (Z + 3) (B + h(x1/e)) e +2

™\ p
(4.16) - (g + Z) -Oelne-r(e)) —k-O0(e) + O(e - r(e))
and
l/a « a  a\ )
ue(21,0) = - <p — q> celne — <p - q) (B + h(z1/e)) - €
(4.17) <ZZ>«O@m5¢@D+Ok'M@)

on the slit apertures TT and T'7, respectively.
Proof. Recall that on T'},

Ou, i -
ue(x) = /F+ g (z,y) 8iy)dsy +ut+ul.

€

Let z1 =X, y; =Y. We have

ue(eX,1) = /01 Gs(Xa Y)ep1(Y)dY + f(X).

Using Lemma 2.11 and the asymptotic expansion of G¢(X,Y) in Lemma 2.6, we
obtain

WX ) = e 0+ 00 @) (5 + 1)

_g </<;~O(1) + % + Z) /01 In|X - Y|(K'1)(Y)dYy

_(§+Z>o@¢@»+0@w@»+ﬂX)

The desired expansion follows by using (4.14) and (4.15). The asymptotic expansion
on the lower aperture can be obtained similarly. 0

Now if 0 > 0 and k = €7, by subsituting (4.10)—(4.11) into the above lemma, it
follows that

u(z1,1) =2+ O(elne), wu(x1,0) =O(elne).

Therefore there is no enhancement for the magnetic field on the aperture. The en-
hancement of the electric field is stated in the following theorem.
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THEOREM 4.8. Let ¢ > 0 and k = €7; then the following hold for the electric
field:

21
€7/70/ 1o
dcosf

E\/T()/,UO

21
€7/0/ 1o
dcosf

6\/T0/Ho

on the upper and lower apertures, respectively.

[K~11, -1/ (X),0] + min{O(g7),0(e}727)} if 0 <o <1,
Eg((El, 1) =
[K='1,—Rh/(X),0] 4+ O(e772?) if o> 1,

[K—11,/(X),0] + min{O(e°),0(172%)} if 0 <o < 1,
EE(Il,O) =
[K~11, 0 (X),0] + O(c"2) if o>1,

Proof. We derive E. on the upper slit apertures. The case for the lower slit
apertures can be obtained similarly. Taking the derivative of (4.16) yields

Qe (41 1) = — (Z + 0‘) %h'(X) e — <g + Z) ~O(elne -r(e)) — k- Ofe),

Oy q
where h(X) is defined by (4.14). Therefore, using (4.10)—(4.11), we see that
2h'(X) 4+ O(£29) + O(et79) it 0<o<1,

Oue
(4.18) ai(xl, 1) =
1 —i-dcos B'(X) -7  + 027D if o > 1.

On the other hand, by (2.34) it follows that

ou, a o« a o«
“(r1,1)=—-K'1- (s -0 ++>+(+>-O g)) + O(r(e)).
2 1) (k0@ +2+2) 4 (2+2) - 00 + 00E)
An application of (4.10)—(4.11) yields
5 2K 14+ 0(e%) + O(e!~7) if 0<o<1,
Ue
(4.19) —(z1,1) =
85(}2

—i-dcos K~ -1 + 020D if o > 1.
A combination of (4.18)—(4.19) and the Ampere’s law leads to the desired asymptotic

expansions. ]

4.2.3. Far-field asymptotic and effective medium theory. In the far-field
zone Qf := {x | z5 > 2} above the slits, by restricting to the reference cell Q N Q)
we note that the scattered field

Ou,
ug(z) = /F+ 9¢(z,y) aiy) dsy.

An application of formula (4.19) yields

ul ~O(e) and ul~ O

for 0 < 0 < 1 and o > 1, respectively. The same holds true for the far-field zone
below the slits. This shows that there is no electric or magnetic field enhancement in
the far field. Moreover, as ¢ — 0, the effect of the slits vanishes and the perforated
perfect conducting slab becomes a homogeneous perfect conducting slab. This is very
different from the case considered in the homogenization regime (H1) in section 3.3.
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4.3. Electric field enhancement in the near field for varying sizes of
period. From Theorems 4.4 and 4.8, it is observed that the enhancement for the
electric field F. depends on the size of the period d. More precisely, if k = €7, then
for 0 < o < 1, the enhancement is of order O(1/£7) (or equivalently O(1/k)) and is
slightly affected as d increases, since d appears in the high-order terms of F., while
for ¢ > 1, d appears in the leading-order term of F.. In particular, the enhancement
becomes stronger as d increases. Let us set d = O(e!~77?) for some 0 < § < 1. Then
d < X still holds and d — co as € — 0 in such a scenario. By substituting d into
(4.12) and (4.13), it is clear that the following holds for p and q.

LEMMA 4.9. Ife < 1, k = €% with o > 1, and d = O(e'=77%) with 0 < § < 1,
then

1 1 1
= =_—(1 20
p ksink 2a( +OET),
and
1 2 2 5
- (1+0(*) + O(e°) + O(cne)) .

Following the same lines as in Theorems 4.3 and 4.4, we can obtain the asymptotic
expansion for the electromagnetic field.

PROPOSITION 4.10. If ¢ < 1, k = &% with 0 > 1, and d = O(¢'=77%) with
0<9d<1, then

2

£9/To0/ 1o

u=2x9+0(°) and FE.= + 0(£279)

in the slits.

Therefore, we recover the O(1/¢%) order (or equivalently the O(1/k) order) en-
hancement for o > 1. Namely, for sufficiently large d, a uniform O(1/k) enhancement
for E. is achieved in the low frequency regime. This is consistent with the field en-
hancement for a single slit perorated in a perfect conducting slab (when d = o0),
where an enhancement order of O(1/k) is obtained in the low frequency regime [23].

On the other hand, as the period d decreases, the magnitude of the electric field
E. decreases as well. In particular, by taking the extreme case with d = ¢/n and
0 < m < 1, one recovers the periodic structure in the homogenization regime (H1).
A straightforward asymptotic expansion of (3.1) and (3.2) for p and ¢ leads to the
following lemma.

LEMMA 4.11. Ife <1, k=€, and d =¢/n with 0 <n < 1, then

1 1 1

> Tk e TOE)

and
1 icosf

q no
A similar calculation as in Theorems 4.3 and 4.4 yields the following conclusion.

e? (14+0(7).

PROPOSITION 4.12. Ife < 1, k=€, and d =¢/n with 0 < n < 1, then
u=1+0(%) and E.1=0(1)
in the slits.

Therefore, no enhancement is gained for such configuration.
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5. Conclusion. In this series of two papers, we have investigated the field en-
hancement and anomalous diffraction for electromagnetic wave scattering by a peri-
odic array of subwavelength slits perforated in a perfect conducting slab. The quan-
titative analysis of the wave field is presented in both the diffraction regime and the
two homogenization regimes. It is demonstrated that the field enhancement in the
diffraction regime is mainly attributed to scattering resonances. Such enhancement
becomes weaker if the resonant frequency is close to the Rayleigh cut-off frequencies.
In the homogenization regimes, the field enhancement can be attributed to a certain
nonresonant effect. In addition, a surface plasmonic effect mimicking that of plas-
monic metals exists for the periodic structure with small period, and almost total
transmission can be obtained for certain incident plane waves.

Based on the studies for the single slit case in [23] and the periodic case in
this series, the mechanism of the field enhancement and anomalous diffraction for
subwavelength slit structures in a perfect conducting slab is now clearly understood.
Along this line of research, we will explore the field enhancement and anomalous
diffraction (or transmission) for a single narrow slit and an array of slits in plasmonic
metallic slabs. Other than the mechanisms that are already known to occur for perfect
conductors, it is expected that additional enhancement mechanisms, including surface
plasmonic resonances, will be present. This will be reported in forthcoming papers.

Appendix A. Proof of Lemma 2.7 for (H1). We prove Lemma 2.7 for the
homogenization regime (H1) in this section. The proof is adopted from the one in
[8]. Let Q1 = (0, ;) x (0,00), Q2 = (0,1) x (0,~00), and Qi,x = (0, ) x (0, N),
Qo v = (0,1) x (0,—N). We first introduce two Green functions for the domain €y
and o, respectively.

For z,y € 4, we define

o0

1

Gi(z,y) = — § (e*%m\wz*yzl + 6*2m77|:v2+y2|>
=t 2nmn

X (cos 2nmnx; cos 2nmny; + sin 2nanx; sin 2nany; )

o0
= — Z ! <672""’7‘I2*y2| + 672”“”@2*?”2') cos 2nmn(x1 — y1)-
= 2nmn

It is clear that G satisfies the following equations:
AGi(z,y) =0 —y) for €y,

G, (1‘, y)
81'2

G1(07$2a y) = Gl(l/n7x2’y)’

! Gl(xlvovy)dml = 07
0

=0 for zo=0,

G1(-,y) — 0 as x2 — oo and satisfies the outgoing radiation condition (1.4).

Moreover, when both z,y are restricted to the boundary {(zi,z2) : z1 € (0, %),
29 = 0}, we have
o0

1 1 .
G1(z1,0,y1,0) = — Z %COSQ’/MTH(Il —y) = ;1n|2sm7r17(x1 — 1)l

n=1
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For z,y € s, we define

oo

1 _ _ _
Gao(z,y) = — E — (6 nmlea—yz] 4 e 2"”|m2+y2|) COSNTTT] COS NTY] .
! 2nm
n=

Then G4 solves the following equations:

AxGQ(xvy) = 6(‘36 - y)a

0G,(z,

%:0 for 5172:07

9G2(2.9) _ o gor a1 =0and 2y =1,
81'1

1
/ GQ(m1a07y)dx1 = 07
0

Ga(-,y) = 0 as o — —oo and satisfies the outgoing radiation condition (1.4).

Moreover, when both z,y are restricted to the boundary {(z1,z2) : z1 € (0,1),
29 = 0}, we have

— 1
Ga(21,0,y1,0) = = > —— (cosnm(zy — 1) + cosnm(z1 + 1))
n=1

m(r1 — Y1) sin m(r1 + Y1)

4si
Sin D)

1
=—1In
T

Recall that V; is the space of distributions in H -3 (R) whose support is contained
in [0, 1], or distributions defined in the interval (0, 1) whose zero extension to the whole
line belongs to H _%(R). For any ¢ € V1, we define two functions:

(A1) up = Kip(z1,20) = /77 G1(w1,22,y1,0)0(y1)dy
0
1
_ / G (1, 22, 91, 0) (),
0

1
(A.2) ug = Kotp(x1,22) = / Ga(x1,22,y1,0)¢(y1)dy: .
0

By the Green identity, one can show that u; and wy are the unique solution to the
problem

Aui(x) =0 for z € Oy, Aug(z) =0 for x € Qo,
duy () Oug(x)

83}'2 /l/) or I ) axz 1,[) for o O,
u1(0, 29) = w1 (1/n, z2), and u2(0,22) = ua(1, x2),

1 1
/ ' ul(xh())dxl = 0, / Ug(xl,())dfbl = 0,

0 0
up — 0 as r9 — o0, us — 0 as xo9 — —o0,

respectively.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/25/18 to 131.204.236.156. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

SCATTERING BY SLITS IN HOMOGENIZATION REGIME 987

Let us define the following two operators associated with the trace of the functions
Uy, U2:

1
K170¢(371)=/ G1(x1,0,y1,0)¢(y1)dys,
0

1
Kz,oﬁ’(ffl):/o G2(21,0,y1,0)9(y1)dy: .-

Let Ko = K; 0+ K2. By analyzing the singularities in the kernel of the two operators
Ki 0, K, and using the argument in [8], it follows that Ko : Vi — (V1)* = Vs is
bounded. Moreover, K} = Kj, where K is the dual operator (see [12]) of Ky. We
show as follows.

LEMMA A.1. Ky is invertible from Vi to (V1)* and its inverse is bounded.
To establish the above result, we first prove the following identity.

LEMMA A.2. For any ¢ € Vi, we have

(Ko, ¥) = —/ |VU1\2dl‘1d$2—/ |Vug|?daydas,
Q Qo

where uy and ug are defined in (A.1) and (A.2) .

Proof. Note that both u; and us are harmonic functions and can be expanded as

up = E (@p 1 sin 2nnEy + by 1 COS 2NTNT ) e 2nmnez
n>0
Uy = E bp,2 cOs NIy e2nme

n>0

for some constants a1, bn,1,0p,2.
On the other hand, from the boundary conditions

Ouy(z1,0)  Oug(21,0)

8.1'2 - 8:52 - w7

it follows that

/ |Vui|?deyday = ]\}im |Vuy|?dzidey = lim u —do
Q

— 00 QLN N—o0 an,N al/

1 1
Ouq (21, 0) ) g Ouy(x1, N)
=— 0)———=d 1 N)—————=d
A U1(£L‘17 ) 81‘2 xl—’_Ngrcl)c 0 U1(x1’ ) 81’2 1

= —(Kio¢,w) = Jim > e "N (Jan 1 + [bn1[*)
n=1

= —<K1’()’t/1, "/}>

Similarly for ug, we have
/ \VU2|2d$1d$2 = —<K2,01/1a1/’>-
Qo

The lemma follows. O
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Based on the above identity, we can show as follows.
LEMMA A.3. There exists C > 0 such that for all ¢ € V}

[1Kollvy = Cllllvs-

Proof. We consider usy restricted to the domain {25 ;. We have

/ U2d$1dl‘2 =0.
Qa1

By Poincarés inequality, there exists a constant C'; such that

luall 1 (0,,) < C1l|Vuzlr2(0,,) < CrvIIKY|v, - 190]lv; -

On the other hand, note that ¥ = 7%21’0). By the trace theorem, we have

[Pl < Calluzllzr @s)

for some constant Cs. It follows that

[l < CYC3IK Y va-

This proves the lemma. ]

Proof of Lemma A.1. From Lemma A.3, we can conclude that the map Ky : Vi —
V¥ is injective. This also shows that K is also injective (since K = Kj). As a result,
Koy(V1) is dense in (V1)*. But Lemma A.3 also implies that Ko(V;) is closed in Va.
Therefore, Ko(V1) = (V1)* and consequently K, has a bounded inverse K, ' by the
open mapping theorem. ]

Proof of Lemma 2.7 for the case H1. For any ¢ € V7, note that

B2 1+

. 1
Ki(X) = Koy — - ﬁ/o(X—Y)w

(Y)dY.

A direct calculation yields

3In2
T

(K, ) = (Ko, ) — (0, D* < (Kow, ¥).

Therefore, using Lemma A.3, we can show that

I1EYllve = Cllebllv,

for some constant C. Similar to the proof of Lemma A.1, we can conclude that K is
invertible from V; to V;* and its inverse is also bounded.

To calculate a(k, k) := (K~11,1), let 19 = K~11. Then v depends on k and »
and we have

3In2
T

a(k, k) = (Yo, Ktho) = (Kotbo, Po) — (1, 1) < 0.

It is obvious that a(k, k) is a real number. This completes the proof of Lemma 2.7. 0O
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