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ASYMPTOTIC BEHAVIOR OF GELFAND-NAIMARK
DECOMPOSITION

HUAJUN HUANG

ABSTRACT. Let X = LoU be the Gelfand-Naimark decomposition
of X € GL,,(C), where L is unit lower triangular, ¢ is a permuta-
tion matrix, and U is upper triangular. Call u(X) := diagU the
u-component of X. We show that in a Zariski dense open subset
of the w-orbit of certain Bruhat decomposition,

The other situations where lim |u(X™)|'/™ converge to different
m—0o0

limits or diverge are also discussed.

1. INTRODUCTION

Gelfand-Naimark decomposition asserts that each X € GL,(C) can
be decomposed as X = LoU, where L is unit lower triangular, o is
a permutation matrix, and U is upper triangular. Though Gelfand-
Naimark decomposition is not unique, o and diagU are uniquely de-
termined by X. We denote

wW(X) = (uy(X), -+, un(X)) = diagU € C"

the u-component of X.
Suppose that X has eigenvalues

AX) == (M(X), -, (X)) eC?
with ascending moduli: |A1| < [Ao] < --- < |\, |. Let
s(X) = (s1(X), - ,s0(X)) € RY

be the singular values of X in ascending order: s;(X) < -+ < s,(X).
Let X = QR be the QR decomposition of X and denote

a(X) :=diag R = (a1(X), - ,a,(X)) € R}.
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We view A(X), s(X), a(X) and u(X) as diagonal matrices. Relations
between those four quantities were very recently studied [5].
Yamamoto proved [9] that

(1.1) lim [s(X™)]Y™ = diag (|M\],- - - [Aa])-
Huang and Tam proved [7, Theorem 2.7] (also see [4]) that
12 dim a7 = ding (Al s Puon):

Here w is a permutation obtained as follow: Let X = C~'T'C' in which
T = [tij} € GL,(C) is an upper triangular matrix with ¢; = X; (so
[t11] < -+ < |tan|). Then w comes from the permutation matrix (also
denoted by w) in a Bruhat decomposition C' = V'wU’ of C, for certain
upper triangular matrices V' and U’. This result can be applied to both
the Jordan decomposition and the Schur triangularization of X. Note
that the Gelfand-Naimark decomposition is a variation of the Bruhat
decomposition [8].

When X has distinct eigenvalue moduli: |A;] < |Ao| < -+ < |\,
consider the QR iteration:

Xi=X= QlRl; X = Rmlemfl = QmRma m=2,3,---

where X,, = @, R, is the QR decomposition of X,, for m =1,2,---.
In [8, Theorem 3.1], Tyrtyshnikov essentially proved that the lower
triangular part of {X,,}5°_, converges to 0 and

(1.3) nll_rgo diag (X,,) = diag (Aw); Aw@), =+ > Awm))s

where w is the same as in (1.2). Indeed, Tyrtyshnikov proved this
result for GR iterations with no shifts. A detailed description on the
asymptotic behavior of {X,,}>°_, for the above QR iteration is given
in [6, Theorem 5.1].

The main purpose of this paper is to discuss the asymptotic be-
havior of [u(X™)[/™ as m — oo. Unlike s(X™)™ and a(X™)"/™
the sequence {|u(X™)[*/™}>_, may not converge. However, as we will
see, the permutation w obtained from the Bruhat decomposition of
C' continues to play a significant role for the asymptotic behavior of
lu(X™)|*/™. We provide some sufficient conditions for the convergence
of the sequence. In particular, when X is positive definite (it has
Cholesky decomposition [3]) [7, Theorem 3.1]

,AE%OW(XM)P/W = diag (| o], -+ 5 [Aom)])-

In Section 2, we give an upper bound on the asymptotic behav-
ior of |uy(X™)-- up(X™)|Y™ in terms of w. Then we prove that
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lim [ug (X™) - - up(X™) Y™ converges to a product of k eigenvalue

moduli of X if the k-compound matrix of X has distinct eigenvalue
moduli. Moreover, when C goes through a Zariski dense open subset
of the w-orbit in the Bruhat decomposition C' = V'wU’, the matrix
X™ = C7I\(X)™C has LU-decomposition for sufficiently large m, and

nll_l}l’éo \u(Xm)ll/m = diag (M), -+ 5 [Awm])-

In particular, Wgrréo lu(X™)|V™ = diag (|\u], [An_1], -+, |\1]) when X is

in a dense open subset (in Euclidean topology) of GL,(C).
In Section 3, we use examples to illustrate the theoretical results
given in Section 2. In particular, we show that when the eigenvalue

moduli of the k-compound of X are not distinct for some k, lim |u(X™)|/™

may diverge.
2. THE ASYMPTOTIC BEHAVIOR OF |u(X™)['/™

Obviously, u;(X) in the Gelfand-Naimark decomposition X = LoU
is the first nonzero entry in the first column of X, and a;(X) in the
@R decomposition X = @R is the norm of the first column of X.
Therefore, |u;(X)| < a1(X). Using compound matrix technique, we
get the following relationship between u(X) and a(X).

Theorem 2.1. [5, Theorem 3.1] The scalars u(X) € C* and a(X) €
R% satisfy that

lur(X) - up(X)] < ar(X) -+ ar(X), 1<k<n-1,
up(X) - up(X) = a1 (X) - a,(X),

where the sign on the last equality depends on whether o is even (+)
or o is odd (—).

Suppose that X = C7'TC € GL,(C) where T = [tij] is an upper
triangular matrix with t; = A; (so [t11] < [taa] < -+ < |tynl), and C
has a Bruhat decomposition C' = V'wU’ where V' and U’ are upper
triangular, and w is a permutation matrix. By Theorem 2.1 and (1.2),
we get the following result:

Theorem 2.2. The asymptotic behavior of |u(X™)|/™ is bounded by
lim |u1(Xm) .- -uk(Xm)|1/m < |>\w(1) ce )\w(k)|7 1<k<n-—1,
ur (X™) - un (X™Y™ = Aoy Awmy| = | det(X)].
Denote

Ct=1[d;], C=ley], sz[:z:(m)}, and Tm:[t(m)].

ij ij ij
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The coefficients of X™ are related to those of T™ by X™ = C~1T™(C.
To study X™, we first investigate the coefficients of 7.

A subsequence s := {sg, s1, -+, sg} of {1,2,--- ,n} is called a T-path
iftg,s,,, #0fori=0,--- ,k—1. Clearly sp < 51 < --- < s;. We call s
the initial point, sy the terminal point, and |s| := k the length, of the
T-path s respectively. Let S;; denote the set of all T-paths of with the
initial point ¢ and the terminal point j. Then S;; = () whenever i > j,
since T is upper triangular.

Let

T(s) := (fsosor "+ s Lsysi)
be the (k + 1)-tuple of the diagonal entries of T corresponding to the
T-path s. Define the polynomial

(2'1) MP<T(3)) = Mp(t30507 T 7t3k5k) = Z bsgso ©* 'tskskak
ag, - ,a>0
ag+--+ap=p
the sum of all degree p monomials for the variables ts,5,, -, ts, .-
Then M,(T'(s)) = 0 whenever p < 0. Define the polynomial
O (AP Mt
1, |s] = 0.

Lemma 2.3. The entries of T™ = [tz(;n)] for an upper triangular

matrix T = [tij} are given by

(2:3) 157 = D ST My (T(s).
SGSZ'J'

Proof. By direct computation,

m—1
(m)  _ 2:
tz’j - ( tipierl)
0

1=i0<i1 < Sin=j \P=

k—1 k

— . . . ap

= > v - L1450,
i=jo<j1<-<jr=j \p=0 p=0

a0=0, -, ap=20
ag+-+ar=m—=k

_ 3 (:: tjpjp+1> > (ﬁ t?i'jp>

i=Jjo<j1<-<jr=Jj a0=>0, -, 20 \p=0
ap+-+ar=m—k

= 3 AT M (7).

SESij
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This proves (2.3). O

Formula (2.3) implies the following asymptotic result when the di-
agonal entries of T have strictly ascending moduli.

Theorem 2.4. Suppose that the upper triangular matriz T € GL,(C)
has strictly ascending moduli diagonal entries, that is, |t11| < |ta2| <
oo < |tpn|. Let diag(T) be the diagonal matriz of T. Then lim T™diag (T)™™

m—0o0
converges to an upper triangular matriz. Precisely, tg-T)/tjjm =1 for
7=12,---,n, and

£ [T 0 ts,s
(2.4) lim L = Z ~P=D Srvt for 1<i<j<n.
m—oo ;™ [T ot —ts,s,)
(80,~~-,Sk)€Sij p=0\"JJ SpSp
1/m
Remark 2.5. Therefore, lim tg;")‘ =0or|t;|,for1 <i<j<n.

Proof of Lemma 2.4. According to (2.3), for i < j we have

(m)
25) By [Em MaaT0),

m Ts] m=]|
t]] t]] t]]

Let us discuss the asymptotic behavior of w when ¢ — oco. Rewrite

T(s) := (Yo, - ,yx) where |yo| < --- < |yg|. Then

My(yo, -+ yr) Z Yo'yt
0 o ag+--+ag
Yk ao>0, -, ap>0 Yk
ap+-+ap=~
- 1_|_M1(@’...’y’“1)+M2(@7...7&)
Yk Yk Yk Yk
+"'+M£ (@ M)
Yo Uk
- Y Y
26 — M _0,...7ﬂ).
20 S (g B

q=0
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Therefore, the following limit converges by |yo| < -+« < |yxl,

M o B
lim (Yo, : Yk) ZMq (@7 .. ’&)
=0 Yk

{—o00 yk Yk

k—1 2 3

- 11 1+<%)+(%> +(y_) L
=0 Yk Yk Yk

B 1

- k—1
Hp:O(l - 5_2)

k
(2.7) - Y .

H];;é (Y — yp)

From (2.5) we get

(m)
t.. T t:lsl
li ij_ Z fs(T) Jj

L PO R
13 s=(80,,5%)ESij 73 Hp:[) (tJ] tspsp)

Hk*l t
o Z p=0 "SpSp+1

k—1 :
(307"' 75k)€Si]' Hp:O (t]] - tspsp)
This completes the proof. B

The above results can be used to analyze the coefficients and the u-
components in the Gelfand-Naimark decomposition of X™ = C~1T™(C
where 7' is an upper triangular matrix with ascending moduli diagonal
entries.

Suppose that X has distinct eigenvalue moduli: [Aj| < [Ag| < -+ <
|A\n|. There are many possible ways to decompose X = C~'T'C where
the upper triangular matrix 7' has ascending moduli diagonal entries.
For example, Jordan decomposition and Schur triangularization pro-
vide two different such decompositions. However, the permutation w
obtained from the Bruhat decomposition of C' is uniquely determined
by X. This could be seen from (1.2) and the fact that X has distinct
eigenvalue moduli.

Because X has distinct eigenvalue moduli and thus is diagonalizable,
it has a decomposition X = C'TC where T = A\(X) is an ascending
moduli diagonal matrix. The equality X™ = C~'A(X)™C implies that

n

(2.8) xf}n) = Z CipCpiNy -

p=1
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So :B&T) = Z hpCp Ay Suppose that C' has the Bruhat decomposition
p=1

C = V'wU' for certain upper triangular matrices V'’ and U’, then w(1)

is the largest ¢ such that ¢, # 0 in C. Thus

w(1)

(2.9) 2 = Zc’lpcpl/\pm.

p=1

w(l) n
Since Zc’lpcpl = Zc’lpcpl =1, there exists the largest integer r <
p=1 p=1

w(1) such that ¢),¢,1 # 0. Equality (2.9) implies that x&ﬁ’”‘) # 0 when
m is sufficiently large. Moreover, the following lemma holds:

Lemma 2.6. Suppose that X = C'X\(X)C has distinct eigenvalue
moduli. Then

(2.10) lim Jug (X™)|Y™ = |\,

where v < w(1) is the largest integer such that c¢,.c,q1 # 0.

As shown below, r = w(1) in a Zariski dense open set. The Zariski
topology on GL,(C) is defined in the way that a Zariski closed set is
the zeros of a set of polynomials on the matrix coefficients and det™
2, page T7].

Lemma 2.7. Suppose that A is a diagonal matrix with strictly ascend-
ing moduli, and w is a permutation matriz, both in GL,(C). Let Oy,
denote the set of all matrices X = C~*AC where C' has a Bruhat de-
composition C = V'wU’' for some upper triangular matrices V' and
U'. Then on a Zariski dense open subset of the w-orbit in the Bruhat
decomposition of C,
lim fun (X™)|Y7 = lim a7 = o)

Proof. The coefficient c,1); is always nonzero by the Bruhat decompo-
sition €' = V'wU'. Therefore, (2.9) implies that whenever ¢}, # 0,

Jim s (X = Tim a1 = oo
Clearly, ¢}, # 0 if and only if the cofactor of the (w(1),1) entry of
(' is nonzero. This forms a Zariski dense open subset of the w-orbit in
the Bruhat decomposition of C'. U
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Let Ci(X) denote the k-compound matrix of X € GL,(C), k =
1,---,n. Let Qy, denote the set of all k-subsequences of {1,2,--- . n}.
The entries of Cy(X) are of the form x, 5 (o, 8 € Qk,), where z, 4
is the determinant of the submatrix formed by the a-rows and the

B-columns of X. So Ci(X) € GL(Z)(C)' The k-compound of a per-

mutation (resp. diagonal, upper triangular, lower triangular) matrix is
still a permutation (resp. diagonal, upper triangular, lower triangular)
matrix. Therefore, the k-compound preserves the Gelfand-Naimark
decomposition and the Bruhat decomposition.

Assume that the k-compound of X has distinct eigenvalue moduli
for every k. In other words, [],., [Ai(X)| for all & € Qy,,, are mutually
distinct. Then Lemma 2.6 and Lemma 2.7 can be extended to a product
of u;(X) by the compound matrix technique.

Theorem 2.8. Suppose that the k-compound of X € GL,(C) has dis-
tinct eigenvalue moduli for every k = 1,--- ,n. Then X™ has LU
decomposition when m is sufficiently large, and

(2.11)  Lim Jug (X™) - - ugp(X™) V™ = H |Ai| for some oy € Qpn-
1€y,

1/m

In particular, lim |ug(X™)] exists fork=1,--- ,n.
m—0o0

Proof. Suppose that X = C7'A\(X)C. Let X (k|k) be the submatrix
formed by the first & rows and the first £ columns of X. By direct
computation on X™ = C~'A\(X)™C, the (1,1) entry in Cyx(X)™ =
Ck(Xm) is

(212) det X™(k[k) = ) (maHXin> - 2 [ma (Hk)m]

aer,n 1€ aEQk,n 1€

where m,, are constants related to the first k-rows of C~! and the first
k-columns of C. Clearly Zaer,n m, = 1 by setting all \; = 1 in
(2.12). By assumption, {[[;c, |Ai| | @ € Qrn} are mutually distinct.
There is one oy € Qy,, such that m,, # 0 and [[,.,, |\ is maximal.

1€

Formula (2.12) implies that det X™(k|k) # 0 when m is sufficiently
large. Moreover,

Tim (X - up (XY™ =T (G (X))

= lim_|det X™ (k[)| )17 =TT M-

1€EQy

This completes the proof. U
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Remark 2.9. It is not necessarily true that ay_; C 4. So the limit
lim |, (X™)[*™ in Theorem 2.8 may not equal to an eigenvalue mod-

ulus of X. An example is presented in Example 3.1 (3).

Theorem 2.10. Suppose that A = diag(A\,--- ,\,) € GL,(C) is a
diagonal matriz with strictly ascending moduli, and the elements in
{ITLeca M| | @ € Qrpn} are mutually distinct for every k = 1,2,--- n.
Suppose that w € GL,,(C) is a permutation matriz. Let Oy, denote the
set of all matrices X = C~YAC where C has a Bruhat decomposition
C = V'wU' for some upper triangular matrices V' and U'. Then on a
Zariski dense open subset of the w-orbit in the Bruhat decomposition

of C,
lim |uk(Xm)|1/m = |)\w(k)| for k=1,---.,n.

Proof. The proof is done by applying Lemma 2.7 to the k-compound
matrices of X for £k =1,--- ,n, and using the fact that the intersection
of finitely many Zariski dense open subsets is still a Zariski dense open
subset. Note that the diagonal entry moduli of Cj(A) may not be in
strictly ascending order. However, [7, Lemma 2.10] shows that: there
exists a permutation matrix P € GL@) (C) such that the diagonal

of P71Cy(A)P is in ascending moduli order, and P~'Cy (V)P is still
upper triangular for every upper triangular matrix V’ € GL,,(C). Then

Ce(X) = Cu(C)" Cr(A) Cr(O)
= (PTICL(O) M (PTICu(N)P)(PTICL(O))

where P~'Cy(C) has a Bruhat decomposition
P7ICH(C) = (PTICL(VYP) (P71Ck(w)) Ck(U).

This leads to the proof of Theorem 2.10. 0

3. EXAMPLES

Let X € GL,(C) such that the k-compound of X has distinct eigen-
value moduli for k = 1,--+ ,n. By Theorem 2.8, lim,, o, [ug(X™)[}/™
exists for k = 1,--- ,n. Example 3.1 indicates that lim,, s [ug(X™)|"/™
may or may not equal to an eigenvalue modulus of X.

Example 3.1. Consider the following two situations:
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(1) Suppose X = C7'TC for C := “?g _11/\/\%5] € SUL(C)
11

01 .
and T := [O 2} . Then w = {1 0} for a Bruhat decomposi-

tion €' = V'wU" of C. We have
xm { 1/v2 1N§] [1 lr [1/\/5 —1/\/5} B {27" zm_1].

—1/v/2 1/v/2] |0 2 1/vV2 1/vV2 | 1
It turns out that
Tim Ju (XM =2 = o),
Tim Jup(X™)V =1 = o).

(2) Suppose X = C-1TC for C = {_11//\/55 %g] € SU,(C)

1 H for a Bruhat decomposi-

11 0
and T = 0 2 .Thenw:[

tion C' = V'wU’ of C. We have

S e I N R P

Clearly
lim Ju (X™)[Y™ =1 # Dol =2,

m—00

lim Jua(X™)[/" =2 # ] = 1.

m—00

(3) Suppose X = C~!'TC for

1 -1 1 100
c=1{1 1 -1}, T:=10 20
1 1 1 003
(1o
Then C'==|—-1 0 1], and
210 -1 1
1'1 1 ol [1™ o o 1 -1 1
X" = —|-1 0 1 0 2" 0 1 1 -1
2o =1 1f]o0o o0 3| |1 1 1
] [ 1427 142" 1-2m
= 3 —143™ 143" —14+3™
| 2™ 4+ 3™ —2m 4 3™ 2™ 4 3
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It is clear that X™ has LU decomposition and

14 2m |/
lim |u (X™)[Y™ = lim ‘ —{—2 =2,
. 142m  —142m |1/m
Hm [uy (X™)ug(X™)|Y™ = lim | 1 2m 1.3m = 3.

Therefore, lim,, .o [u2(X™)|"/™ = 2 is not an eigenvalue of X.

The next example shows that: if the k-compound of X has no distinct
eigenvalue moduli for certain k, then lim,, o [1;(X™)['/™ may not
exist. A lemma is needed to illustrate the example.

Lemma 3.2. For everyt € (0,1), there exists an irrational number o €
R\ Q and two positive integer sequences {px}3>; C ZT and {my}32, C
7", such that for k =1,2,---,
(1) my is divisible by k, and
+1/4 +1/4 4+t
(2)aejk::(pk /7pk / )
my my

Proof. First we use induction to construct o € R, {px}7>, € Z* and
{my}32, € Z" that satisfy (1) and (2). Then we show that « must be
irrational.

Denote my = p; =1 and I; := (1 +1/4,1+ 1/4+t). Suppose that
me, pr € ZT, and

1/4 pg+ 1/4+ tme
I = (pk+ /4 pet 1/ )QR+
mg mg

are well-defined. Then there exists a sufficiently large my,; € Z* and
a suitable pp,1 € Z* such that k + 1 divides my,; and the closure of

<Pk+1 +1/4 pp +1/4+ tm’““>
]k+1 = y
Mi+1 ME+1

is contained in Ij. By induction we obtain {px}3>, C Z*, {my}32, C
Z*, and the open interval sequence {I}}%2, such that

L DL DI, DL DI DI DI, D

Because the lengths of closed intervals in {I;}2, are decreasing to 0,
by the Nested Interval Theorem [1], ()52, Ix = (ie, Ix contains exactly
one number o € R

We show that a ¢ Q. Suppose on the contrary, a = ¢ where a,b €

b
Z7". By simultaneously multiplying a positive integer ¢ on a and b, we
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may assume that b is large enough so that 4t™ < 4t* < 1. Then
1/4 1/4 4 t™
ae]b:(pb‘i‘/’pb"’/"i_ )

my my

Therefore,

(31) 4mb0z - (4pb + 1, 4])1, + 1+ 4tmb) C <4pb + 1, 4pb -+ 2)
However, 4mya € Z" since o = ¢ and my, is an integer multiple of b.
This contradicts to (3.1). Thus @ € R\ Q and we are done. O
Example 3.3. Fix a number ¢t € (0,1). Let 0 := 2wa where « is
given in Lemma 3.2. Denote X := { cos 0 Sm@}. Then X™ =

—sinf cosf

cosmf  sinm#b

: -
_sinmd cosmb | Obviously cosm# # 0 for all m € Z* and

{cosmb | m € Z+} = [—1,1] since a = By is irrational. So every X™
m

has LU decomposition and |uy(X™)|V/™ = | cos mf|*/™. We claim that
lim |ug(X™)|Y™ = lim |cosm@|"™ does not exist. On one hand,

it is easy to find a subsequence {ni,ns,---} C {1,2,---} such that
lim |cosn;0)"/™ = 1. On the other hand, let {m;}3>, and {p;}3>, be
1—00

given as in Lemma 3.2. Then for k =1,2,---,

(3.2) mil = 2mpma € <2pk7r + g, 2ppm + g + 27Ttmk) )

Hence

| cos my 8|1/ = | = sin(myf — 2pjm — g)wm’“ < 2t Ve g

Therefore, lim |uy(X™)]Y™ does not exist.
m—0o0
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