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SOME ASYMPTOTIC BEHAVIORS ASSOCIATED WITH
MATRIX DECOMPOSITION

HUAJUN HUANG AND TIN-YAU TAM

ABSTRACT. We obtain several asymptotic results on the powers of a
square matrix associated with SVD, QR decomposition and Cholesky
decomposition.

1. YAMAMOTO’S THEOREM

Given X € C,xn, the eigenvalue moduli of X are always less than or

equal to the spectral norm of X since
[ X[ := max [|Xv]2
[[v]l2=1
and if Xv = Av for some unit vector v, then || = || Xv|l2 < || X]|. So for all
m e N,
r(X) < IX™IY < )X,

where r(X) denotes the spectral radius of X. The following is the celebrated
Beruling-Gelfand’s theorem (the finite dimensional case) [9, p.235, p.379].

Theorem 1.1. Let X € C,,«p,. then
(1.1) lim || X™Y"™ = r(X).
m—0o0

Needless to say, (1.1) is true for all norms since they are all equivalent. We
now provide an elementary proof which is different from those in [11, 7, 2, 8].

Proof. Since || - || is invariant under unitary similarity, by Schur triangu-
larization theorem, we may assume that X = T is upper triangular with
ascending diagonal moduli |¢1;] < -+ < |t,,|. When X is nilpotent, that
is, 7(X) = 0, (1.1) is obviously true. Hence we may assume that X is not
nilpotent so that r(X) = |tn,| # 0. Write T™ = [tg;n)] € Cpxn which is also
upper triangular. For 1 <¢ < j <n,

m

(1.2) tz(;n) = Z H oo 1pe-

i=po<p1<-<pm=j (=1

Clearly tgn) =t i =1,...,n. Since both sides of (1.1) are homogenous,

by appropriate scaling, we may assume that |t,,| > 1. Let us estimate
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\tz(»;n)] for fixed ¢ < j. The number of (m + 1)-tuples (po,p1,- - ,Pm), where
1=po < p < - < pp = j are integers, is equal to (]_;:_”"{_1). For each
of such (po,- -+ ,pm), there are at most j — ¢ numbers ¢’s in {1,--- ,m} such

that py_1 # pe. Let

= tool > 1
c lgr%%nlpq!_

denote the maximal entry modulus of T'. By (1.2) and the fact that [t11] <
oo < |tyn|, when m > n,

m

)
] < 3 —
i=po<p1<-<pm=j {L=1
< > I |ty
i=po<p1 < <pm=j
j—t+m-—1\ ._. L
(1.3 o G T T
n+m—2 _
< m—1 >c” 1’tnn’m.

By (1.3), for m > n,

m m L m 2 n—1 n+m—2 m
[ton|™ < I T™|| < E E ‘tij’ <n°c m—1 [t ™.
j=1i=1

Taking m-th roots on all sides and taking limits for m — oo lead to

lim || 77Y™ = |tpn| = r(T).

m—00

O

Suppose that the singular values s;(X), ..., s,(X) of X and the eigenval-
ues A1 (X),..., A\ (X) of X are arranged in descending order

(X)) > 82(X) > - > s0(X), M) > Pa(X)] 2 - > Aa(X)].

Since || X|| = s1(X) and r(X) = |A\1(X)], the following result of Yamamoto
[11] is a direct generalization of (1.1):

(1.4) lim [s;(X™)]Y™ = |N(X)|, i=1,...,n.

m—00

We now provide a slight extension of Yamamoto’s result and the proof
makes use of compound matrix like Yamamoto’s original proof.

Theorem 1.2. Let A, B, X € C,,«, such that A, B are nonsingular. Then

(1.5) lim [sp(AX™B)Y™ = \(X)|, k=1,...,n.
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Proof. Tt suffices to prove (1.5) for B = I,, since AX™B = AB(B~'XB)™
and the spectrum of X and B~'X B are identical. We first establish the
case k = 1. Since || - || is submultiplicative, for all m € N,

_
|A= 2/

Since || A~*/™ and ||A||'/™ converge to 1,

(16) Jim [s1(AX™)]™ = (X))

LX< AXT < A

is established by (1.1).
Let Ck(X) denote the k-th compound of X. It is well-known that

k
(1.7) IA(CR(X))| = H IN(X)],  s1(Cp(X)) = Hsi(X)

So by (1.6),
k

(1.8) lim 1_[3Z (AX™)V/m = H]/\

m—o0o
=1

When X is nilpotent, that is, |A1(X)| = 0, (1.5) is obviously true. We now
assume that X is not nilpotent. Let X have k nonzero eigenvalues for some
1 < k < n, that is,

A= 2 [AX)] > A1 (X)) = -+ = [A(X)[ = 0.

By (1.8) for sufficiently large m, we have [[i_, s;(AX™) > 0 when 1 < t < k.
By (1.8),for 1 <j<k+1

i Ay Y™
lim [s;(AX™)]Y™ = lim [ijm)
lim [ ] 1si(AXm)} /
lim [Hf:ll si(AXm)} /
TN
= = o)
Hz*l |)"L(X)|

In particular limy, oo [Sg+1(AX m)]i = 0 and the proof is completed.
]

Remark 1.3. The nonsingularity of A and B is clearly needed. For example

if
0 0 10 12
<ol m=loo) oo ]

then r(X) = 3 but AX™B =0 for all m € N.
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Remark 1.4. One may use the inequality [3, p.178] s;(AB) < s1(A)s;(B),
A, B € C,,«,, and continuity argument to have

sn(A)si(X™) < 5;(AX™) < s1(A)si(X™), i=1,...,n.
Then by (1.4) we arrive at (1.5).

Remark 1.5. Yamamoto’s theorem (1.4) was extended in the context of
semisimple Lie group [10]. It involves Cartan decomposition and complete
multiplicative Jordan decomposition.

2. ASYMPTOTIC RESULT FOR QR DECOMPOSITION

Let {ei,...,e,} be the standard basis of C", that is, e; has 1 as the
only nonzero entry at the i-th position. We identify a permutation w € S,
with the unique permutation matrix (also written as w) in the general linear
group GL,(C), where we; = e, ;). The matrix representation of w under
the standard basis is

W= [ew(l)a T ?ew(n)] .

Given X € GL,(C), the well-known QR decomposition asserts that X =
QR, where () is unitary and R is upper triangular with positive diagonal
entries. The decomposition is unique. Denote

a(X) := diag R,

where diag A € C,,x, denotes the diagonal matrix whose diagonal is that of
A € Cyxpn. When v € C,,«,,, diag v means the diagonal matrix with diagonal
v. Recently it was shown in [4] that given A, B € GL,,(C), the limit

lim [a(AX™B)]/™
t—o00
exists and is related to the eigenvalue moduli of X. More precisely,

Theorem 2.1. [4] Let A, B,X € GL,(C). Let X = Y 1JY be the
Jordan decomposition of X, where J is the Jordan form of X, diagJ =
diag (A1,. .., A,) satisfying [A1| > -+ > |A,|. Then

T&gnoo[a(AXmB)]l/m = dlag (‘)‘w(l)|u ey ’)\w(n)’),

where the permutation w is uniquely determined by the LwU decomposition
of YB = LwU, where L is unit lower triangular and U is upper triangular.

The quantity
a(X) =diagR
has a very nice geometric meaning: a;(X) is the distance (in 2-norm) be-
tween the i-th column of X and the span of the previous i — 1 columns,
i =1,...,n (we adopt the convention that the span of a empty set is the
zero space). Since all norms of C" are equivalent, we have

Corollary 2.2. Let || - || be a norm on C" and i = 1,...,n. The m-th root
of the distance in || - || between the i-th column of AX™B and the span of
the previous ¢ — 1 columns of AX™B converges to [A,)|-
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The LwU decomposition is known as Gelfand-Naimark decomposition [1,
p.434].

Remark 2.3. There are some interesting features of the result.

(1) The limit is independent of A but depends on B.
(2) The permutation matrix w is not unique since Y is not unique. How-
ever the limit remains the same.

See [4] for explanations.
Remark 2.4. One may want to consider singular X. However the QR de-

composition of a singular X € C,,«,, is not unique. Indeed the a-component
of X is not unique either. For example:

1 00 1 00 1 00
X = 0 1{=1]0 01 0 0
0 010 1

Remark 2.5. Theorem 2.1 was extended in the context of semisimple Lie
group [5] which involves Iwasawa decomposition, complete multiplicative
Jordan decomposition and Bruhat decomposition.

Remark 2.6. One may not replace the Jordan decomposition in Theorem
2.1 by Schur (upper) triangularization decomposition (with descending di-
agonal moduli) to get w. For example, consider

31 1
X:=10 2 0
0 2 3
Then
311 100
X=vitv, T= 3 21, v=1|0 0 1
2 010

is the Schur (upper) triangularization decomposition of X, where T is a
Schur triangular form of X, with descending diagonal moduli. Clearly V =
I3 -V - I3 is the Gelfand-Naimark decomposition, that is, wy of V is the
transposition (23) so that Auy, = (Auy (1) Ay (2)) Ay (3)) = (3,2,3). The
following is a Jordan decomposition of X:

3 10 0.5 0 0.25
X=vly, J=[03 0|, Y=|0 1 05],
0 0 2 0 1 0
and the Gelfand-Naimark decomposition of Y = Lwy U is given as
1 00 0.5 0 0.25
L=]101 0|, U=|(0 1 05
011 0 0 —-0.5

and wy = I3 so that \,, = (3,3,2).
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The above example fails because of a “bad” choice of Schur decomposition
as we shall see in Theorem 2.7. There is a variant of Gelfand-Naimark
decomposition. Each matrix Y € GL,(C) can be written as

Y =VwU

where w is a permutation matrix, V is unit upper triangular and U is upper
triangular. The permutation w is unique in the decomposition. It can easily
be deduced from the Gelfand-Naimark decomposition because if

1

K = . € Cnxna

the Gelfand-Naimark decomposition for KY yields KY = Lw'U. Then
Y = KLK(KW')U since K~! = K. Notice that V := KLK is unit upper
triangular. Set w = Kw'.

We have the following theorem.

Theorem 2.7. Suppose X = Y !TY € GL,(C), where T € C,x,, is an
upper triangular matrix, and the diagonal entries of T satisfy that [t11] <
[taa] < «-+ < |tunl|, so that Ay := tx are the eigenvalues of X with [A\| <
|[A2| < -+ <|An|. Then

(2.1) n}ignoo[a(AXmB)]l/m = diag (| Au)l - -+ [Aw(m) )
where w is a permutation determined by the decomposition Y B = VwU of
Y B, such that V is unit upper triangular and U is upper triangular.

Corollary 2.8. Suppose X = Y 'TY € GL,(C) where T € C,,«,, is a lower
triangular matrix and the diagonal entries of T satisfy that [t11] > |to2| >
oo > |tpn|, so that \; := tgx are the eigenvalues of X with |[\| > [Ao| >
-+ > |An|. Then

lim [a(AXmB)]l/m = dlag (‘)‘w(l)|a SRR ’)‘w(n)D’

m—00
where w is a permutation determined by the Gelfand-Naimark decomposi-

tion Y B = LwU of Y B, such that L is unit lower triangular and U is upper
triangular.

Proof. Notice that X = Y™1TY = Y 'K(KTK)KY, where KTK is upper
triangular with ascending diagonal moduli |p;| < -+ < |u,| and pg =
A—k+1, K = 1,...,n. Moreover KYB = (KLK)KwU in which KLK is
unit upper triangular. Apply Theorem 2.7 to have

lim [a(AXmB)]l/m = dlag (|MKw(1)|7 ceey |/LKw(n)|) = dlag (|)‘w(1)|a SRR P‘w(n)D

m—00

O
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To prove Theorem 2.7 we need two lemmas on compound matrices. Sup-
pose 1 < k <n and let

Qipn ={w=(w(1),...,w(k)): 1 <w(l) < - <w(k) <n}

be the set of strictly increasing sequences of length k chosen from 1,...,n.
The number of elements in @}, ,, is (Z) The elements of Qi ,, are ordered by
the lexicographic order < (a total order) and traditionally the entries of the
compound matrix Cj(X) are indexed by Qg n. Let o : {1,2,..., (1)} = Qin
be the natural bijection such that ¢ < j if and only if 0(i) < o(j). Let w <~
denote the partial order in Q: w(t) <~(t) forallt=1,... k.

Lemma 2.9. Let T € C,,«,, be an upper triangular matrix. Then the kth
compound Cy(T) =: T" = [t};] € C(n)x(n) is an upper triangular matrix.
k k

Moreover, t{; # 0 only if o(i) < o(j).

Proof. One has t;; = det T[o(i)|o(j)], where T'[o(i)|o(j)] denotes the sub-
matrix of T' by choosing the rows of T' corresponding to o (i) € Qj, and
the columns of T' corresponding to o(j) € Q. It suffices to prove that if
o(i) 4 o(j) then det T[o(i)|o(j)] = 0 for i,5 € {1,---, (})}.

Denote o0; := o(i) and o := o(j). Then o; 4 0; means that there is
t e {l,---,k} such that o;(t) > 0;(t). So

oi(k) > oi(k=1) > - > 0y(t) > 0j(t) > - > 0;(2) > 0;(1).

The lower left (k+1—t) x t submatrix of T'[0;|0;] is also the submatrix of T’
corresponding to the o;(t), - -, 04(k) rows and the o;(1),--- ,0;(t) columns
of T', which is a zero matrix. So the first ¢ columns of T'[0;|0;] span a space of
dimension no more than k—(k+1—t) = t—1. Therefore, det T'[o;|0;] = 0. O

Lemma 2.10. Suppose that T' € C,,«, is upper triangular with ascending
diagonal moduli |t1;] < -+ < |tps|. Fix 1 <k < n. Then thereis an (}) x (})
permutation matrix P (depending on |t11],- - - , [tns|) such that P=1Cy(T)P
is upper triangular with ascending diagonal moduli and P~'C(S)P is upper
triangular for all upper triangular matrices S € Cpxn.
Proof. By Lemma 2.9, Ci(T) =: T' = [t;j] € (C(n)x(n) is a upper triangu-
k k
lar matrix, with ¢;; = det T'[o(i)|o(j)]. Let P be the permutation of shortest
length (that is, smallest number of transposition in its transposition decom-
position) such that the diagonal moduli of P~1Cy(T)P, namely, ]t’P(i) P(i)\,
i =1,...,(}), are in ascending order. Then P rearranges t{,,- - ,t’(n)(n)

k/\k
in the way that it moves the smallest modulus term(s) to the beginning

position(s), then moves the second smallest modulus term(s) to the consec-
utive position(s), and then moves the third smallest modulus term(s), and
so on. Moreover, the fact that P has the shortest possible length among all
such rearrangement(s) implies that if the i-th and the j-th diagonal terms
of P71Ck(T)P (namely t’P(i)P(i) and t;D(j)P(j)) have the same modulus for
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certain ¢ > j, then the positions of these two terms in the diagonal of C(T")
(namely the P(i)-th and P(j)-th positions) satisfy P(i) > P(j).

With these facts in mind, we claim that if S € C,,«,, is upper triangular,
then P~1C(S)P € (C(Z)X(Z) is also upper triangular. Now C(S) = [s};] €
/ _ . . . . . n

C(Z)X(Z) where sj; = det S[o(i)|o(j)] for i,5 € {1,---, (1)}, and

—1 Tut
If P~'Cy(S)P were not upper triangular, then we would have i > j in
{1,---,(})} such that s},(i)P(j) # 0. So o(P(i)) < o(P(j)) by Lemma 2.9.
On one hand, we have o(P(i)) < o(P(j)) and thus P(i) < P(j). On the
other hand,

eyl = 14 TP PO = T[] ol T1 Il = [rye
reo(P(7)) reo(P(j))

which would not occur because

(1) it is impossible that ]t’P(i)P(i)\ < ‘th(j)P(j)‘ since ¢ > j and the diag-
onal moduli of P~'Cy(T)P, namely, \t},(i)P(i)L 1=1,..., (Z), are in
ascending order;

(2) it is also impossible that ’th(i)P(i)| = \t’P(j)P(j)\ since this together
with ¢ > j and P(i) < P(j) contradicts the fact that P has the
shortest possible length and the discussion at the end of the preced-
ing paragraph.

This means that P~'Cy(S)P € C(n)x(n) is upper triangular. In particular,
k k
1 . .
P~ Cy(T)P € C(Z)X(Z) is upper triangular. O
We now prove Theorem 2.7.

Proof. Tt suffices to prove (2.1) for B = I,, since AX™B = AB(B~'XB)™

and the spectrum of X and B! X B are identical. Denote a,im) = ap(AX™),
k=1,...,n. We will first prove that

(2.2) rr}gnoo[agm)]l/m _ ’)‘w(l)|

and then use compound matrix. Notice that agm) = |AY 'T™Y e, || and
”(Ayll)l”HTmYe1H2 < JAY 'Yy s < [JAY |7 Y ey |2

o (2.2) amounts to

23) Jim 7Y er |5 = .

Since Y = VwU,

[T"Y el = [T VwUe1|2 = [un || T vyl
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where v; denotes the i-th column of V. Since |uj1| > 0 is a constant, it
suffices to show

. m 1/m
(24) Tim ([T 5™ = P

Since both sides of (2.4) are homogenous, by an appropriate scaling, we may
assume |\;| > 1 for all i = 1,...,n. To this end, write T™ = [tgjm)] € Cpxn
which is upper triangular since T is upper triangular.

Let tg-m) denote the j-th column of T™. Since V is unit upper triangular,
the vector T™v, (1) is a linear combination (with constant coefficients) of
the first w(1) columns of 7™, and the coefficient for the w(1)-th column of
T™ in the linear combination is 1. On one hand, we have

(2.5) ‘)‘w(l)|m < ||Tme(1)H?‘
On the other hand
w(1) w(l) w(l)
T vyl = 13t vimllz < S vjuml 18712 < buy 1672,
j=1 j=1 Jj=1

where b,,(1) := max;_; (1) [Vjw()| = 1 is a constant. Notice that

J
(2.6) [l < 165 1 =D )
=1

When i < j and m > n, by |t11] < -+ < |[tpn| and (1.3),

j_i—i_m_l —1 m—j+i n—+m—2 n— m
e s (P T e < (T T e

where ¢ := maxi<p q<n |tpg| > 1. Hence from (2.6) and (2.7)

1T V()2

A
(=l
£
N
3
3 +
| 3
—
[\}
N————
3
L
>
"3

(2.8)

So from (2.5) and (2.8),
. m 1/m
Jim (|77l ™ = ol

or equivalently, (2.2) is established. If AX™ = @Q,,R,, is the QR decompo-
sition of AX™, then Cx(AX™) = Ci(Qm)Cr(Rm) is the QR decomposition
of Ci(AX™) so that

k k

a1 (Co(A)Ce(X)™) = [T ai(Ax™) = [T ai™.

i=1 i=1
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Though Cy(X) = C,(Y) LCW(T)Ci(Y) and Ci(T) is upper triangular, we
are not quite ready to apply (2.2) on
Cr(A)Cr(X)™ = Cr(AX™).

It is because the diagonal moduli of Cy(T') are not necessarily in ascending
order. However by Lemma 2.10 there is an (}) x (}) permutation matrix
P such that P~1Cy(T)P is upper triangular and diag (P~'Cy(T)P) has
descending diagonal moduli and P~'Cy (V)P is still unit upper triangular.
Now

Ck(X) = (PTICR(Y)) " (PTIC(T)P) (P Ci(Y))
and

PCL(Y) = (P 1CL(V)P) (P 1Ck(w))Cr(U).
The (1,1) entry of

(P ’1Ck( )~ [diag (P~ C(T)P)|(P~'Cr(w))

= Ci(w)'P(P~"[diag Cx(T)|P) P~ Ci(w)

= Ci(w) "' Cr(diag T)Ci(w)

= Cp(w™ ' (diagT)w)
is TI, Augiy- By (2:2), for 1 <k <,

lim H ]a l/m = lim (a1(Ck(A)Cr(X)™™ = H|)‘w(

So
. k m m
i Tl Tl a1
im |a, = lim =
e "I ILE e i TE
Mool ), ol
[T o]
This completes the proof. [l

3. CHOLESKY COMPONENT

Given a positive definite matrix P € C,,x,, Cholesky decomposition as-
serts that

P =R'R,
where R € C,,«,, is an upper triangular matrix with positive diagonal entries
and the decomposition is unique. Let
d(P) = (diag R)%.
The spectral theorem asserts that there is a unitary matrix Y € C,,«, such

that
P=Y 'AY
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where A := diag (\1,...,\,) with descending positive diagonal entries. So
the power P™ remains positive definite and thus d(P™) is well defined.

Theorem 3.1. Let P € C,,»,, be positive definite. Let P = Y ~'AY where
Y € Cpxpn is unitary and A = diag (Ay,...,A,), where Ay > -+ > A, > 0.
Then

(3.1) lim d(P™)Y™ = diag (Ay(1):- - - » Au(n))

m—0o0
where w is the permutation uniquely determined by the Gelfand-Naimark
decomposition Y = LwU.

Proof. Notice that P/2 = Y~'AY2Y. Let P™? = Q,,Rm be the QR
decomposition of P"™/2. Then

pPm = Pm/QPm/Q _ (Pm/Q)*Pm/Q _ R;Rm

So
(3.2) d(P™) = [a(P™?))?
and thus
lim d(P™)Y™ = lim [a(P™/?)]%/™
_ (lim a([P1/2]m)1/m)2
= [diag A7), A2
= diag (Au(1)- - Awn))
by Theorem 2.1 or Corollary 2.8. ([l

Remark 3.2. When P is positive semidefinite, neither the Cholesky de-
composition of P nor d(P) is unique. For example

00 R o1
P.[O 1]PPRR, R[O 0]

We conclude our discussion with a result on the d-component of the set
of positive definite matrices with prescribed eigenvalues. Kostant’s convex-
ity theorem [6] asserts that if A = diag(\1,...,A,), where Aq,..., \, are
positive, then

{a(AY) : Y € C,,xy, is unitary} = exp(conv .S, log A),

where S, is the full symmetric group on {1,...,n}, Sy := {(Ty(1), - - > Tu(n))
w € Sy}, and conv denotes the convex hull of the underlying set.

Theorem 3.3. Let A = diag (A1, ..., \,), where A, ..., A\, are positive, and
O(A) ;== {Y7IAY : Y € C,,xy, is unitary}. Then

d(O(A)) = exp(conv Sy, log A),
where log A = diag (log A1, ...,log Ap).
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Proof.
d(O(A)) = {d(Y7'AY):Y unitary}
{la(Y "' AY2Y)]? : Y unitary}
{[a(AY2Y))? : Y unitary}
= [exp(conv S, log AV/?)]?
exp(conv S, log A).
by Kostant’s convexity theorem. O

Remark 3.4. In terms of inequalities d € exp(conv S, log A) means multi-
plicative majorization

i=1 i=1
and H?:l d; = H?:l An-

Remark 3.5. Theorem 3.1 and Theorem 3.3 can be extended to semisimple
Lie group along the same reasoning [5]. For generalized Cholesky decompo-
sition see [1, p.272-273].
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