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ON GELFAND-NAIMARK DECOMPOSITION OF A
NONSINGULAR MATRIX

HUAJUN HUANG AND TIN-YAU TAM

ABSTRACT. Let F = C or R and A € GL,(F). Let s(A) € R} be the
singular values of A, A\(A) € C" the unordered n-tuple of eigenvalues
of A, a(A) := diag R € R}, where A = QR is the QR decomposition
of A, u(A) := diagU € C", where A = LwU is any Gelfand-Naimark
decomposition. We obtain complete relations between (1) u(A) and
a(A), (2) u(A) and s(A), (3) u(A) and A(A), and (4) a(A) and A(A).
We also study the relations between any three elements among u, A, a, s.

1. INTRODUCTION

Let GL,,(F) denote the group of n x n matrices over F where F = Cor F =
R. There are several sets of important scalars associated with A € GL, (F).
The well-known QR decomposition asserts that

A=QR,

where Q € U, (F) and R is upper triangular with positive diagonal entries.
Here U, (F) denotes the group of unitary matrices if F = C and orthogonal
matrices if F = R. The decomposition is unique and is the matrix version
of the Gram-Schmidt orthonormalization process. The first set of scalars is

(1.1) a(A) :=diag R = (r11, - ,7nn) € R

Here diag X denotes the diagonal of X € F,,»,. Notice that a;(A) := ry; is
the distance in terms of 2-norm of the i-th column of A to the span of the
previous ¢ — 1 columns of A, i = 1,...,n (we adopt the convention that the
span of the empty set is the zero space).

Eigenvalues are certainly important and are often associated with Schur
triangularization which asserts that there exists U € U,(C) and complex
upper triangular 7" such that

A=U*TU,
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where diagT = (A1,...,A,) and X’s are the eigenvalues of A. Moreover the
order of \’s can be prefixed. We denote by

(1.2) AA) = Ms- e hn)

the unordered n-tuple of eigenvalues of A. However the real analog for
A€ GL,(R): A= OTTO, for some O € U,(R) and T real upper triangular,
is not true, since eigenvalues and eigenvectors may not be real.

Needless to say, singular values are important scalars. From the well-
known Singular Value Decomposition (SVD) there are U,V € U,(F) such
that

A = Udiag (s1,...,5,)V,

where s; > --- > s, are the singular values of A € GL,(FF). Here diagv
means the diagonal matrix with diagonal v € F". We denote by

(1.3) s(A) := diag(s1,...,5n)-
The Gelfand-Naimark decomposition [1] asserts that
A= LwU,

where L € GL,(F) is unit lower triangular, U € GL,,(F) is upper triangular
and w is a permutation matrix. It is different from Gauss elimination A =
W'L'U’. Though Gelfand-Naimark decomposition is less well-known, it has
very nice properties. For example, the permutation matrix w and

u(A) :=diagU € F"

in A = LwU are uniquely determined by A (see Section 2). However none
of the components in A = w'L'U’" (Gauss elimination) is unique.

We already mentioned four sets of scalars associated with A € GL,(F),
namely, a(A), A(A), s(A) and u(A). When F = C, the relation between
s(A) and A\(A) are completely determined by Weyl [7] and Horn [2] in terms
of log majorization |A(A)| <ig s(A):

k k
(1.4) [Tl < []si4), k=1,....n—1,
=1 =1
[T = ]s:4),
i=1 =1

where \|(A),..., N, (A) are rearrangements of \j(A),..., \,(A4) such that
IN[(A)] > -+ > X, (A)]; and conversely if [A| <o s (A € C",s € R%, 51 >
.-+ > 8p), then there exists A € GL,(C) such that A\(A) = X and s(A) = s.
Moreover A may be chosen to be a real matrix if the non-real numbers
among Ap, ..., A, occur in complex conjugate pairs [6]. See [5, Theorem 5.4]
for a nice generalization. Likewise, given A € F,,«,, the relation between
s(A) and a(A) is completely determined by log majorization, that is,

(1.5) a(A) <iog 5(A),
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and conversely if a <jo5 5 (a,s € R"}), then there exists A € GL,(F) such
that s(A) = s and a(A) = a. The result is a special case of Kostant’s
nonlinear convexity theorem [5, Theorem 4.1] on Iwasawa decomposition of
a semisimple Lie group. We want to find complete relations

)

(1) between u(A) and a

(A
(2) between u(A) and s(A)
(3) between u(A) and A(A ) and
(4) between a(A) and A(A).

Relations (1) and (2) will be given by the following partial order < on the
set of positive n-tuples R’ : Given a,b € R, a < b means

k

[[a < th k=1,...,n—1,
i=1 i=1

n n

Hai = Hbz

i=1 i=1

It turns out the relation (1) is given by |u(A)| < a(A) and the relation (2)
is given by |u(A)| < s(A). The partial order < looks very similar to log
majorization a <jos b. However they are different since <I does not require
the entries of @ and b in the above inequalities having descending order.
We will show that relation (3) is given by
n n
£ ws4) = [T 2a(A),

i=1 i=1

and relation (4) is given by

[Tait) =TT
i=1 i=1

We organize the paper in the following way. We first review some basic
facts of Gelfand-Naimark decomposition in Section 2. In Section 3 we obtain
complete relations between u(A) and a(A), and between u(A) and s(A). In
Section 4 a relation between u(A) and A(A) is given. In Section 5 a relation
between a(A) and A(A) is also given. Together with the results of Weyl-
Horn-Thompson and Kostant, namely (1.4) and (1.5), the relations between
any two among u, s, A, a are completely known. Finally in Section 6 we make
some remarks on the relations between any three among u, s, A, a.

2. Basics OF GELFAND-NAIMARK DECOMPOSITION

Let {eq,...,e,} be the standard basis of F", that is, e; has 1 as the
only nonzero entry at the i-th position. We identify a permutation w € S,
with the unique permutation matrix (also written as w) in the general linear
group GL,(IF), where we; = e,(;). The matrix representation of w under the
standard basis is

w=[ey1) " eum)] -
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So if A = [al,--- ,an} in column form, then Aw = [aw(l),--- ,aw(n)].
Moreover, if x1,...,z, € F, then
(2.1) wldiag (z1,...,z,)w = diag (Tu(1ys - Tuo(n))-

Given a matrix A € F,x,, let A(i]j) denote the submatrix formed by
the first ¢ rows and the first j columns of A, 1 < 4,5 < n. The following
proposition establishes the existence of Gelfand-Naimark decomposition.

Proposition 2.1. Let F = C or F = R. Each A € GL,,(F) has A = LwU,
for a permutation matrix w, a unit lower triangular matrix L € GL,(F), and
an upper triangular U € GL,(F). The permutation matrix w is uniquely
determined by A:

rank w(i|j) = rank A(i|j) for 1<4,5<n.
Moreover diag U is uniquely determined by A.

Proof. We first prove the existence of the decomposition A = LwU which
is indeed a matrix version of some sequence of elementary row and column
operations applying on A.

Let a1 be the first nonzero entry of the first column of A. By multiplying
the first column of A by 1/ag1, we turn the (k, 1) entry to 1. Using the 1 as
a pivot to consecutively eliminate other nonzero entries on the first column
(using row operations) and the kth row (using column operations).

The above operations are equivalent to the following post- and pre-matrix
multiplications: Let Dy = diag (1/ag1,1,...,1) € GL,(F). Denote by A" =
ADq. Let Ejj € Ry, xp, with (4,7) entry 1 as the only nonzero entry. Let

Ly = (I = ajy11Bry1 ) (I = Ghyo1 Erron) - (I — apy Enr) € GL,(F),
a unit lower triangular matrix, and
U, = ([ — a;CQElQ)(I — CL;€3E13) s (I — a;mEln) S GLn(F),

a unit upper triangular matrix. Then

A — LlADl - LlADlUl
0 sk ov % ok ok ook 0 % «or % %k k ook 0 % «oo % %k koo ok
QR * o0k ok ok ek — I T RIS — 10 000--0
* % * ok ok ek 0 % * ok ok ek 0 % * ok ok ek
ko ok ek ok ke % 0k vk % % ok 0k vk % % ok

Repeat the procedure on the second column of L1 AD,U; and so on. Even-
tually we obtain a permutation matrix w, unit lower triangular matrices
Li,...,L, € GL,(F), diagonal matrices Di,...,D, € GL,(F), and unit
upper triangular matrices Uy, ..., U, € GL,(F) such that

Ly, ---1h4AD\U; --- DU, = w.
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Denote
LY = L,---Li, and
' = DU, --D,U,.

Then A = LwU as desired. Since the group of nonsingular diagonal matrices
normalizes the group of unit upper triangular matrices, U~! = U’D for some
unit upper triangular matrix U’, where D := D;---D,,. So U = D~'U'~1.
In other words, the i-th diagonal entry w;; of U is indeed the first nonzero
entry of the i-th column in the ¢-th elimination step.
By block multiplication we notice that
15— 1 w(ily) | [UGI)
Al = [ o [<00 7)Y
= L(ili)w(il)U(15)-

So rankw(i|j) = rank A(i]j), 1 < 4,5 < n. Obviously rankw(i|j) is the
number of nonzero entries in w(i|j). Thus it is easy to verify that w;; is
nonzero if and only if

rank w(i|j) — rankw(i]j — 1) — rankw(i — 1|j) + rankw(i — 1|5 — 1) = 1.

So the permutation matrix w is uniquely determined by rankw(i|j), 1 <
1,7 < n. Hence w is uniquely determined by A.

If LwU = L'wU’ for another unit lower triangular L' and upper triangular
U’, then w'L'"'Lw = U'U~!. Clearly the diagonal entries of w™ 'L/~ Lw
are ones and thus diagU = diagU’. O

Remark 2.2. Although w and u(A) are unique in Gelfand-Naimark decom-
position A = LwU of A, the L and U components may be not unique. For
example,

2[R -

So the elimination given in the proof of Proposition 2.1 corresponds to one
but not all Gelfand-Naimark decompositons. Nevertheless diagU is unique
and its entries can be thought of the “pivots” in the elimination.

In contrast, the permutation w’ in a Gauss elimination A = w'L'U’ may
be not unique, but L’ and U’ are uniquely determined by w’. For example,

It I o R B |

Moreover, the w in a Gelfand-Naimark decomposition A = LwU of A
can also be a permutation in a Gauss elimination A = wL'U’ of A. To see
this, we notice that w 'A = (w™!Lw)U and det|(w 'Lw)(k|k)] = 1 since
(w™'Lw)(k|k) is the submatrix formed by choosing the w(1),--- ,w(k) rows
and columns of L. Therefore, by LU algorithm [3], w™!Lw = L U; for some
unit lower triangular L; and unit upper triangular Uy, and

(2.2) A=LwU = w(w '"Lw)U = wL1(1U) = wL'U’,



6 H. HUANG AND T.Y. TAM

where L' := L; and U’ := U U.
From (2.2) we also have w™'A = LiU1U. Then u(A) can be computed by

k
(2.3)  det[(w  A)(k|k)] = det[(LyULU) (Kk)] = det[U (kk)] = [ wis-
=1

Remark 2.3. The above proof constructs a Gelfand-Naimark decomposi-
tion of A via an elimination process. Indeed each Gelfand-Naimark decom-
position of A = LwU is a matrix version of some elimination process. It is
because that L='AU ! = w where L™! corresponds to a sequences of ele-
mentary row operations and U~! corresponds to a sequences of elementary
column operations.

Remark 2.4. When w is the identity, it is well-known that [3] the decom-
position A = LU is unique.

Now the following is well-defined
(2.4) u(A) := diagU = diag (ui1, ..., Unn),

where A = LwU is any Gelfand-Naimark decomposition of A.

3. U-COMPONENTS, A-COMPONENTS AND SINGULAR VALUES

Let R} be the set of positive n-tuples. If a,b € R}, denote by a <b if

k k

(3.1) [{e: < [t E=1,....n—1,
=1 =1
n n

(3.2) [Ie = b
i=1 i=1
The partial order < is different from log majorization. For example, if
a=(3,2) and b= (1,6), then a <jog b but a € b. Indeed b < a.
The following theorem gives a complete relation between the a-component
and the u-component of A € GL,(F), in terms of the partial order <. We
denote by Cj(A) the k-compound of A € GL,,(F) where 1 < k <mn.

Theorem 3.1. Let F = C or R. If A € GL,(F), then |[u(4)| < a(A).
Conversely if a := (ay,...,a,) where ai,...,a, > 0 and u := (uq,...,uy)
where u1, ..., u, € F are nonzero numbers such that |u|<a, then there exists
A € GL,(F) such that a(A) = a and u(A) = v and A has LU decomposition.
Indeed, if u < a, where uq,...,u, > 0, then there exists @ € SO(n) such
that u((Qdiaga)) = v and @ diaga has LU decomposition.

Proof. Suppose A € Cyxp, and A = QR = LwU. Since ui(A) is the first
nonzero entry of the first column of A and a;(A) is the 2-norm of the first
column of A,

(3.3) lur(A)] < a1(A).
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Since

Ci(A) = Cu(Q)Ck(R),  Ci(A) = Cy(L)Ci(w)Cr(U)
are the QR decomposition and Gelfand-Naimark decomposition of Cj(A),
respectively, we apply (3.3) on Ci(A). Since u;(Cx(A)) = Hi?:l u;(A) and
a1(Cr(A)) = [II_y ai(A), k = 1,...,n— 1 and T\, [ui(A)] = T, ai(A)
(follows from determinant consideration), we have |u(A4)| < a(A) .

Given u € C",a € R, we say that the pair (u,a) is F-realizable if there
exists A € GL,(F) such that u(A) = v and a(A) = a. It is not hard to see
that (u,a) is F-realizable if and only if there exists @ € U,(F) such that
u = u(Q diaga). We remark that

(1) if (u, a) is C-realizable, so is (Dgu, a), where Dy := diag (¢?1, ..., e?n),
01,...,0, € R.
(2) if (u,a) is R-realizable, so is (Du,a), where D := diag (£1,...,£1).
The reason is that (1) if Q diaga = LwU, then from (2.1)
bortm)Qdiaga = diag (e, e ') Lwl
= L'diag (0, .. e tm)wU
= L'(wdiag(e™,. .. e?)w U
= Lwdiag (e, ... U
where L' := diag (eiew_l(U, ce eww_l(”))L diag (e_ww_1<1), ce e_w“"lw) is
still unit lower triangular. The real case (2) is similar.
We now prove the converse by induction on n. Because of the above

remark it is sufficient to consider v € R’} and prove the last statement in
Theorem 3.1. Suppose (u1,u2) < (a1, aq), that is, u; < a; and ujugs = ajas.

diag (ezew”(l), ..e€

Let n1/2
p —(1-p
Q= [(1 —p2)1/2 ( p ) ] € S0(2),
where p :=uy/a; € (0,1]. The first column of
P _ aip —az(1 —p?)'/?
A= Qdiag (a1,az) = [al(l _ ) ap

has the first nonzero entry ai;p = wuy so that A has LU decomposition.
Clearly a(A) = a. Since ujus = ajaz, we have u(A) = u. Suppose the state-
ment is true for n < k. Let a = (ay,...,ak, akr1),u = (ug, ..., U, Ugt1) €
R’iﬂ and v < a. Then

= (U, up_1,a1ag/uy o up—1) <a = (ag, ... ag).
By the induction hypothesis there is Q' € SO(k) such that

A= Q' diag (ay,...,ax)

has LU decomposition satisfying u(A") = v’ and a(A4’") = a’. Set

(1 42\1/2
Q2 = (1 _12)1/2 . tt ) € 50(2),
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where ¢ :=uy ---ug/aj - --ar < 1. The first (k — 1) rows of
A= (I © Q2)(Q ® 1) diaga

are those of (Q' @ 1)diaga so that the first &k — 1 rows of the matrices A(k|k)
and A’ are identical and the last row of A(k|k) is t times the last row of A’.
So

det A(k|k) =tay -+ ax = uy - - - ug.
Moreover A(k|k) has LU decomposition and u;(A) = u; for all i =1,... k.
Hence A = @) diag a has LU decomposition and is the required matrix where

Q= (Iy-1®Q2)(Q" & 1) € SO(k + 1). O
Theorem 3.2. Let F = C or R. Let A € GL,(F). Then |u(A)| <a(A) <iog
s(A). Conversely, if a := (a1,...,an), $ := (S1,.--,8n), U := (U1,...,Up),
where ay,...,ay, > 0,51 > --- > 5, >0, uy,...,u, €F are nonzero numbers

such that |u| < a <o s, then there exists A € GL,(F) such that u(A) = u,
a(A) = a and s(A4) = s.

Proof. The relations |u(A)| Qa(A) <iog 5(A) follow from Theorem 3.1 and
(1.5).

Suppose s§1 > --- > s,. By Kostant’s nonlinear convexity theorem [5,
Theorem 4.1] and SVD, there exist Q1, Q2 € U, (F) such that Q1 (diag s) Q2
has @ R-decomposition @ (diag s) Q2 = Q3 R, where Q3 € U, (F), R is upper
triangular and diag R = a. Write R = (diaga)V where V is unit upper
triangular. By Theorem 3.1, there is Q € U, (F) such that Qdiaga = LU
where u(Q diaga) = u. Set

A= LUV) = (LU)V = Q (diaga) V = QR = QQ5 ' Q15Q>.
Then s(A) = s, u(A) = diag (UV) = u and a(A) = a. O

The following theorem gives a complete relation between u-component
and the singular values of A € GL,,(F), also in terms of the partial order <.

Corollary 3.3. Let F = C or R. If A € GL,(F), then |u(A)| < s(A).
Conversely, if s := (s1,...,5y) and u := (uq,...,uy), where 1 > --- > s, >
0 and uq,...,u, € F are nonzero numbers such that |u| <s, then there exists
A € GL,(F) such that A has LU decomposition and u(A) = v and s(A4) = s.

Proof. By Theorem 3.2, |u(A)| < s(A). For the converse, choose a = s and
apply Theorem 3.2. (|

Remark 3.4. There is a slight difference between Theorem 3.1 and Theorem
3.3, that is, the entries of @ may not be in descending order but the entries
of s are already in descending order.

4. U-COMPONENTS AND EIGENVALUES

The following theorem gives a complete relation between u-component
and the eigenvalues of A € GL,(C).
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Theorem 4.1. If A € GL,,(C), then +uj(A) - un(A) = A (A)--- N\ (A4).
Conversely, when n > 2, if +uq -+ uy = A1+ -+ Ay # 0, where uq,...,u, € C,
AL, ..., Ap, € C are nonzero numbers, then there exists A € GL,(C) such
that u(A) = u and A\(A) = A. Moreover A may be chosen so that

(a) if ug -+ up = A1+ Ay, then A has LU decomposition,
(b) if —up - up = A1+ Ay, then A has LwU decomposition where w is
the transposition (n — 1, n).

When n =1, only (a) is true.

Proof. Suppose A = LwU and A = Q*T'Q are the Gelfand-Naimark de-
composition and Schur Triangularization of A € GL,,(C), where @ € U, (C)
and T is upper triangular with diag7 = A(A). Taking determinant yields
Fur(A) - up(A) = M (A) - A (A).
We will prove the converse by induction on n for both (a) and (b).
When n = 1, (a) is obviously true and (b) will not happen. Suppose the
statements are true for n < k. Let

A= ()\1,...,/\k,)\k+1), U = (ul,...,uk,ukﬂ) S (Ck—H
such that A\; - AgAgr1 = ug -+ - ugug+1 # 0. Then
A --- A
u' = (ul,...,uk_l,M), )\, = (Al,...,)\k)ECk
Uy - Ug—1

satisfy A --- X = u) ---uj # 0. So by the induction hypothesis there exists
A’ € GL,(C) such that u(A") =o', A\(A") = X, and A’ has LU decomposi-
tion. Let
1 1 1
Q= 7 [_1 J € S0O(2).

Set

_ I 0| [A oy Iy-1 0O
e S e ]
where y € C* is an indeterminate vector. Clearly A(A) = A. Moreover,
Ak =1k —1) = A'(k — 1]k — 1). Since A’ has LU decomposition, we have
ui(A) =u;(A)y=w; fori=1,--- | k—1.

Case (a): uy---Upr1 = A1+ App1. Let y := tep € CF where t € C is
to be determined. From (4.1) and det A(k — 1|k — 1) = uy---up—1 # 0,
det A(k|k) is a polynomial of ¢ of degree one. By choosing an appropriate
t € C, we can make det A(k|k) = uy - - - ug # 0, which implies that

up(A) = det A(k|k)/det A(k — 1|k — 1) = ug.
From (4.1), det A = Mgy det A" = Ay - A1 = ug -+~ U 1. So
ug+1(A) = det A/ det A(klk) = ugs1
and A has the LU decomposition.
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Case (b): —uq - ugs1 = A1 -+ - Agy1. Denote A” := A'(k—1]k—1). Write
A// ﬁ y/
A= : = ccC*
=Ll
where a, 3,3 € C*~! and pu,y, € C. Direct computation on (4.1) yields

[Ty 0 0 A3 In.iy 0 0
o L L1 T 0 RS
A = V2 2 a B Yk V2 V2
0 % = 0 0 My o L L
L 2 2 V2 V2
r " 1 / 1 /
1AT 1 5 B=) 1 5 B+Y)
= | B¢ s =y +Mey1) (0 +ye — Aeg1)
_ﬁgaT s —yk— Aes1)  3(0+ Yk + Aes1)

We want to have a Gelfand-Naimark decomposition A = LwU where w is
the transposition (k,k + 1). Set ' = 8 and yp = p + A\gy1 so that

B—y =0eC"  p—ypr+I1=0€C,
and thus
AI/ 0 \/26
A= |zl 0 I
%OZT Akl pt Akt

By Proposition 2.1, the permutation w in the Gelfand-Naimark decomposi-
tion of A is the transposition (k, k + 1). However,

U(A) = (Ul, e, Uk—1, _Ak+17 u ! b

).

Let D := I @ (—A\gt1/ux) and Ag := D 'AD. Then Ay has the same
w as A in its Gelfand-Naimark decomposition, and clearly A\(Ap) = A and
u(Ap) = u. Reset A = Ap and we are done. O

10 Ug—1

If A € GL,,(R), the non-real eigenvalues of A appear in complex conjugate
pairs. It turns out that this is the only additional requirement for the real
case but the proof is more involved.

Theorem 4.2. If A € GL,(R), then fuj(A)---up(A) = A (A4) - A (4).
Conversely, when n > 2, if uy -+ up, = A1+ -+ A # 0, where uy, ..., u, € R,

and the non-real numbers of Ay, ..., \, appear in complex conjugate pairs,
then there exists A € GL,(R) such that u(A) = v and A(A) = A, where
w:= (uy,...,uy) and X := (Aq,...,\,). Moreover A may be chosen so that

(a) if uy -+ up = A1+ Ay, then A has LU decomposition,
(b) if —up -+ up = A1+ Ay, then A has LwU decomposition where w is
the transposition (1,2), provided that n > 2.

When n =1, only (a) is true.
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Proof. The relation £uj(A) - up(A) = A1(A) - - A\ (A) is contained in The-
orem 4.1. We now prove the converse by induction.

When n =1, (a) is obviously true and (b) will not happen.

When n = 2, suppose +ujus = A\jAa(# 0). Let

Ur A1+ A2 —up — U2

if = Ao,
Ul A+ A — ] e 172

(4.2) A:

0 U9

if — = A o.
(75} )\14‘)\2 ! Rt 172

\

Then A € GLa(R) since A\; + Az is real. Clearly A(A) = (A1, A2), u(4) =
(u1,uz), and (a) and (b) are true.

When n = 3, suppose +ujuguz = AjA2A3(# 0) and the non-real numbers
of A1, A9, A3 appear in complex conjugate pair. Then at least one of A1, Ao, A3
is real. Without lost of generality, suppose A3 € R. Let

(43) PL:=AF A2+ A3, p2:i=AAo+ Aads + A3A1,  p3 = AAAs.

Denote
_Ul —Uu2 —%+p1—u1+u2
Ul 0 P1 — UL — U3 if uju2U3 = )\1/\2>\3,
_U1 0 P1 — Ul
(44) A=
[0 U9 —)‘;—1‘2 — Uy
U1 0 A+ Ao if —ujuousz = A1 A3,
| u1 —A3 p1

Then A € GL3(R) and A(A) = (A1, A2, A3), u(A) = (u1,ue,us), and (a) and
(b) are true.
Suppose the statements are true for n < k where k£ > 3. Let

A= ()\17 . 'a)\k‘a)\k-i-l) € Ck+1? u = (u17 s 7ukauk+1) € Rk+1

such that £uj - - - upur+1 = A1 - - - AgAg+1(3# 0) and the non-real \’s occur in
complex conjugate pairs. We now consider two situations.

Situation A: \; € R for some i =1,--- ,k+1. Without lost of generality
we assume that Ag1q € R.

Case (a): If ug - ugs1 = A1+ Ao, let

A A
(45) u’ = (ul,...,uk,l,i), )\/ = ()\17~~-7)\k)7
ul ... ukf*l

then u) ---uj, = A} --- A}, # 0. By the induction hypothesis there exists A" €
GLg(R) such that u(A") = u’, A\(A") = X, and A’ has LU decomposition.
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Case (b): If —ug -+ ups1 = A1+ Agr1, let

PYEEEDY
(4.6) w = (ug, .y, — Y N = (AL, M),
u1 oo uk—l
then —u)---u) = A --- A} # 0. By the induction hypothesis there exists
A" € GLg(R) such that u(A") =/, A\(A’) = X, and A’ has LwU decompo-
sition where w is the transposition (1,2).

I
In both cases, write A’ = [ST 5} where A” := A'(k — 1|k — 1), o, 5 €

R*~1 and p € R. Let t € R be an indeterminate and set
-1

[I_.1 0 0 A" B0 Ii.y 0 0
47 A = 0o 5 1 TR 0o 3 1
0 -3 1 0 0 A 0 -3 1
B A" 1 ﬁ
2
(4.8) = a” %(M —t+Mep1)  ptt— e
_%OzT Z(N_t_)‘k-H) %(M—f-t-f-)\k_;,_l)

Then M(A) =X and A(k—1|k—1)=A" = A'(k— 1]k — 1) where k — 1 > 2.
By Proposition 2.1 (about w) and (2.3), in both cases u;(A) = u;(A") = u;
fori=1,---,k—1. From (4.8) and the fact that det A” = +u; -~ ug_1 # 0,
det A(k|k) is a polynomial of ¢ of degree 1. Choose ¢t € R such that

(4.9) det A(k|k) = {ul ok %n case (a)
—up -+ -ug in case (b).

Then ug(A) = up and A(k|k) has the same w as A’. From (4.7), det A =
AL Agt1. S0 ug4+1(A) = ug41 by (4.9). Moreover, A has the LU decom-
position in case (a), and A has the LwU decomposition in case (b), where
w is the transposition (1,2).

In the above two cases A(A) = A, u(4) = u.

Situation B: All Aq, -, A\x11 appear in complex conjugate pairs. So
k > 3 is odd. Without lost of generality, we assume A\j1 = k.

Case (a): If ug - ugs1 = A1+ - Apga, let

A Ao

4.10 w o= (u1, -, Up_o,
(4.10) ( AR

)a N = ()‘1"" 7)‘k—1)a
then u}---uj_; = N ---A;_;. By the induction hypothesis, there exists
A" € GLi_1(R) where u(A") =/, A(A") = X, and A" has LU decomposition.
Case (b): If —ug -+ ups1 = A1+ Agr1, let

Ao A
(4.11) W= (U, U, — ———CEELY N = (A A1),

u]_ .. uk—Q
then —uj---up_; = AN ---A._; # 0. By the induction hypothesis there
exists A" € GLg_1(R) such that u(A") = v/, A(A") = X, and A" has LwU
decomposition, where w is the transposition (1,2).
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"

In both cases, denote A” := A'(k — 2|k —2). Write A’ := [ﬁT 5] where
o, €RF2and p € R. Let t € R and 0 # s € R be indeterminates. Set

ArA
(4.12) D = A+ Akt —S—M,

s
(4.13) q = Mg+ Agy1—s.

Then [j z] € GL2(R) has eigenvalues \; and Ag41.

Possibility (i): Suppose k > 3, or k = 3 and ujugusus = A\A2A3A\4 (case
(a)). We have det A” = +uy -+ - up_o # 0. Set

- -1

In.o 0 00 A" B0 0] [Ir—2 O 0 O
B 0 3 10 o ot 0 0 3 10
(14 = 0 -3 10 0 0 s p 0 -3+ 10
| 0 0 01 0 0 s q]| O 0 01
Y 1 ! 5 0
ol I(p—t+s) wu+t—s —p
415) =
(4.15) sal %(u—t—s) s(p+t+s) ip
L 0 —38 s q
Then A € GLi11(R) and A(A) = A by (4.14). On one hand,
A// ﬁ 0
(4.16) det A(klk) = det |a” pu t| =s\-Ap1
0 0 s

so that we can choose 0 # s € R such that

up---up  in case (a),

det A(k|k) = {

—uy ---ug in case (b).
On the other hand, by (4.15), A(k — 2|k —2) = A” = A'(k — 2|k — 2). Then
det A(k — 2|k —2) =det A” = duy - up_o #0

and u;(A) = w; fori =1,--- ,k—2. By (4.15), det A(k — 1|k — 1) is a real
polynomial of ¢ of degree 1. We can choose t € R such that

det A(k — 1)k — 1) = Up - Up_1 ?n case (a)
—up - --ug—1 in case (b).
Then u;(A) = u; for i = k—1,k,k + 1. Clearly, A has LU decomposition in
case (a), and A has LwU decomposition, where w = (1,2) in case (b).
Possibility (ii): Suppose k = 3 and —ujuguszug = A1AaA3Ay (case (b)).

Let s := —*3" and let p and ¢ be defined as in (4.12) and (4.13). Let A
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be the matrix

10 0 0]7'[0 Mk Mbiuwe 1T g 0 0
A:oélo ur A+ Ao 0 0[]0 & 10
0 -2 10 0 0 E p| |0 -3 10
0 0 01 0 0 s g] [0 0 01
0 s —2(M AaFuiug) 0
Ui
_ Ul %()\14-)\24—8) A+ X — s —p
sur 1AM+ A —s) (M +A+s) 3p
. O —%s S q
Then A € GL4(R), AM(A) = A, u1(A) = u; and uz(A) = ug. Notice that
0 222 _Mdetluiug
u1 Ul
det A(3|3) =det | u; A+ Ao 0 = —ujU2u3.
0 0 s

So u3(A) = us and thus us(A) = us. Moreover, the w in a Gelfand-Naimark
decomposition of A is the transposition (1,2).
Therefore, we complete the proof by induction. O

9. A-COMPONENT, EIGENVALUES AND SINGULAR VALUES

Let A € GL,(F) where F = C or R. We first determine the relation
among s(A), A(A), and a(A). Then we use the result to determine the
relation between a-component and eigenvalues of A.

Theorem 5.1. If A € GL,(C), then a(A4) <iog s(A) and |A(A)| <iog s(A).
Conversely, if a := (a1, - ,an), s := (s1,-+,8n), A := (A1, ,A\y) where
a1, - ,ap >0,8 >--->s,>0and A\,...,\, € C are nonzero numbers
such that a <jog s and |A| <jog s, then there exists A € GL,(C) such that
a(A) = a, A\(A) = X and s(A) = s. Moreover, A may be chosen to be real if

the non-real numbers among A1, ..., A\, appear in complex conjugate pairs.

Proof. The relation a(A) <iog s(A) and [A(A)| <iog S(A) are known [5, 7].
We now establish the converse. Since || <iog s, by [2], there is Ay €
GL,,(C) such that A(Ap) = A and s(A4p) = s. By SVD write Ag = K; (diag s) K2
where K1, Ky € U,(C). Since a <jog s by [5, Theorem 4.1] there is V €
U, (C) such that a((diags) V) = a. Let
(5.1) A = VKK (diags)V
= (Ky;'V) (K (diags) Ko) (K, 'V)
= (K 'V) (K5 V).
Then a(A) = a((diags) V) = a, A(A) = A(Ap) = A, and s(A) = s(A4p) = s,
as desired.
Suppose that the non-real numbers among Ay, ..., A, appear in complex

conjugate pairs. Since |A| <iog s, by Thompson’s result [6] there is Ay €
GL,(R) such that A(Ap) = X and s(Ag) = s. Write Ag = K (diags) K2
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where K1, Ky € U,(R). Since a <jog s by [5, Theorem 4.1] there is V €
U, (R) such that a((diags) V) = a. Then follow the argument in (5.1) to

have the desired result. O
Corollary 5.2. If A € GL,(C), then ai1(A)---an(4) = |A1(A) - A (4)].
Conversely, if a := (a1, -+ ,a,) and X := (A1,--+ , \p), where a, -+ ,a, >0
and A1,---, A, € C are nonzero numbers such that aj---a, = |\ \|,
then there exists A € GL,,(C) such that a(A) = a and A\(A) = A. Moreover,
A may be chosen to be real if the non-real numbers among Ay, ..., A\, appear

in complex conjugate pairs.

Proof. We only need to prove the converse. Choose s; > -+ > s, > 0
such that si,s9,...,s,_1 are sufficiently large and s1---s, = ai---a, S0
that a <jog s and |A| <iog 5. By Theorem 5.1 there is A € GL,(C) such
that a(A) = a, A(A) = A, and s(A) = s. Moreover A may be chosen to be
real if the non-real numbers among A1, ..., A, appear in complex conjugate
pairs. ([l

6. u, A, s AND u, A, a

In Theorem 3.2 we see that |u| <a <)o s are necessary and sufficient for
the existence of A € GL,,(F) such that u(A4) = u, a(A) = a and s(A) = s.
Notice that the conditions |u|<da <o, s are equivalent to the three conditions
|u|<a, a <iog s and |u| s, since the last is implied by the first two conditions
(s1 > -+ > sy). In other words, the totality of the pairwise conditions
(see Theorem 3.1, (1.5), Theorem 3.3) among u,a, s are the necessary and
sufficient conditions for the existence of A € GL,(FF) such that u(A) = u,
a(A) = a and s(A4) = s.

Similarly in Theorem 5.1 the conditions a <jog s and |A| <jog s are neces-
sary and sufficient for the existence of A € GL,(C) such that a(A4) = a,
AMA) = X and s(A) = s. Notice that a <jog s and |A| <jog s imply
ap---ap = |A1---Ay|. In other words, the totality of the pairwise condi-
tions (see (1.5), (1.4), Corollary 5.2) among u, A, a are the necessary and
sufficient conditions for the existence of A € GL,,(C) such that u(A) = wu,
a(A) = a and A\(A) = A. The real case is similar and the only difference is
that the non-real numbers among Ai,..., A, appear in complex conjugate
pairs.

However the three pairwise conditions among u, A, s: |u| < s (in Corollary
3.3), |A| <iog s in (1.4) and *uy---up, = Ar--- A, (in Theorem 4.1) do
not suffice to ensure the existence of A € GL,(F) such that u(A) = u,
A(A) = X and s(A) = s. For example if we set A\ = s, 57 > -+ > s,, then
A with AM(A) = s(A) = s must be a positive definite matrix. By Cholesky
decomposition, A = T*T for some upper triangular matrix 7' € GL,(F)
with positive diagonal entries. Notice that

ui(A) = |M(T)?,  si(A) = s2(T), i=1,...,n
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so that u(A) <10 s(A) by Weyl’s result (1.4) on T'. Clearly u(A) <iog s(A)
is not necessarily implied by |u| <s. For example s = A = (3,2), u = (1, 6).

If we consider u, A, a, the pairwise conditions +uj -« u, = A;--- A, (in
Theorem 4.1), |u|<a (in Theorem 3.1) and |A1 - - - A| = ay - - - ap, (in Theorem
5.2) are not sufficient to ensure the existence of an A € GL,,(C) such that
u(A) = u, A(A) = X and a(A) = a (indeed the last condition |A; -+ A,| =
aj - - - ay is implied by the first two). For example, consider n = 2. Suppose
ujug = A1Ag. Choose uj such that |u1| = a; (then |uz| = ag). If there is
A € GLy(C) such that u(A) = u, A\(A) = X and a(A) = a, then A would be

of the form
w1 0
A B |: 0 UQ:|

and thus A1, Ao would be w1, us. It does not necessarily follow from wqus =
)‘1/\27 (Ul,UQ) d (alaa2)7 say, 4 = a = (37 2)a A= (176)
The following proposition is straightforward computation.

Proposition 6.1. Suppose that u1, us, A1, A2 € C are nonzero numbers and

ay,as > 0.
(1) If uyug = A1 A2 and (|uq], |ug|) < (a1, a2) such that |ui| # a1, then
uy ur(A1+Aa—u1)—A1 Ao

Vai—luil?

Vai — Jup|? A+ A —ug
satisfies A(A) = A\, u(A4) = u, a(A) = a. In addition, if uj,us €
R and if Ay, A2 are real or are complex conjugate pair, then A €
GL2(R).

(2) Ifujug = A2 and (|ug], |uz|) = (a1, az2), then A € GL2(C) satisfying
u(A) = u, A\(A) = X and a(A) = a must be of the form:

o Ul 0
=[5 )
so that Ai, Ay are uq, us.

(3) If —uguo = A A2 and (Juq|, |uz|) < (a1, a2), then A € GLy(C) satisfy-
ing u(A) = u, A(A) = X and a(A) = a must be of the form:

10 Ug
A= [ul AL+ )\2:|
so that (Juil, |uz|) = (a1,a2). In addition, if uj,ug € R and if A1, Ao
are real or are complex conjugate pair, then A € GLa(R).

€ GL(C)

Acknowledgement: The authors are thankful to the referee for some
insightful suggestions that may lead to future works.

REFERENCES

[1] S. Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces, Academic
Press, New York, 1978.



GELFAND-NAIMARK DECOMPOSITION 17

[2] A. Horn, On the eigenvalues of a matrix with prescribed singular values, Proc. Amer.
Math. Soc., 5 (1954), 4-7.

[3] R.A. Horn and C.R. Johnson, Matriz Analysis, Cambridge University Press, 1985.

[4] R.A. Horn and C.R. Johnson, Topics in Matriz Analysis, Cambridge University Press,
1991.

[5] B. Kostant, On convexity, the Weyl group and Iwasawa decomposition, Ann. Sci.
Ecole Norm. Sup., 6 (1973) 413-460.

[6] R.C. Thompson, The bilinear field of values, Monatsh. Math., 81 (1976), 153-167.

[7] H. Weyl, Inequalities between the two kinds of eigenvalues of a linear transformation,
Proc. Nat. Acad. Sci. U. S. A., 35 (1949), 408-411.

DEPARTMENT OF MATHEMATICS AND STATISTICS, AUBURN UNIVERSITY, AL 36849—
5310, USA
E-mail address: huanghu@auburn.edu, tamtinyQauburn.edu



	1. Introduction
	2. Basics of Gelfand-Naimark decomposition
	3. u-components, a-components and singular values
	4. u-components and eigenvalues
	5. a-component, eigenvalues and singular values
	6. u, , s and u, , a
	References

