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Abstract
The notions of thin and very thin dense subsets of a product space
were introduced by the third author, and in this article we also introduce
the notion of a slim dense set in a product. We obtain a number of results
concerning the existence and non-existence of these types of small dense
sets, and we study the relations among them.

1 Introduction

In the paper we will consider three kinds of dense subsets in products of topolog-
ical spaces. Assume that k > 1is a cardinal number, X, a < &, are topological
spaces, and X =11, X,. We say that the set D C X is
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o thinif |{a < K: T4 # Ya}| > 1 whenever z,y € D, z # y, = (To)a<n;
Y= (yoz)oz<n;

e very thin if for every z,y € D, x # y, and a < k we have z, # y,.

e slim if for every non-empty proper subset K C k and v € Il X, the
set D N C(v) is nowhere dense in C(v).

Here C(v) denotes the cross-section of X at v,ie,C(v)={z € X:z [ K = v}.

Notice that every very thin set in X is also thin. In the product of two
spaces those notions coincide. If all X, are dense-in-themselves T} spaces, then
every very thin set in X is slim, but we will see that the notions of thinness and
slimness are not comparable in general.

The notions of thin and very thin were introduced in [P], where it is shown
that the product of ¢ many separable spaces always has a countable dense
thin set. Answering a question in [P], P. J. Szeptycki [Sz] and, independently,
J. Schréder [S], showed that one cannot necessarily produce a very thin dense
subset in such a product, for if 7 is the topology on w generated by a maximal
independent family, then there is no very thin dense set in 7 x 7, and hence
not in 7. On the other hand, in [S] the author shows that there is a very thin
dense subset in a product of ¢ spaces if each factor is dense-in-itself and has a
countable (weak) m-base.

In this note, we give a number of results which assert the existence or non-
existence of these kinds of dense sets. In Section 2, we show that there is a
metrizable space X such that X™ does not have a thin dense set for any n < w,
and X* has no very thin dense set. We show that any infinite power of a space
X has a thin dense set; on the other hand, this does not hold for products with
different factors. We also construct, under CH, a space X such that X? has a
(very) thin dense set, but X?® does not have a thin dense set.

In Section 3, we show that any product of dense-in-themselves metrizable
spaces has a slim dense set, but there are spaces X and Y, one of which is
metrizable, such that X x Y does not have a slim dense set. Assuming CH, we
construct a regular separable space whose square does not have a slim dense set,
but we show that any infinite product of separable Hausdorff spaces has a dense
set which is both slim and thin. In Section 4, we introduce properties (NC) and
(GC) of the ideal of nowhere dense sets. Every metrizable space satisfies (GC)
and every product of spaces satisfying (GC) has a slim dense set, as does every
power of a space satisfying (NC).

Recall that a space X is irresolvable if it does not have disjoint dense sets.
Noting that the examples of Szeptycki and Schréder mentioned earlier are irre-
solvable, it is not surprising that some of our results involve this notion. For
example, we show that in any model in which there are no irresolvable Baire
spaces ( e.g., V=L), any infinite power of any dense-in-itself space has a slim
dense subset (Theorem 3.12). Also, while we do not know of any example of
a dense-in-itself space X such that X“ has no slim dense set, we show that if
there is such an X, then it must contain an irresolvable Baire subspace.

All spaces are assumed to be at least Hausdorff.



2 Very thin and thin dense sets

We begin with a result relating the existence of a very thin dense subset of a
product space to certain cardinal functions on the factors. Recall that A(X) is
the least cardinal of a non-empty open subset of X. Also, a w-base for X is a
collection B of non-empty open sets such that every non-empty open subset of
X contains some member of B, and the 7-weight mw(X) of X is a least cardinal
of a m-base for X. Finally, the density d(X) is the least cardinal of a dense
subset of X.

Proposition 2.1. Assume X = I, X, where all X, are dense-in-themselves.
Consider the following three conditions.

(i) X =infac, A(X,) > sup, o, Tw(X,) and 2* > k;
(i) There is a very thin dense set in X ;

(iii)) A(X,) > d(Xp) for any o, < k, a # 0.

Then (i) = (ii) = (ii).

Proof. (i) = (i1). This proof is essentially a generalization of the proof of
Theorem 8 in [S] for the countable case, as well as a mildly souped up version
of the well-known Hewitt-Marczewski-Pondiczery Theorem (Theorem 2.3.15 in
[RE]).

Since there is a one-to-one function from  into the space 2* with the product
topology, which has weight A, there is a collection C of cardinality < A of subsets
of k such that, for any finite sequence ag, a1, . . ., a, of distinct points of , there
are pairwise-disjoint sets Cy, C4,...,C, € C with «; € C; for each i.

Let {Bag : f < A} index a m-base for X, (repetitions are allowed), and
consider the collection P of all finite sequences ((C;, 8;))i<k, where §; € A for
each i, and {C;};<y is a pairwise-disjoint subcollection of C.

Note that |P| = A; let

index P. For each 6 < A, choose a point ds € Iy« X, such that ds(a) €
Xo \ {dy(a) : v < 6}, and furthermore, if a € Cj, then ds(a) € Bag,(5)- It is
straightforward to check that D = {ds : 6 < A} is dense and very thin.

(i) = (44i). Assume D is dense very thin set in X. Fix a, f < k, a # 3. Let
D' be the projection of D onto the product X, x X3, i.e., D' = {{d(«a),d(p)): d €
D}. Then D' is very thin dense in X, x Xg. Fix an open set U € X, with
A(Xy) = |U|. Then D' is dense in U x Xg, |[dom(D' NU x Xg)| = |rng (D' N
U x X3)|, and rng (D' NU x X3) is dense in Xg, thus A(X,) > |U| > |rng (D'N
U x Xg)| > d(Xs). o

Remark 2.2. For every Hausdorff space X with at least two points, there is a
cardinal k such that there is no dense very thin set in X*.



Proof. We can assume that A = |X| > 1. Let k = 22" Suppose D is a very
thin dense set in X*. Then |[D| < A, so d(X*®) < A. On the other hand,

28 <|X*| < 92"%) < 22" = g (see [RE, Theorem 1.5.3]), a contradiction. O

Now we will work with dense thin sets. The examples from [Sz], [S] men-
tioned in the introduction which show that there is separable dense-in-itself
Hausdorff space X with no dense thin set in X? cannot be metrizable, because
metrizable dense-in-themselves separable spaces satisfy 2.1(i). However, we have
an example of a metrizable dense-in-itself space X with a similar property.

Example 2.3. There is a metrizable space X such that for every positive integer
n > 1, X™ has no thin dense set, and X*“ has no very thin dense set.

Proof. Let X = ¢x@Q be the product of the discrete space of size ¢ and the space
Q of rationals with the Euclidean topology. Then A(X) = w and d(X) = «c.
Thus, by Theorem 2.1(iii), there is no dense very thin set in X“. Now fix
a positive integer n > 1. Notice that X" can be identify with the product
¢ x Q™. Suppose D C X" is a thin dense set in X™. Then for each a < ¢ there

are rationals gq 1, .. .,qa,n Such that (@, ¢a1,.-.,9a,n) € D, and consequently,
there are ¢i,...,¢, € Q for which the set {« < ¢: {a, q1,...,qn) € D} has size
¢, contrary to the fact that D is assumed to be thin. O

It is not very hard to observe that for X from the example above, there is a
thin dense set in X“. Now we will show that this is nothing special.

Theorem 2.4. Let |X| =\ > 1, and let k be an infinite cardinal.

(1) If A < &, then there is a dense D C X* such that, for any d # d' € D,
d(a) # d'(a) for k-many a < k;

(i) If A > k, then there is a dense D C X" such that, for any d # d' € D,
d(a) # d'(a) for all but finitely many a < k.

Proof. Clearly it suffices to prove this when X = X with the discrete topology.
Let F be the family of all functions defined on finite subsets of x with values in
X.

If A<k, then |Fl=k-A=k. Set F = {ps: a < k},and let G = {g,: a <
k} list the characteristic functions of k-many pairwise-disjoint subsets of &, each
of size k. For every a < k choose f, € X* such that f, [ domyp, = ¢, and f,
agrees with g, otherwise. Let D = {f, : @ < k}; then D is as required.

If A\ >k, then |Fl = k-A = A Set F = {p,: o < A}. For every a < A
choose f, € X* such that

(1) ¢a C fa:

(2) If £ & domep, then f,(€) # fs(¢) for all § < a.
Clearly D is as required. O

However, there are easy examples of infinite products of different spaces,
even nice ones, which do not have thin dense sets.



Example 2.5. There are countably many dense-in-themselves metrizable spaces
whose product does not have a thin dense set.

Proof. Let Xy be the topological sum of more than continuum-many copies of
the rationals Q, and for n > 0, let X,, = Q. Let X = Il,,¢,X,. Since the
density of X is greater than the continuum, any dense subset of X must contain
at least two points that agree on II,,50X,,. O

The above results lead to a natural question if there are spaces X,Y, Z such
that the product of each pair has a (very) thin dense subset but X xY x Z does
not. The next theorem answers this question under CH.

Example 2.6. (CH) There is a countable reqular space X such that X? has a
thin dense subset, but X3 does not.

Proof. The set for X is w, and we let D = {{n,n + 1) : n is even}. Clearly D is
thin. The plan is to inductively define a topology on X such that D is dense in
X2, killing potential thin dense subsets of X? as we go.

Call E C X? suitable if it is thin, all three codrdinates of every e € E are
distinct, and E satisfies one of the following conditions:

(a) No point e € E has codrdinates {k,n,n + 1} where k < n and n is even;

(b) There are i, j < 3 such that every point of E has codrdinates {k,n,n + 1}
where k < n and n is even, and k is the i* cotrdinate and n the j'*
coordinate.

Let {E, : @ < w;} index all suitable subsets of X? with each appearing w;
times. We will inductively define T, C w such that the topology generated by
the T,,’s and their complements gives the desired space, and we will denote basic
(cl)open sets in this topology by [o], where o is a function from a finite subset of
wy into 2, and [0] = N,edom (o) TS| where TO = T,, and T! = w\ T,. Further,
we will make {T,}o<w, an independent family, so each [o] will be infinite; in
particular, this ensures that X will have no isolated points.

If the Ts’s for B < o have been defined, let 7, denote the topology generated
by them and their complements, and let X, = (w,7,). It is easy to define an
independent family 7T,, n € w, such that X, is a Hausdorff space with no
isolated points and such that D is dense in X?2.

Suppose w < a < w; and suppose T has been defined for all 8 < « satisfy-
ing:

(i) {T,},<p is an independent family;
(ii) D is dense in X3, ;

(ili) Es NT} is nowhere-dense in X3_,.



The final space is X,,, = (w,7,,). Let us first see that if we are able to
carry out the inductive construction, then X, will have the desired properties.
Clearly D will be dense in le since it is so at every stage.

We need to see why Xf’,l has no thin dense set E. Suppose on the contrary,
E C X3 is thin and dense. W.lo.g., each e € E has distinct coordinates. E
maybe isn’t suitable, but it is the union of no more than 7 suitable subsets (one
satisfying condition (a) in the definition of suitable, 6 satisfying (b)). Label
these suitable subsets Fy, F1, ..., Eg so that there are ag < a1 < ...ag < wq such
that E; = E,, for each i. By the construction, E; N Tgi is nowhere-dense in
X3 1. It will follow that EN (), T2 is nowhere-dense in X3 as soon as we
verify the following:

Claim. If a < w; and N is nowhere-dense in X2, then N is nowhere-dense in
Xg for any a < 8 < w;.

To see this, let U be dense open in X2 with U NN = (). It suffices to show
that U remains dense in X g for B > «. Suppose otherwise, and consider the
least 8 such that U is not dense in Xg. It is easy to see that 8 is not a limit
ordinal. Let 8 = + 1. There are oy, i < 3, with dom(o;) a finite subset .S; of
B, such that ([og] x [01] X [02]) NU = 0. Let o} = o; | (S; \ {7}). Since U is
dense open in X3, there are extensions o} of ¢} (with dom(o}') C ) such that
([o6] %[04 % [04]) C U. But then if 7; = o Uo;, we have that ([1o] X [11] X [12])
is a non-empty open subset of ([og] X [01] X [02]) N U = @, contradiction.

To complete the inductive construction, suppose that Tz has been defined
for B < a, and we are given the suitable subset E, of w®. Let (U, Vy, i),
n € w, index all triples (U,V,i) where i € w and U,V is a pair of nonempty
open sets in a countable base for X, such that, for each such pair (U, V'), each
1 € w, and each j < 4, the set

MJ:{m (Um7vm>:<U7V)7 Zm:l, andm:]mod 4}

is infinite.

We will define by induction disjoint finite sets Fj, G, and we promise to
make F C T, and Gy C w\ T,. Let Fy = Gy = () to start, and suppose at
step k, we have chosen Fj, Gi. We will choose at this step an even n with
(n,n + 1) € Uy x Vi, and distribute n and n + 1 into Fy or G}, in some way
depending on the value of i, mod 4. Let us say that if i, = 0 mod 4, we will
put both n and n + 1 in Fj to get Fyy1; so if i, # 0 mod 4, at most one of
n,n + 1 will be added to F}.

Since E, is thin, the set H, = {n: E, N (F, U {n})® \ F? # 0} is finite.
If i, # 0 mod 4, choose any even n such that (n,n + 1) € Uy x Vj, and n >
max(Fy UG U Hy) and distribute n,n + 1 to Fj, and Gy, as follows: put n € F,
n+1 € Gy, if i, = 1 mod 4, the reverse if iy = 2 mod 4, and both in G, if iy =3
mod 4. Note that in this case, E, N Fj | = E, N FY.

Now suppose i, = 0 mod 4; we will put both n and n + 1 in Fj for some
appropriate n. If possible, choose an even n larger than max(Fy, UG U H},) with
(n,n+1) € UpxVj such that E,NF}_; = E,NF} (where Fj 1 = FrU{n,n+1}).



Note that this is always possible if E, satisfies condition (a) of the definition of
suitable. If this is not possible, then any even n larger than max(Fy, UG U Hy)
with (n,n + 1) € Uy x V}, will do.

Let T, = Upe,, Fr- By the construction, both Ti, and its complement meet
every basic clopen subset of X, in an infinite set. It follows that {Ts : § < a}
is an independent family. It also follows easily from the construction that each
basic open set [og] X [01] in X2, meets D.

It remains to prove that E, N7T2 is nowhere-dense in X2 ;. Suppose not.
Note that by the construction, if F, satisfies condition (a) of the definition of
suitable, then we could at any stage add what we needed to the set Fj so that
E,NF} | = E4NFy. So in this case, E, N T3 = (. Hence we may assume E,
satisfies condition (b) of the definition of suitable, for some i, jo < 3. To ease
the notation, let us assume iy = 1 and jo = 2, as the other cases are similar.
Since we are assuming E,N7T? is somewhere-dense in X2 11, there are basic open
sets B;, i < 3, of X,, such that E, contains a dense subset of (Byx By x By)NT3.
Let e € Eo N (By x By x Bo)NT3. Then e € Fj, , \ F} for some m, and hence
e = (ne+1,ke,ne), where k. € F,,, C n., and (ne,n. +1) € Uy, X V. It follows
that

[(Vin N Bg) x By x (Up, N Ba)]NT2

is open non-empty (it contains e), and thus so is
[(Vin N Bo) x By x (Upy N Ba)] N (T \ me + 1)3.

There must be some e’ € E, which is also in the above open set. Now e’ =
(ner +1, ke, ner), where ke, mer > ne. By the construction, since e € F3_ \ F3
at step m it was not possible to add n,n + 1 to Fj, such that n is larger than
max(F, UG, UH,y,) with (n,n+1) € Uy, x Vi and E,NEFS . = E,NES. It
follows that there is another point e’ = (n. + 1, k,n/) in E,, for some k € F,,,.
But this contradicts thinness of E,,. O

3 Slim dense sets

If X is the space defined in Example 2.3 then X? has no thin dense set, but it
is not hard to show that X? has a slim dense set. In fact, we will prove that
any product of metrizable spaces with no isolated points has a slim dense set.
(See Corollary 4.3.) Thus slim dense does not imply thin dense.

Lemma 3.1. Assume X and Y are topological spaces and |X| = k. If no union
of k-many nowhere dense sets in'Y is dense in'Y , then there is no dense slim
set in X xY.

Proof. Suppose D is a slim dense set in X x Y. Let dom(D) be the projection
of D onto X, rng (D) be the projection of D onto Y, and for each z € dom(D)
let D, = {y € Y: (z,y) € D} be the xz-section of D. Then rng (D) is dense in
Y and rng (D) = J{D,: = € dom(D)}. But each D, is nowhere dense in Y, so
rng (D) is not dense in Y, a contradiction. O



Corollary 3.2. There are two dense-in-themselves spaces, a metrizable separa-
ble space X and a regular space Y, with no slim dense set in X XY .

Proof. Let X = Q be the space of rationals with the Euclidean topology, and let
Y be the real line with the density topology. (Recall that the density topology is
Tychonoff but not normal; see [GNN], or [O], the remark before Theorem 22.9.)
Then X and Y satisfy assumptions of Lemma 3.1. O

Recall that a space X is k-resolvable if it can be decomposed into k-many
dense subsets.

Example 3.3. Let Q be the space of rationals with the FEuclidean topology, let
Y be any w-resolvable space in which no meager set is dense (e.g., let Y be the
same as in Corollary 3.2), and let X = Q@Y. Then X™ has no slim dense set
for any n < w but X¥ does have a slim dense set.

Proof. Notice that X is w-resolvable, so the fact that X“ has a slim dense set
will follow from Corollary 3.7. Now, for a given n < w, suppose D is slim
dense in X™. Then D N (Q"! x Y) is slim dense in Q"~! x Y, contrary to
Lemma 3.1. O

Example 3.4. (CH) There is a countable regular space X (generated by a
mazimal independent family on w) such that X2 has no slim dense subset.

Proof. The set for X is w. List all infinite subsets of w in the sequence {B,: a <
w1} and all subsets of w? in the sequence {E,: a < w;} such that each set
appears in this sequence w; times. For a < w; we will define O-dimensional 75
topology on w generated by a countable independent family A, such that

o If § < o then Ag C Ay, so 75 C 7.
e Either B, or w\ B, is not dense in 7441.
e E, is not slim dense in 72 .

Let 79 be a O-dimensional topology on w generated by a countable independent
family Ag. Suppose Ag and 75 are defined for < v and @ = y+1. If B, is not
dense or not co-dense in 7, then A}, = A, and 7/, = 7,,. Otherwise A,U{B,} is
an independent family. Then set A!, = A, U{B,} and define 7} as the topology
generated by A!,. Note that B., is not dense in 7).

Next, if E, is not slim dense in 7/, x 7/, then put A, = A}, and 7, = 7).
Otherwise we will define T, C w such that A/ U {T,} is an independent family
and T2 N E, = 0. Let {U,: n < w} be a sequence of basis sets of 7/, with each
appearing infinite many times. Choose inductively two sequences a,,, b,, n < w,
such that

(1) an,bn € Up\ {as, b;: i <n}, ay # by;
(ii) {ai:i<n}*x E, =0.



Such a choice is possible because the set H,, = {z: (z,q;) € E, or (a;,z) € E,}
is nowhere dense (as E, is slim), so U,, \ H,, is infinite. Let T,, = {a,: n < w}.
Since {by: n € w} C w\ Ty, Aq = A, U{T,} is an independent family. Let
T, be the topology on w generated by A,. Then 7, is a T» second countable
0-dimensional space without isolated points such that B, is not dense or not
co-dense in 7, and E,, is not slim dense in 772.

Let 7 = Uy, Ta and X = (w,7). Then 7 is generated by the independent
family A =, Aa-

Observe that A is maximal. In fact, otherwise there is B C w such that
AU {B} is an independent family. Then B = B, for some v < wy, and B is
dense in 7. Thus B is dense in 7,11, a contradiction.

Finally we will verify that there is no dense slim set in X2. Suppose E
is such. W.l.o.g., we may assume each e € E has distinct coordinates. Since
X is countable, every open set U in X (resp., X?) is the union of countably
many basic open sets, and hence is open in (X,7,) (resp., (X, 74)?) for some
a < wy. Since T, is a weaker topology, if U is also dense in X it is dense in
the weaker topology. It follows that, since there are only countably many cross-
sections to consider, E is also a slim dense set in some (X, 7,). Let 8 > « such
that E5 = E. Then by condition (iii) in the construction, Eg is not dense in
(X, 7541), contradiction. O

Since thin implies very thin in X2, it also implies slim in X?. But for X3,
thin need not imply slim.

Example 3.5. (CH) There is a countable reqular space X such that X? has
a (very) thin dense subset, and X3 has a thin dense set, but X* has no slim
(hence no very thin) dense subset.

Proof. The set for X is w. Let D = {(n,n + 1) : n even}, and let {D,} e, be
a partition of D into infinite sets. Our goal will be to define a topology on X
such that each D,, is dense in X2. Thus X? has a (very) thin dense set. It also
follows that E = {(n,m,m + 1) : {m,m + 1) € D,} is a thin dense subset of
X3.

We need to take care that X2 has no slim dense set. Let {E, : @ < w;} index
all subsets of X® with each appearing w; times, and such that each e € E, has
distinct codrdinates. We will define 7, C w such that the topology generated
by the T,’s and their complements gives the desired space. We will denote basic
(cl)open sets in this topology by [¢], where ¢ is a function from a finite subset
of wy into 2, and [0] = N, cdom(0) TS| where T° = T, and T = w \ Th.

We will define the T,,’s inductively. If the Tjs’s for § < o have been defined,
let 7, denote the topology generated by them and their complements. To start,
it is easy to define T,,, n € w, such that (X, 7,) is a Hausdorff space with no
isolated points and such that each D,, is dense.

Now suppose w < a < w; and suppose Tz has been defined for all § < «
satisfying:

(i) (X, 7s41) has no isolated points;



(ii) Each D, is dense in (X, 7541)%;

(iii) If Ej is a slim dense subset of (X, 73)3, then Eg N TE’ = 0.

Conditions (i) and (ii) imply that (X, 7,)? has no isolated points and each
D,, is dense. Suppose that E, is a slim dense subset of (X, 7,)%. Let (Uy, Vi, in),
n € w, index all triples (U, V,i) where (U, V) is a pair of nonempty open sets
in a countable base for (X, 7,) and i € w, such that, for each such pair (U, V),
each ¢ € w, and each j < 4, the set

M; ={m: (Un, Vi) =(U,V), iy, =i, and m = j mod 4}

is infinite.

We will define T}, in steps, taking care that conditions (i)—(iii) will hold for
B = a. Let Fy = Gy = 0. Suppose at step n, we have disjoint finite sets F},, G,
we promise to make F,, C T, and G,, C w \ Ty, and we also have F> N E, =0
Since each e € E, has distinct codrdinates, any e € E, N ({I,m} U F, UG,)?
has a codrdinate in F,, UG,,. Hence, since E, is slim, it follows that the set

H,={{,m): [{LLm,}UFUG)*\ (FUG)*|NE, #0}

is nowhere dense in (X, 7,)?. Hence we can choose ay, by, such that (a,,b,) €
D;, N[(U, x V) \ Hy] and {an,b,} N (F, UG,) = 0. Now, if n = j (mod 4),
put both a, and b, in F,, if j =0, both in G,, if j =1, a, in F,, b, € G, if
j=2,and a, in G, b, in F,, if j = 3.

Let T2 =T, and T! = w \ T,. By the way we indexed of the (U, V,)’s, for
any fixed (U, V) and any i, and any j, k < 2, the set (U x V)N D;NTI x TF is
infinite. It follows that (X,7,+1) has no isolated points and each D,, is dense
in (X, 7441)?, i.e., conditions (i) and (ii) hold.

In the inductive definition of T,, note that if e € F2 ; N E,, then some
coordinate of e is in F,, (since |F,11 \ F,,| < 2 and all codrdinates of e are
distinct); but this contradicts the facts that F> N E, = §) and {an,b,) & H,.

Let 7 = 71,,; we will show that X = (X, 7) has the desired properties. We
have already noted that X2 and X? have dense thin sets, so it remains to show
that there is no dense slim subset of X3, Suppose E is such. This fact can
be described by use only countably many sets from A, thus there is a < w;
such that E is slim dense in 73 x 73 for each § > a. (See the end of proof of
Example 3.4.) Fix v > a such that E = E,,, then E is slim dense in 741 X Ty41,
a contradiction. O

Now we will consider the existence of slim dense subsets of infinite powers
of a space X.

Proposition 3.6. Suppose X admits a decreasing sequence D, of dense sets
such that (), ., Dn = (0. Then for any infinite cardinal k, X* has a dense set
which is both slim and thin.
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Proof. Let 2o € X, let 6 be a one-to-one mapping of J,,c,, Dy into X \ {z¢},
and let { K, } o<y be k-many pairwise-disjoint subsets of & of cardinality . Also,
let [k]<¥ denote the finite subsets of x, and let v : [k]<* — k be one-to-one.

For every n > 0, let E,, be the set of all points e € X* such that, for some
subset F, of k of size n, we have:

(1) e F, is a one-to-one map of F, into D,, ;

(2) For every B & Fe, if B € K,(r,) then e(3) = ¢ else e(8) = 0((e | F;) o s),
where s is the order preserving bijection of n to F.

Then let £ = {J,,c,, En-

Claim 1. FE is dense.
Clear.

Claim 2. FE is thin.

Suppose e # €' € E. If F, # F., then e and e’ differ on K, ) U K, (),
while if F, = F,/, then e | F, # €' | Fo (else e = €'), so e and €' differ on
K \ (KV(FQ) U Fe)'

Claim 3. E is slim.

Let p: A — X, where A is a nonempty proper subset of k. Let C(p) = {f €
X®:f | A=p}. Let us assume ENC(p) #0. We need to show ENC(p) is
nowhere dense in C'(p).

CASE 1. A is infinite. Then there is « € rng () \ {zo} such that, for almost
all « € A, p(a) € {z,x0}. So §~1(z) is some point s in D? for some unique n,
and the projection of E N C(p) on any codrdinate is included in the finite set
{z,z0} Urng(s).

CAsE 2. A is finite. Then for some k, rng(p) N Dy, = (. Also, for each
x € rng(p), if §71(x) is defined, it is some point in D',j: for some k, € w.
Choose m > k + max{k, : « € rng(p)}. Then any point of E N C(p) has no
more than m distinct coérdinates. So if U;, ¢ < m + 1 are pairwise disjoint open
sets in X \ {zo}, and a;, i < m + 1 are distinct members of k \ A, then

Cp)n () =5 Ui)
t<m+1
is a dense open set in C(p) which misses E. O

Corollary 3.7. If X is w-resolvable then for any infinite cardinal k, X" has a
dense slim and thin set.

Proof. Let X = |J,,., X be the partition of X onto dense subsets. Then
Dy = Upsn Xk, n < w, satisfy assumptions of Proposition 3.6. O

Corollary 3.8. Assume X has a meager dense subset. Then for any infinite
cardinal k, X" has a dense slim and thin set.
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Proof. Let Ni, k < w be a sequence of nowhere dense sets in X such that
Uk<w Nk is dense. Then D, = |J,.5,, Nk, n < w, satisfy assumptions of Propo-
sition 3.6. U

Corollary 3.9. If X is a separable Hausdorff space with no isolated points then
for any infinite cardinal k, X" has a dense slim and thin set.

Proof. If D = {d,,: n < w} is dense in X, then D,, = {d;: i > n}, n < w, satisfy
the assumptions of Proposition 3.6. O

Proposition 3.6 is only true for powers, not the product of different spaces.

Example 3.10. There are countably many dense-in-themselves spaces, each
having a sequence of dense subsets as in Proposition 3.6, whose product has no
slim or thin dense set.

Proof. Let Xy be any dense-in-itself w-resovable space such that no union of
c-many nowhere dense sets is dense. (Such an example is 2%, where xk > ¢,
with the topology obtained by declaring to be open any intersection of less
than k-many sets open in the usual topology.) For each n > 0, let X,, be a
copy of the rationals. Then for every dense set D in Il,,¢,X,,, there is some
U = (v1,v9,...) € II,,50X,, such that {z € X¢ : (z,v1,v9,...) € D} is somewhere
dense in Xy. Hence D is neither slim nor thin. O

Nevertheless, Corollary 3.9 can be generalized to products of different spaces.

Proposition 3.11. Any infinite product of separable Hausdorff spaces with no
1solated points has a slim and thin dense set.

Proof. Let k be an infinite cardinal, and suppose for each a < k, X, is a
Hausdorff space with no isolated points with a countable dense proper subset
D, C Xq, say D, = {dy; : i € w}. We will show that X = II,«, X, has a slim
and thin dense set.

For each n, let Dy, = {dn; : @ > n}. W.lo.g., there are countably infinite
K,y n € w, which are disjoint from each other and from D, such that K, =
Unew Kan is nowhere dense in X,. Let Kop = {kani 1 i € w}.

W.lo.g., D, # X4, so we can choose ¢ € X such that v(a) ¢ D, U K, for
all a. Also let {H,}o<x be k-many disjoint subsets of k, each of size k, and let
v : [k]<* — K be one-to-one, where [k]<* denotes the set of all finite subsets of
k. Finally, let u : w<* — w be one-to-one such that p(c) > maxrng (o).

Now for every n > 0, let E,, be the set of all points e € X such that, for
some subset F, of k of size n, we have:

(1) e(®) € Dy, for every a € F;

et 0. € w" be such that e(a;) = d,.,. (5, where «; is the 7*"* member

2) L " b h th j dojo.(j), Wh i he jth b
(in the natural order on the ordinals) of F,. Then for every g ¢ F, if
RS H,,(Fe) then e(ﬂ) = ’U(ﬂ), else e(ﬁ) = kgn”(ge).
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Note that the E,’s are pairwise disjoint. Let £ =, ., En.

Claim 1. FE is dense in X.
This follows easily from the definition of £ and the fact that each D, is
dense in X,.

Claim 2. FE is thin.
Suppose e # €' € E. If F, # F., then e and €' differ on H,(p,) U Hy(F ),
while if F, = Fi/, then 0, # oo (else e = €'), so e and ¢’ differ on k\ (H,(F,

)
e)UFe)-
Claim 3. E is slim.

Let p € Ioc4X,, where A is a nonempty proper subset of k. Let C(p) =
{feX:f|A=p}. Let usassume ENC(p) # 0. We need to show ENC(p)
is nowhere dense in C(p).

Case 1. A is infinite. Then there are m,j such that p(8) € {v(8), kgm;}
for all but finitely many 8 € A. It follows that if e € E N C(p), then e(y) €
{v(7), kym;} for all v € Fe, and so for each a € F,, if e(a) = dy;, then i < j.
Hence the projection of E N C(p) on each coodrdinate is finite.

CASE 2. A is finite. Then rng (p) is finite, so there is ny such that, for each
a € dom(p), p(a) & U,>pn, Dan U Kan. It follows that if e € E,, N C(p), then
n < ng, and hence e(8) € KgU{v(5)} for all but at most no — 1 many 5. Hence
if we take a set G C k \ dom(p) of size ng, then

Clp)N () ma' (Xa \ (Ka U{o()})

aEG

is a dense open set in C'(p) which misses E. O

Theorem 3.12. Assuming V=L, every infinite power of any dense-in-itself
space has a slim and thin dense set.

Proof. Recall that every dense-in-itself space X has a dense subspace which is
the union of two open sets Uy and U, where Uy is a Baire space and U; is
meager. It is known that under V=L every dense-in-itself Baire space is w-
resolvable [Pa]. Thus Uy can be decomposed into dense sets D,,, n < w. Since
U, is meager, it can be decomposed into nowhere dense sets N,, n < w. For
each n > 0 put E, = D, UN,. Moreover, let By = X \ U, En- Then
X = U, <, En is decomposition of X onto w many dense sets, so Corollary 3.7
gives a dense slim and thin set in X*. O

We are unable to determine whether or not the assertion of Theorem 3.12
can be proved in ZFC. However, we will show that if X“ has no slim dense set,
then X contains a subspace which is strongly irresolvable and Baire. So the key
to finding an infinite power of X with no slim dense set, if such exists, has to
be to look at Baire strongly irresolvable spaces.

Recall that a space is strongly irresolvable if every dense-in-itself subset is
irresolvable; Hewitt[H] showed that every irresolvable space contains an open
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strongly irresolvable subspace.! In a strongly irresolvable space, every dense

set has nowhere dense complement. If the space is also Baire, it follows that
every meager set is nowhere dense. It is known to be consistent, modulo large
cardinals, that Baire (strongly) irresolvable spaces exist, though they don’t exist
if, e.g., V.= L. There can be, e.g., a Hausdorff Baire strongly irresolvable
topology on wy, and a regular Baire strongly irresolvable topology on 241 [KST],
[KT].

Proposition 3.13. If X¥ has no slim dense set, then X contains a subspace
which is strongly irresolvable and Baire.

Proof. Let U be the union of a maximal disjoint collection of open sets which
have meager dense subsets, and let V = X \ U. If V is empty then X = U,
thus U is nonempty and has a meager dense subset which is also a meager
dense in X, and then, by Corollary 3.8, X“ has a slim dense set. Thus we can
assume that V' is nonempty. From the definition of U, we see that any meager
subset of V' is nowhere dense; in particular V' is Baire. Now observe that V
cannot, be w-resolvable. In fact, else U UV has a sequence of dense set with
empty intersection, thus X is w-resolvable, and by Corollary 3.7, X has a slim
dense set. It is known that a space is w-resolvable iff it is n-resolvable for every
positive integer n [I]. So, let n be the minimal integer for which V' is not (n+1)-
resolvable. Write V' as the union of n many dense set Dy, Ds,...,D,. Then
each of these sets must be irresolvable. In particular, D, is irresolvable. Each
irresolvable space contains an open strongly irresolvable subspace, so let Y be
an open strongly irresolvable subspace of D;. From the fact that any meager
subset of V' is nowhere dense, it follows that any meager subset of Y is nowhere
dense in Y, so Y is Baire strongly irresolvable. O

4 Some conditions which imply the existence of
slim dense sets

Let us define the following properties of a space X.

(NC) There is a pairwise disjoint collection N of nowhere dense sets in X such
that, given any finite collection U of nonempty open sets in X, there is
some N € A which meets every U € U.

(GC) There is a pairwise disjoint collection A/ of nowhere dense sets in X such
that every nonempty open set U C X meets all but finitely many members

of NV.

Moreover, for a given k£ < w we will denote by (NCy) a weaker version of the
condition (NC) obtained by requiring |I/| < k in the definition of (NC).
Notice that for every space X we have

IThe authors of [KST] define strongly irresolvable to mean every open subset, is irresolvable.
1t follows from Hewitt’s result that the statements in [KST] are valid for either definition of
strongly irresolvable.
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e If k¥ < m then (NC,,) implies (NCy).
o If X satisfies (GC) then it satisfies (NC).

e A collection N witnesses property (NC) iff it witnesses (NCy) for every
k< w.

In spite of this last statement, we don’t know whether or not property (NC)
holds iff (NCy) holds for all £ < w.
Observe also the following facts.

e In the definition of (GC) we may assume that the family N is countable.
Also, for any partition of N into infinite subfamilies, their unions are
disjoint dense sets; in particular, (GC) implies w-resolvable.

e If a family N witnesses property (NC,) then |J N is dense in X. Moreover,
every non-empty set G C X meets infinitely many N € N, thus X is
dense-in-itself.

Proposition 4.1. (1) If X satisfies (NC) then every power of X has a slim
dense set.

(2) If X satisfies (NCy,) for some k < w, then X* has a slim dense set.

(3) Assume X,, a < k, satisfy (GC). Then there is a slim dense set in
Ha<nXo¢~

Proof. (1). Let N' = {N,: @ < A} be family fulfilling (NC). Fix a cardinal s
and define D = J, ., N5. It is clear that D is slim (because each cross-section
of D is a product of nowhere dense sets), we will verify that D is dense in X*.
Let B be a basic open set in X* and let A be the set of all £ < k for which
me(B) # X; Ais finite. Thus there is @ < X such that N, meets all 7¢(B)
for £ € A and consequently, BN N # (). The proof above works also for the
statement (2).

(3). For a < k let N, be a family witnessing (GC) in X,. We may assume
that all N, are countable, say Ny = {Nax: k < w}. Then the set D =
Uk<w Iy No g is slim in X = Iy, X,. We will verify that D is dense in X.
Let B be a basic open set in X and let A be the set of all & < & for which
mo(B) # X,; A is finite. For each o € A there is a positive integer k, such that
Ta(B)N Nop # 0 if n > ko. Let k = maxqea k. Then for every a < k and
n > k we have 7y (B) N Ny i, # 0, so BN D # . .

Proposition 4.2. Every metrizable dense-in-itself space X satisfies (GC).

Proof. Let X be metrizable and dense-in-itself. For each n > 0 choose a nowhere
dense %—net E, in X such that E, N E,, = ( if n # m. Then the sequence E,,
n < w, fulfills the condition (GC). O

Corollary 4.3. Every product of metrizable dense-in-themselves spaces has a
slim dense set.
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In Example 4.6, we will show that the product of different spaces X, sat-
isfying (NC) may have no slim dense set. First a couple of results on spaces
which satisfy (NC) or (GC) witnessed by a collection of finite sets.

Proposition 4.4. Let X be a dense-in-itself space.

(1) If A(X) > mw(X), then X satisfies (NC) witnessed by a collection of finite
sets;

(ii) If X is separable and mw(X) = w, then X satisfies (GC) witnessed by a
collection of finite sets.

Proof. (i) Let B be a m-base of X with |B] = A < A(X). List all finite sub-
families of B in the sequence {B,: a < A}. Now, for each a < A, choose
inductively a finite set N, meeting every B € B, and disjoint with (J s<a V5
Then N = {N,: a < \} witnesses (NC).

We omit the similar and easy proof of (ii). O

For the separable case, let us see that it is consistent to have the same
conclusion as in Proposition 4.4(ii) as long as 7w(X) < ¢. Recall that the
cardinal p is the least cardinal of a family of infinite subsets of w with every
finite intersection infinite, such that there is no infinite set almost contained in
every member of the collection. It is well-known that p is the least cardinal such
that Martin’s Axiom for o-centered posets fails [B].

Proposition 4.5. Let X be a separable space with mw(X) < p. Then X satisfies
(GC) witnessed by a collection of finite sets.

Proof. Let D be a countable dense subset of X and B a m-base of cardinality
< p. Define the poset P to be all p = (fP, BP) such that

(i) f? is a function with domain n? € w;

(ii) For each i < n¥, fP(i) is a finite subset of D;
(ifi) For i # j <n?, f2(i) N () = 0;

(iv) BP is a finite subset of B.

Also define ¢ < p if f? extends fP, B D BP, and, for every j € n?\n?, f1(j)
meets every member of BP. Note that if fP = f9, then p and ¢ are compatible;
hence P is o-centered. A standard dense set argument (which we omit) shows
that a suitably generic filter produces a function f with domain w such that
{f(i) : i € w} consists of disjoint finite sets, such that every B € B meets all
but finitely many of them. O

The above proposition shows, for example, that any countable dense-in-itself
subset of 2“1 can in some models satisfy (GC), witnessed even by a collection
of finite sets.
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Example 4.6. There are topological spaces X satisfying (GC) and Y satisfying
(NC) such that X XY has no dense slim set. Thus Y is a topological space
which satisfies (NC) but does not satisfy (GC).

Proof. The spaces X and Y are the same as in Corollary 3.2, i.e., X = Q and
Y is the real line with the density topology. Observe that A(Y) = ¢ = 7w(Y);
thus by Proposition 4.4, Y satisfies (NC). Since X satisfies (GC) and there is
no slim dense set in X x Y (cf., Corollary 3.2), ¥ does not satisfy (GC). O

On the other hand, it is not very hard to observe that if X satisfies (NC)
with a countable family A, then for every space Y satisfying (GC), there is a
dense slim set in X x Y.

Proposition 4.7. If XY satisfy (GC) then X @Y satisfies (GC) too.

Proof. Let N' and M be a countable families of nowhere dense sets witnessing
(GC) in X and Y, respectively. List N = {Ny: k < w}, M = {M,: k < w}.
Then all sets Kj = N U M;, are pairwise disjoint, nowhere dense in X &Y and,
clearly, each nonempty open set in X &Y meets almost all K. O

It is easy to check that the topological sum of spaces X and Y from Exam-
ple 4.6 does not satisfy (NC). Thus the topological sum of two spaces satisfying
(NC) may not satisfy (NC), even if one of them satisfies (GC). However, if
the condition (NC) in X is witnessed by a countable family N, and YV satisfies
(GC), then there is a slim dense set in X x Y.

Proposition 4.8. If all X,, a < k satisfies (NC) (respectively, (NCy), or
(GC)), then the product 11, X} has the same property.

Proof. Let {X,: a < k} be a family of topological spaces satisfying (NC) and
let X = Iy Xs. For a < & let N, be a family of pairwise disjoint nowhere
dense sets in X, which witnesses (NC). Then N = {4« Ny: Ny € Ny} is a
family of pairwise disjoint nowhere dense sets in X which witnesses (NC) in X.
The same proof works in other cases ((GC) or (NCy)). O

Example 4.9. (CH) There exists a topology T on w such that the space X =
(w, T) satisfies (NC3) but X3 has no slim dense sets. Hence X does not satisfy
(NGs).

Proof. Let X be the space constructed in Example 3.5. Then the set D =
{{n,n + 1) : n even} is dense in X2, so the family N" = {{n,n + 1} : n even}
witnesses (NCy) in X. On the other hand, there is no slim dense set in X?,
thus X does not satisfy (NCs). O

In the above example, we got our witness to (NCs) easily from a very thin
dense set whose elements were disjoint as unordered pairs. We now show that
the existence of (very) thin countable dense set in X? always implies (NCs).
We don’t know if “very thin” can be weakened to “slim” in this result.

Proposition 4.10. If k € w and X* has a countable very thin dense set, then
X satisfies (NCy) (witnessed by finite sets).
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Proof. Let D C X* be a countable very thin dense set. For each de D, let c(cf)
be the covrdinates of d, and let ¢(D) = J{c(d) : d € D} = {z, : n € w}. (Note
that the set ¢(D) is dense in X, so X is separable.)
Let Hy = {x¢}, and if the disjoint finite sets H;, i < n, have been defined,
let
Hopr = {24, } U {c(d) . de D and ¢(d) N H, # (2)} \J H

i<n

where k,, is least such that z, & U,.,, H;- Then H, 1 is certainly disjoint from
each H;, i <n, and since D is very thin, it follows that H,; is finite.

Now for each infinite A C w, let ag,ay,... be its increasing enumeration,
and let

a1 as
NA: U H,', U H,', U H,,

i<aog i=ao+1 i=a1+1
The following claim completes the proof.

Claim. For some A C w, N4 witnesses (NCy). Suppose otherwise. Then for
each infinite A C w, there are nonempty open sets U(A4,1), i < k, such that no
member of V4 meets all of them. Let .4 be an uncountable almost disjoint family
of subsets of w. By separability of X, there are distinct 4, B € A such that
U(A,i))NU(B,1) # ( for each i < k. Thereisd € DNIL;xU(A,i)NU(B,1). Let
n be the least number such that c(a?) N H, # (. Note that by the construction,
c(J) C H,UH, ;. If n were not in A, it would follow that some N € N4
contains H, U H,,.; hence would meet every U(A,i). So n € A, and similarly,
n € B. So we have that every d € D N1, U(A,i) N U(B,i) has a codrdinate
in the finite set J,,c 4n Hn- Since D is dense, there are infinitely many such

J: which contradicts D being very thin. O

As mentioned earlier, we don’t know of any consistent example of a dense-in-
itself space X such that X“ has no slim dense set. Recall that, by Proposition
3.13, if such an example exists it must contain a strongly irresolvable Baire
subspace. We now obtain some conditions on strongly irresolvable spaces which
imply that (NC) or related properties do not hold.

Recall that an ideal A on a cardinal & is selective if whenever P is a partition
of k by members of A/, then there is A ¢ N such that [A N P| < 1 for every
P € P. Also, N is a normal ideal if every regressive function f : k — k is
constant on some set A ¢ N. It is known that normal ideals are selective, and
the non-stationary ideal is contained in every normal ideal.

In the paper [KST], the authors show that, assuming enough large cardinals,
there is a Hausdorff Baire strongly irresolvable topology on w; for which the
ideal of nowhere dense sets is selective, and there is also such a topology on a
stationary subset S of wy for which the ideal of subsets of w; whose trace on
S is nowhere dense in the topology on S is a normal ideal. Also, in the paper
[DG], the authors construct under MA (o-centered) a countable regular strongly
irresolvable space for which the nowhere dense ideal is selective.
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Observe that if X is a strongly irresolvable space with underlying set & for
which that ideal N of nowhere dense sets is selective, then the set A in the
definition of selective can be taken to be an open set (since every somewhere
dense set has non-empty interior).

Proposition 4.11. Suppose X is a strongly irresolvable topology on « for which
that ideal N of nowhere dense sets is selective. Then X does not satisfy (NCs).

Proof. Suppose P is a partition of X into nowhere dense sets. By selectivity
and strongly irresolvable, there is an open set U which meets each member of
P in at most one point. Then if V and W are disjoint open subsets of U, no
member of P meets both V' and W. So P cannot satisfy (NCsz). O

Proposition 4.12. Suppose X is a strongly irresolvable topology on a stationary
subset S of wy such that the ideal

N ={ACuw :ANS is nowhere dense}
is normal. Then X2 has no slim dense set.

Proof. Suppose D C S? is slim. W.Lo.g., D is symmetric, i.e., (o, 3) € D <=
(B,a) € D. We may also assume no point with codrdinate 0 or 1 is in D. Define
f 1w — wy by:

(1) f(«) is the least 8 < «a such that {(«, 8) € D, if there is such £ < «¢;
(2) If @ € S but there is no f < a with (@, 8) € D, then f(a) = 0;
(3) If a ¢S, then f(a) =1.

By normality, there is some 3 such that f~!'(3) is not in the ideal. Clearly,
B # 1. Suppose 8 > 1; then {8} x f~1(B8) C D; but since D is slim, f~1(5)
is nowhere dense, a contradiction. So f = 0. Let U be an open subset of
£71(0). There must be some 3 < a with (8,a) € D NU?. But then f(a) # 0,
a contradiction. O

Lemma 4.13. Let X be strongly irresolvable space satisfying (NCs), with a

collection N'. Then the family F of all M C N such that M witnesses (NC3)
in X is an ultrafilter on N .

Proof. Claim 1. M € F < UM is dense.

The forward direction is easy. For the reverse, suppose UM is dense, but
M does not satisfy (NC-), say witnessed by the pair of open sets U, V. Note
Y = X \ UM is nowhere dense. Let U' = U\ Y, V' =V \ Y. Then no member
of A/ can meet both U’ and V’, a contradiction.

From Claim 1 and strong irresolvability, we have also that M € F iff UM
has dense interior; this implies F is a filter.

Claim 2. F is an ultrafilter.
Suppose not. Then there is some My C A such that neither Mg nor its
complement M; is in F. By Claim 1, for ¢ < 2 there are open sets U; such
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that (UM,;) N U; = 0. But then the pair Uy, Us shows that A fails the (NC5>)
property, a contradiction. O

In Example 4.9 we showed that (NCz) need not imply (NCj3) (consistently);
the following shows that there are no irresolvable examples of this kind.

Proposition 4.14. If X is strongly irresolvable space, then X satisfies (NC)
iff it satisfies (NCs).

Proof. Let N be a family witnessing (NC») in X, and let F be as in Lemma 4.13.
For each nonempty open set U let us put F(U) = {N e N: NNU # 0}. By
(NCz2), UF(U) is dense, so by Claim 1 of Lemma 4.13, F(U) € F. Thus for a
given finite sequence of nonempty open sets U, . .., Uy, we have (), ., F(U;) # 0,
and consequently, N witnesses (NC). a O

Theorem 4.15. If X is strongly irresolvable Baire, and |X| is less than the
first measurable cardinal, then X cannot satisfy (NCs).

Proof. Suppose X satisfies the hypotheses, and N is a pairwise disjoint collec-
tion of nowhere dense sets witnessing (NCz). Let F be the ultrafilter defined in
Lemma 4.13. By Claim 1 of Lemma 4.13, M € F iff | J M is dense in X. Thus it
follows easily from the Baire property that F is countably complete (i.e., closed
under countable intersections). Since |A| is less than the first measurable, this
gives a contradiction. O

The following example shows that Baireness is (consistently) essential in the
previous result.

Example 4.16. (CH) There is a countable reqular space X generated by a maz-
imal independent family on w (thus there is also a strongly irresolvable space)
which satisfies (NC)2.

Proof. Let C be the family of all finite subsets of Q. For each n < w let A,, =
{C €C:|C| =n}. Foreach g € Qlet E;, = {C € C: |C N (—00,q)| is even}.
Note that the family F,, ¢ € Q, is independent, and generates the topology 5 on
C (and consequently, on w) such that for any U € 79, the set {n: |4, NU| = w}
is cofinite.

Choose any ultrafilter F on w. We are going to make a topology on w such
that the following condition holds:

(x) For each nonempty open U, we have F(U) = {n < w: |[A, NU| =w} € F.

Thus 7y satisfies (x). We will define an increasing sequence 74, a < wy, of
topologies satisfying (x); our final space will be (w,7), where 7=, Ta-

Let By, a < wy, index all infinite subsets of w. Now suppose we are at stage
a < wy, and for every 8 < a, we have defined a 0-dimensional topology 73 with
a countable base satisfying (*) and:

(i) If 8 =+ +1, either B, or w\ B, is not dense in (w, 73);

2Note that such a space cannot satisfy (GC).
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(i) B < B’ implies 75 C 75.

If o is a limit ordinal, let 7 = {Jz_,, 73. Then (w, 7,) satisfies the required
conditions.

Suppose @ = v+ 1. If B, is not dense and co-dense in (w,7,), we can let
Ta = Ty. S0, assume B., is dense and co-dense.

Case 1. Forevery U € 7, we have F(UNB,) = {n: |4,NUNB,| =w} €
JF. First, it is not difficult in this case to write B, as a disjoint union of sets
BW, i € w, each satisfying the condition of Case 1. To see this, let Uy, Uy, ...
index a countable base for 7. Clearly it suffices to define B, ; such that for any
n,m and 1,

|A, NU, NB,| =wiff |4, NU, N B, ;| =w.

To this end, let {m;,n;), i € w, index all pairs (m,n) € w?, each appearing
infinitely often. Then at step k choose

Th0, Thyls ooy Thookt € Uy N By N An, \{a:,-vj: 1<kj< Z}

Finally, for i > 1let B, ; = {xj;: j > i} and let B, = B, \ U;s; B, It is
easy to check that this works.

Now, let A = {4,,: m < w} be an independent family of subsets of w. Let
@ denote the family of all functions ¢: C' — 2, C' € [w]<¥. For each p € P, let
o[ A] = N{AL™ . m € dom(p)}, where A° = w\ A, A* = A. For each i € w put
Bi = U, e, By Let B, = {B;: i < w}. Observe that for each ¢ € ® the set
¢[B,] satisfies the condition of Case 1. In fact, since p[A] # 0, there is i € p[A]
and B, ; C ¢[B,]. Then {n: |[A, NUNg[B,]| =w} D {n: |4, NUNB, ;| =
w}eF.

Let 7, be the topology generated by the sets U N ¢[B,], U € 7,, U # 0,
¢ € ®. Then 7, is a 0-dimensional topology with the countable base satisfying
(*) in which w \ B, is nowhere dense.

CASE 2. Not Case 1. Then for some clopen set U in 7,, we have F(UNB,,) ¢
F. Since F(V) € F for any non-empty open V, it follows that for any non-empty
open subset V of U, F(V N (w\ By)) € F. Hence BZ = [UN (w\ By)]U[w\ U]
satisfies the condition of Case 1 with B, replaced by B}. Hence there is a 0-
dimensional topology 7, with a countable base satisfying () such that w\ B is
nowhere dense. Note that this makes B, fail to be dense in 7, (its intersection
with U is nowhere dense).

This completes the inductive construction. Let X = (w,7), where 7 =
Ua<w, Tas and let B = J, By, = {B,,;: v < wi,i < w}. Then B is an inde-
pendent family generating 7. Observe that B is maximal. In fact, otherwise
there is D C w which is dense and co-dense in 7. Then there is o < w; such
that D = B, and D is dense in co-dense in 7,41, a contradiction. Hence X is
irresolvable.

X satisfies the condition () since it does so at each stage. It follows that
the A,’s witness property (NC) for X.

Finally, the existence of a strongly irresolvable space with these properties
follows simply from the fact that every irresolvable space has an open strongly
irresolvable subspace. U
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5 Applications

Let us recall one of the oldest and most significant generalizations of continuity,
called near continuity. (The history of this concept one can find e.g in [R].)
Let X and Y be topological spaces. A function f: X — Y is nearly continu-
ous if f~H(V) C int (f~1(V)) for every open set V C Y. Now, for a function
iy Xs — Y it is natural to consider the problem of relations between
separate near continuity versus joint near continuity. It is known that for real
functions f: R? — R neither separate near continuity implies joint near conti-
nuity, nor vice versa [N]. Now, using notions of small dense sets considered in
the paper, we obtain a wide class of examples of jointly nearly continuous but
not separately nearly continuous functions. Indeed, for D C Il .. X, let Xp
be the characteristic function of D. It is easy to observe that if D is dense in
My« Xa, then X is jointly nearly continuous. Moreover, if D is thin then each
codimension 1 cross-section of Xp is not nearly continuous (however it is Baire
one); and if D is slim then each cross-section of Xp is not nearly continuous. In
the both cases, Xp is not separately nearly continuous.

6 Open questions

1. Can there be a dense-in-itself Hausdorff space X such that X* has no slim
dense set? (Consistently, no; see Theorem 3.12.)

2. Does X strongly irresolvable Baire imply X2 and/or X“ has no slim dense
set?

3. Is there in ZFC a separable Hausdorff space X such that X? has no slim
dense set? (Yes under CH, see Example 3.4.)

4. TIs there in ZFC a separable space X which does not satisfy (NC)? (Yes
under CH, see Example 3.4.)

5. Is there a space X in ZFC such that X? has a thin dense set but X® does
not? (Yes under CH, see Example 2.6.)

6. Is there in ZFC a space X satisfying (NCz) but not (NC5)? (Yes under
CH, see Example 4.9.)

7. Is there a space X such that there is a slim dense set in X2 but X does
not satisfy (NCs)?

8. Is there a space X that satisfies (NCy,) for every k < w but does not satisfy
(NC)?

9. Can there be a space X such that X* has a slim (resp., very thin) dense
set for every k < w, but X“ does not?

10. Do there exist spaces X, Y with (NC) witnessing by countable families
Nx, Ny, respectively, with no slim dense set in X x Y?
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