MONOTONICALLY COMPACT 7T5-SPACES ARE METRIZABLE

GARY GRUENHAGE

ABSTRACT. We answer a question of M. Matveev by showing that every mono-
tonically compact Hausdorff space is metrizable.

A space X is monotonically compact (mC) if one can assign to each open cover
U a finite open refinement r(U) such that r(V) refines r(U) whenever V refines Y.
It is easily seen that compact metrizable spaces are mC. Matveev[3] asked whether
every mC Hausdorff space is metrizable.

In [1], we proved that every mC Hausdorff space having property K is metrizable,
where a space X has property K if every uncountable collection ¢ of nonempty
open sets contains an uncountable subcollection V such that Vi,V € V implies
V1NVa # (). In this brief note, using this result as a starting point, we complete the
solution to Matveev’s problem by showing that the class of mC Hausdorff spaces
coincides with the class of compact metrizable spaces.

In the proof, we use two theorems from partition calculus, Erdos’ theorem w; —
(w,w1)? and Ramsey’s theorem w — (w)”. The first says that if the unordered pairs
of an uncountable set A are divided into two pots, say Pot I and Pot II, then there
is either an infinite subset of A all pairs from which are in Pot I, or an uncountable
subset of A all pairs from which are in Pot II. In Ramsey’s theorem, r and n are
positive integers and it says that if the r-element subsets of a countably infinite set
W1 are divided into n pots, then there is an infinite subset W of W; such that all
r-element subsets of W are in the same pot. See, e.g., Appendix 4 of [2] for more
information on these and other partition calculus theorems.

Theorem 0.1. Monotonically compact Hausdorff spaces are metrizable.

Proof. Let X be Hausdorff mC with mC operator r, and suppose X is not
metrizable. Then X does not have property K [1], i.e., there are nonempty open
sets Uy, a < wq, such that, for any uncountable W C wy, there are o, 5 € W with
U, N Uﬁ =0.

Claim 1. For any uncountable A C wy, there is an infinite B C A such that
{Uq : « € B} is pairwise-disjoint. To see this, for 8 < a € A, put {3, a} in Pot
Lif U, NUg = 0, and in Pot II otherwise. Since there is no uncountable subset of
A all pairs from which are in Pot II, by Erdos’ theorem, there must be an infinite
B C A all pairs from which are in Pot I. Then {U, : « € B} is pairwise-disjoint.

Now for each o < wy, pick po € Uy, and let Uy, = {X \ {pa},Ua}-

Claim 2. For each W C w1, there is a finite W' C W such that if V € r(Ua),
a € W, then there is B € W' such that V. C Ug orpg ¢ V.
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To see this, suppose W C wy. Let Uw = J,cyy Ua- For each O € r(Uw ), there
is ﬂ(O) € W with O C Uﬁ(o) orOC X \ {pﬁ(o)}. Let W/ = {5(0) :0 € T(Z/{W)}

Suppose a € W and V' € r(U,). Note that U, refines Uy, hence r(U,) refines
r(Uw). So there is some O € r(Uw) with V. C O. Then O C Ugy or O C
X\ {ps(o)}- Since V' C O, the same is true of V. This proves Claim 2.

There is an uncountable Wy C w; and positive integer k such that |r(Uy)| = k
for every a € Wy. Say r(Un) = {Va,i 11 < k}.

By Claim 1, there is an infinite subset Wy of Wy such that {U, : o € Wy} is
pairwise-disjoint. W.l.o.g., W; has order type w. For 8 < a € W7 and j < k, put
{B,a} in Pot j iff j is least such that pg € V, ;.

By Ramsey’s theorem, there is an infinite subset W of W; and jy < k such that
8 < a € W implies {3,a} is in Pot jo. Suppose W’ is the finite subset of W
guaranteed by Claim 2. Let o € W with @ > max(W’) and |a N W] > 2. Then
{pg : B € W'} C V,, and V, j, contains at least two points of {pg : § € W}.
Since the Ug’s for 8 € W are disjoint, it follows that V, j, is not contained in any
Us, p € W'. Since V, j, also contains pg for every § € W', Claim 2 is contradicted
with V' =V, j,. O

Remark. It may be interesting to note that in the proof of the theorem (both
the one in this paper and the property K result it relies upon from [1]) , it was only
necessary to apply the defining property of the mC operator r, i.e., “r()) refines
r(U) whenever V refines U”, in the case where V is a 2-element open cover, U is a
union of 2-element open covers, and V C U .
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