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Abstract

We prove that any metrizable non-compact space has a weaker metrizable nowhere locally
compact topology. As a consequence, any metrizable non-compact space has a weaker Hausdorff
connected topology. The same is established for any Hausdorff pagth a o -locally finite base
whose weightw (X) is a successor cardinal.2002 Elsevier Science B.V. All rights reserved.
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0. Introduction

It was proved in [7] that the free union of countably many copies of the Cantor set
cannot be condensed onto a regular connected space. This shows that not every non-
compact separable metrizable space has a weaker connected regular topology. However,
it is another result of [7], that every non-compact second countable regular space has
a weaker Hausdorff connected topology. We extend this theorem to the class of all
metric non-compact spaces. To do this, we first prove an auxiliary result which seems
to be interesting in itself, namely that every metrizable non-compact space has a weaker
metrizable nowhere locally compact topology. Metrizability is essential because there are
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simple examples showing that there exist locally compact non-compact spaces all of whose
continuous Tychonoff images are locally compact. Clearly, such spaces can not have a
weaker Tychonoff nowhere locally compact topology. The last group of results deals with
the class of Hausdorff non-regular spaces witki-bocally finite base. We prove that a
space which belongs to this class has a weaker connected topology in case its weight is a
successor cardinal.

1. Notation and terminology

All spaces under consideration are assumed to be Hausdorff. We use the term
condensationio denote a continuous bijection. Given a &etve denote by ex(X) the
family of all subsets ofX. The ordinals are identified with the set of their predecessors.
In particular,n = {0,...,n — 1} for anyn € w. If (X, 1) is a space and C X then
T|Y ={UNY: U € t}. The expressioX ~ Y means thaX is homeomorphictd. Given
ametric spacéX, p) and anA C X we denote by diag(A) the diameter of the set with
respect top, i.e., diam,(A) = supp(x, y): x,y € A}. The boundary/\U is sometimes
denoted by U .

The interval(0, 1] C R is denoted byJ/. Given a cardinak, let H(k) = {v} U J x «,
wherev = 0 € R. Given ana < «, we will write J, instead of/ x {«}. Define a metric
d on H(x) in the following way:d(v,v) =0, d(v,t) =t if t = (t,a) € Jy; given
t,s€Jy, t=(,a)ands = (s',a) letd(,s) =t —s'|. lft = (', a), s = (s, B), where
a # B, thend(z,s) =+ +s’. The spacéH («), d) is calledthe hedgehog witk spines
All other notions are standard and can be found in [3].

2. Condensations of metrizable spaces

Our purpose is to establish that every non-compact metric space condenses onto a
nowhere locally compact metrizable space. When the extent is achievable, i.e., when the
given metric spac& has a closed discrete subspace of cardinality), the main idea is
to make such a closed discrete set dense and nowhere locally compact in the new topology.
However, not all metric spaces have an achievable extent, so we have two different cases
to consider.

Lemma 2.1. For any infinite cardinalk there exists a metrizable locally convex linear
topological space, with the following properties

(1) w(My) =«;

(2) H(x)® embeds intd4,, whereH (k) is the hedgehog with spines

(3) M? is homeomorphic td/,.

Proof. TakeM = o (R¥) = {x € R¥: the setr—1(R \ {0}) is finite}. The metrico on M is
defined as followsp (x, y) = suf|x(«) — y(@)|: @ < k}. Since there are only finitely many
non-zero differences, the metricis well-defined. It is easy to see that(M, p)) = «.
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For eachu <« let I, = {t - xqo): t € [0, 1]}. Here s 1« — {0, 1} is the characteristic
function of the sefa}, i.e., xjo}(B) =0 if B # o and x(q) (o) = 1. It is easy to see that the
subspace J{I,: « < «} of the spaceM is homeomorphic tdH («). Thus,M, = M® has
the required properties.O

Let us say that a metric spagehasachievable extenf w(X) =« and there is a closed
discreteD c X with | D| = «. Note that no infinite metric space with an achievable extent
can be compact.

Lemma 2.2. Let X be an infinite metrizable space with achievable extent. Suppose that
D is a closed discrete subspace Xfwith |D| = « = w(X) and F is a closed subset of
X such thatF N D = @. Then there is a condensatign X — Y of X onto a metrizable
spaceY with the following properties

(1) each open subset &fhas cardinality at leask;

(2) Y is nowhere locally compagct

(3) the setp(D) is dense inY;

(4) the setp(F) is closed inY andg|r is a homeomorphism.

Proof. The idea is to use a theorem of Dugundiji [2] stating that for any metric spacel
for any closedG C X, if we have a continuous functiofi: G — L, whereL is a locally
convex linear topological space, th¢grextends continuously to a function fromto L.

Now, take a faithful enumeratiofx,: o < «} of the setD. SinceM? ~ M,, there is a
closed nowhere dengé Cc M, homeomorphictd/, . Every open set o/, has cardinality
at least. Since the weight oM, is equal tac, there exists a familp = {P,: o < «} such
that:

(%) for eacha < « we have|P,| =« and P, C (R\{0}) x (M, \ N)“ is dense in
(R\{0}) x (M, \ N)® and hence ifR x MZ;

(#x) Pu NPg=9if a #B.

Let {py: o < «} be a faithful enumeration of the sé&t = [ J{P,: « € «}. Take any
discrete familyi/ = {Uy: o < «} of open subsets oX such that( JU/) N F =@ andx, €
U, forall « < k. For everyw < k choose open sel$! C U, so that{x,} = ({U}: n € w}
andU+1 c U” for eachn € .

Now, fix some embedding: X — N (recall thatNV is homeomorphic td/, and hence
contains a copy off («)® and the latter in turn contains a copyXj. Let¢ : X — R be an
arbitrary continuous map such thét= ¢—1(0). For each natural numberdefine a map
¢n: DUX\|J{UZ: o <k}) — M, in the following way:¢, (x«) = pa (n) for eachoe and
dn(x) =e(x) foranyx e X \ (J{UL: o <«}). Apply the theorem of Dugundji [2] to find
acontinuous map, : X — M, such that the restriction @f, to D U (X \ | {U}: @ <«})
is equal tog,,. Then the mapping = ¢pA(A{g,: new}): X - Y =¢(X) CR x M? has
the required properties.

Note thatP C Y and therefored’ is dense inR x MZ. This implies that! is nowhere
locally compact, i.e., (2) holds. Any open subsetrofias to intersect the s&, for every
a < k. This proves (1). Property (3) holds becayg®) = P. The setp(F) is closed
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in Y due to the fact thaizﬂgl(O) NY = ¢(F), wherenr :R x MY — R is the natural
projection. Nowg|r is a homeomorphism because it is a diagonal produgt ahd the
homeomorphismt\{g,|r: n € w}.

Finally, to see thap is a condensation, note that the points outsid®adre separated
by ¢, if they are not inl {U}: « < «}. The points ofD are separated automatically by
construction because of the faithfulness of our enumeration. Finally, the poiftsaoé
separated from those &f \ D because the images of the pointsXof D are eventually in
N and thenth projection ofP does not meet the sat. O

Corollary 2.3. Let (X, ) be a metrizable non-compact space with achievable extent. If
H C X is nowhere dense and closed, then there is a weaker metrizable nowhere locally
compact topology’ on X such thatH is t’-closed and’|H = t|H.

Proof. If x = w(X) then there exists a closed discrdbleC X such that|D| = « and
DN H={.Now apply Lemma 2.2. O

We now proceed to the case of metric spaces in which the extent is not achievable.

Lemma 2.4. Let X be a metrizable space of uncountable weight in which the extent is not
achievable. Denote by the set of all points ok any neighbourhood of which has weight
w(X). ThenkK is compact and non-empty. As a consequence, we lhéxe < w(X) for
everyA Cc X with AN K =.

Proof. Lemma 1 in [4] says thaK is compact and non-empty. To prove the second
part, observe that, without loss of generality, we can assdnte be closed. Now, if
w(A) = w(X) =« thenA is a closed subspace &fof weightx such that any: € A has a
neighbourhood i of weight < «. Applying again Lemma 1 from [4], we can conclude
that the extent ofi is achievable and hencehas a closed discrete subgebf cardinality

k. Itis clear thatD is also closed and discrete ¥, so the extent ok is achieved which

is a contradiction. O

Lemma 2.5. Let (X, t) be a metrizable space. Given a non-emfgty 7, suppose that
Ty IS a weaker metrizable topology ai, (U) such thatcl; (U)\U is ty-closed and
ty|(cl. (U)\U) = 7|(cl, (U)\U). Then there is a weaker metrizable topolagyn X such
that

(a) the setcl, (U) is t’-closed and’|cl; (U) = 1y;

(b) T'[(X\U) = t|(X\U);

(c) foranyV e t, the set/ U V is t’-open anccl, (U U V) =cl, (U U V).

Proof. Fix some metrip which generates the topologyIn this proof we denote by the
t-closure of anyA C X. Let B=|J{B,: n € w} be as-discrete base for the spagé, 7;)
such that eacl, is repeated infinitely often in the indexing. Fix a fam{l@,;: n € w} of
T-open sets containing such thaty = ({0,: n € w} =({O0,: n € w}.
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Since (X, t) is hereditarily collectionwise normal, it is not difficult to construct

inductively (onn € w) t-discrete families ot -open setd3} = {B*: B € B,} so that:
(i) B*NU =B andB*NU = B for everyB € B,;

(i) B C U impliesB* = B foranyB € B,;

(iii) if B € B; andC € B;, wherei < j andC C B, thenC* C B*;

(v) if B €B; andC € B}, wherei < j andC N B = ¢, thenC* N B* = @;

(v) if Be B, anddiam(BNaU) < 1/m for somem < n, then diam (B*\U) < 1/m;

(vi) if B € B,thenB*C 0,.

Let ¢’ be the topology generated by the family) B*, whereB* = | J{B}: n € w} and
w = t|(X\U). Note that the condition (iii) implies that U B* is a base forr’. Since
Un = X\U € 7/, the set ¢l(U) is t’-closed. Clearlyz’ C = and it is an immediate
consequence of (i) that|U = ry which settles (a). We will prove the properties (b) and (c)
and the metrizability ot’.

To establish that’|(X\U) = 7|(X\U) take anyW € t|(X\U). We need to show that
W et |(X\U). Letx e W. If x ¢ U thenN, = W N (X\U) is at-open neighbourhood
of the pointx. Clearly, N, € " andx € N, C W. Suppose now that € U. There exists
ane > 0 such thatB(x, &) N (X\U) C W, whereB(x,¢) ={y € X: p(x,y) < ¢} is the
e-ball centered at. Sincety|oU = t|dU, there exists aB € B such thatx € B and
BNaU C B(x,1/3m), wherem € N is chosen so that/in < ¢. EachB3, is repeated
infinitely often, soB e B, for somen > m. Now that diam (BNoU) < 1/m, we can apply
(v) to conclude that diatB*\U) < 1/m < g, which impliesB*\U C B(x, &) N (X\U) C
W. Thus,W € 7/|(X\U) and (b) is settled.

To prove (c), consider the topologies= z|(X\U) andv’ = 7/|(X\U); property (b)
says thatv = v/. Fix any V € t; to prove thatU U V is t/-open consider the set
F=X\(UUYV)c X\U. The setX\U is t-closed and’-closed as well, which implies
cl(F)=cl,(F) and cl-(F) =cl, (F). Now, sincev =v’, we have ¢J(F) =cl,(F) and
therefore

F=cl.(F)=cl,(F) =cly,(F) =cl/(F),
i.e., the setF is t’-closed. To show that glU U V) = cl(U U V), take anyx €
cly(UU V). If xeU =cl/(U), we are clearly done. If not, then
xecly(V\U) C cly(V\U) =cly(V\U)
=cl,(V\U)=cl,(V\U)CVCUUV,

so (c) holds.

The topologyt’ is regular. The regularity at anyx € X\U follows easily from
T|(X\U) = 7/|(X\U). So suppose thate U andx € V e t’. For some natural numbers
i < jwehaver € C Ccly, (C) C B,whereB € B;, C € B; andB* C V. Pick an arbitrary
y € ¢l (C*). There are two possible casgsz cl,/(C*NU) ory € ¢l (C*\U). In the first
case

yecl(C*NU) =cly, (C*NU)=cly(C) C BC B*.
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If the second case holds, we have
yecls (C\U) C ¢l (C*\U) =cl (C*\U) c C* C B*,

where the last inclusion follows from (iii). Ag is an arbitrary point of ¢t (C*), we have
shown that ¢l (C*) C B*, so the regularity at is proved.

The topologyt’ is metrizable. There is a bas€ = | J{C,: n € w} for X\U such that’, is
ar-discrete family for every: € w and(|JC,) N O,, = ¥ for somem € w. ThenC is also
ao-discrete base in’ for X\U. Since the family3* = | J{B}: n € w} is a base folJ, we
will be finished if we show thaB is 7’-discrete for any: € w.

If x ¢ U thenthere is & e t such thatkc € V c X\U andV meets at most one element
of B}. ThenV €t/ so V witnesses the’-discreteness df? at the pointx. If x € U then
there is aC € B, such thatx € C, m > n and cl, (C) meets at most one element of
{cly, (B): B € By}. Then, by (iv), the se€* meets at most one element{df*: B € B,,}.
ThereforeC* meets at most one element of the famiB*: B € B,}, which shows that
B} ={B*: B cB,}ist'-discrete. O

Lemma 2.6. Let (X, t) be a metrizable space of weight> » with a non-achievable
extent. Denote by the set{x € X: any neighbourhood of has weight}. Suppose that
H is a closed nowhere dense setif, 7). Then there is a weaker metrizable topolagpf
weightx on X (and hence€X, t') also has non-achievable extg¢stich thatH is a closed
nowhere dense subset(@f, ') and the following conditions are fulfilled
(@) T'I[(X\K) = 7|(X\K);
(b) T'|H=r|H;
(c) there is a sequence of-open finite coverf4,: n € w} of the subspac& such that
the setX\cl,/(|JUp) has a non-compact closure and we have
(i) foreachU € U,+1 thereis aV € U, such thatcl,/(U) C V, and, in particular,
CIr’(Uun-‘rl) C Uu}’la
(i) if x € U, €U, for all n, thenx € K and {U, },<. is a local base int’ at the
pointx;
(i) foranyn € w, if we have a map :n — exp(lJ; ., Ui) with o (i) C U;,
for eachi <n, thenO = I(o)\cly (UU,) # ¥ impliescl, (0) is not compact,
where, for each family; c U;, we letl U;, Vi) = (Vi) \cl (Ui \Vi)) and
1) = Nicy I Ui, 0 (D).

Proof. Note first thatK U H is t-nowhere dense irX. RepresentX\(K U H) as
U{Qn: n € w} where 0, is r-closed for eachn € w. If all Q,'s are compact then
X\(K U H) is a second countable dense subspacéXofr) which is a contradiction
because the weight ¢X, 7) is uncountable. Thus, there exists an infinite discretéosed
setE C X\(K U H). Choose a faithfully enumerated set= {d,: n € w} C E such that
E\D is infinite. Given am € w, let{C, ;: i € w} be a sequence of open neighbourhoods
of the pointd, such thaf \{C,.;: i € w} = {d,}, Cl:(Cp.ix+1) C Cp; forall n,i € w and
{Cyu.0: n € w} is adiscrete collection for whichll_J{Cy.0: n € ®}) N(KUHU(E\D)) =

.
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Let {W,: n € w} be any sequence of finite open covers iofwith the following
properties:

(i") foranyn € w and anyW € W, 11 there is av € W, such that (W) c V.

(i") if x e W, e W, for eachn € w, thenx € K and{W,},,c., is a local base at.

(ii’) ((E\D)Ucl((J{Cn0: n € @}) Ncl(UWo) =9.

Let A = {5: § is a function from some: € w into exp J{W;: i < n}) such that
3@() c W, for everyi < n}. Given as € A, let J(8) = ({JW;,38@)): i < n}, where
JWi, V) = (NVo)\el:(UWi\W:)) for all i <n andV; € W;. Now, choose any
surjectiond :w — A’ = {8 € A: J(8) # ¥} such that|o—1(8)| = w for any s € A’. For
eachi e w andW e W, let W* =W U | J{Ck.i: W € 0(k)(i)}.

Forw =UW;: i € w} andu = t|(X\K) let ' be the topology generated by the
family u U {W*: W € W}, Itis straightforward that’ has the property (a). To show that
7’/ satisfies the rest of conditions, we will establish a series of “claims”.

Claim1. Ifs € A, i e dom(8)andW € W;,thenJ (8) C W if W € §(i) andJ ($)NW =0
if W ¢ 83i).

Proof. Clear from the definition o ().

Claim 2. Suppose thaV e W;, V e W;, wherei < j andV C W. ThenV* C W*.
Proof. By (iii"), it suffices to show that, for any natufalif V € 6(k)(j), thenW € 0 (k) (i)
(for then, if C ; is put in V*, the setC;; D Ci ; will be put in W*). Observe that if
Veok)(j)andW ¢ 0(k)(i), thenW N J(@(k)) =@ andJ (6 (k)) C V by Claim 1. Since
V C W, we haveJ (6 (k)) = @, which contradict® (k) € A'.

Claim 3. Supposetha e W;, V e W; andx e W*NV*NK. Thenthereis a® e W
such thatc e O* Cc W* N V*.

Proof. Since(| J{Cn.0: n € }) N K =@, we havex € W N V. The pointx is not isolated,
and the family_J{Wx: k <i+ j} isfinite so, by (if) there existsam > i+ j andO € W),
such thato c U N V. Now apply Claim 2 to conclude th&* c W* N V*,

Remark. It is clear that Claim 3 implies that the family U {W*: W € W} is a base for
the topologyr’.

Clam4. f WeW;, VeW;andWNV =, thenW*NV*=0.
Proof. If W* N V* @, then there is & € w such thatC,; ¢ W* andCy,; C V*. This
impliesW € 6(k)(i) andV € 6(k)(j). Thus, by Claim 1/ (0 (k)) c W NV =@ which is

a contradiction.

Claim 5. Forany W € W we havecl,/(W*) = cl, (W*).
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Proof. We only have to show that ¢l W*) C cl. (W*). Suppose, for a contradiction, that
x € cly (W*)\cl (W*). Then, clearlyx € K, so there exists & € VW such thatx € V
andV N W* = @. Of course, this implie¥ N W =@, and, applying Claim 4, we obtain
V*N W* =@, a contradiction.

Claim 6. If W € W;, and i ¢ dom(8), whereé € A’, then W* N Cr0 = @ for any
ke 6~1(s).

Proof. Itis clear from the definition o™ thatW* N Cy o # @ if and only if W € 6 (k) (i).
Thus,i ¢ dom@(k)) impliesW* N Cy 0 = 0.

Claim 7. If O ¢ X\K isart-open setcl:(0O) N K =@ and O meetCy o only for finitely
manyk'’s, thencl,/(0) = cl; (0).

Proof. We only have to show that ¢(O) C cl.(0O). Suppose, by way of contradiction,
thatx e cl;/(0)\cl;(0). Thenx € K. Choose &V € W; withx e W, WN O =¢ and

i sufficiently large so that ¢ dom(@(k)) wheneverCy o N O # @. ThenW* N O =@ by
Claim 6, which is a contradiction.

Claim8. If W e W;, V e W; for somej > i andcl. (V) C W, thencl (V*) C W*.

Proof. Given anyk € w, if V € 6(k)(j), then, by Claim 1/(0(k)) c V c W. Applying
Claim 1 once more we see th#lt € 6(k)(i). Thus,Cy,; C V implies Cy; C W and
therefore ¢} (Cy, ;) C Cr,; C W* for anyk € w with Cy ; C V. This shows that ¢(V*) C
w*. By Claim 5, we have ¢l(V*) =cl.(V*) c W*.

Claim 9. The topologyt’ is regular.

Proof. If x ¢ K, then for anyr’-neighbourhoodVv of the pointx there existy’ € T such
thatx € V C X\K, the setV intersects at most one element of the fanfily o: & € w}
and ct (V) c W. Now, apply Claim 7 to conclude that,e{V) c W.

Suppose that € K N W* for someW € W;. There exists g > i such thatt € V C
cl: (V) c W for someV € W;. Then cl.(V*) C W* by Claim 8, and we are done.

Claim 10. The topologyt’ is metrizable andv(X, t') = «.

Proof. There is a familyB = | J{BB,: n € w} C T with the following properties:

(1) B contains a local base infor all points of X\ K and eachs, is r-discrete.

(2) For anyn € w the set J B, meets at most one of the ¢ o: k € w}.

(3) cl.(UBy,) NK =g foranyn € w.

Property (a) implies thaB also contains a local base i for all points of X\ K. If
x € X\K andn € w, then there is & € t such thatr € W C X\ K andW intersects at
most one element d$,,. SinceW € ¢/, the family3, is discrete inX\ K. If x € K then we
can apply (2) and Claim 7 to conclude thatdl ) B,) = cl. (| B,) € X\K and therefore
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V = X\cl/(JB,) is at’-neighbourhood of which intersects no elements Bf,. As a
consequence, the family, is t’-discrete inX andBU {W*: W € W} is ac-discrete base
for /.

Sincew (X, ') < w(X, 1) = «, we only have to prove that(X, t’) > «. Note first that
it is impossible thatw(X\K) < « becausev(K) = w and weight is additive in metrizable
spaces. Hence (X\K) = k. Since the topology o \ K was not changed, it is a subspace
of (X, 7’) of weight«. This proves thatv (X, t/) = «.

Claim 11. The setH is closed and nowhere dense {X,t’) and the topologyr’
satisfiegb), i.e.,7’|H = t|H.

Proof. If x € X\(H U K) then W = X\(H U K) is a t’-neighbourhood ofx with
WNH=@.1f xe(X\H)NK thenthereis & €W such thatc € W andW N H = .
Now, we haveW™* N H = ¢ because? N (|, Ck,0) = ¥. This proves that! is t’-closed.
Since a non-empty interior af in (X, /) implies H has a non-empty interior it¥X, 7),
the setH is nowhere dense (X, t’).

Finally, t'|H = t|H follows from the equalityr’|(X\K) = 7|(X\K) and the fact
that, for anyW € W, we haveW* N H = W N H (the last equality holds because
HnN (UkEw Ck,O) = (/))

For anyn € w, lett, = {W*: W € W,}. We now proceed to show that the sequence
{Uy,: n € w} satisfies (c).

Claim 12. The subspac&\cl, (| JUp) of the spacg X, ') has a non-compact closure
and, for eachly € U, 41, there exists & € U, such thatl,/(U) c V, whence the property
(c)(i) holds for the sequend,: n € w}. In particular,cl, (JU,+1) C U, forall n € w.

Proof. It is straightforward thaF\D C X\cl; ((JUo) = X\cl((JUp) is infinite, closed
and discrete i X, ') which proves that no subspace contain¥igl. (o) is compact.
The rest of the claim is an immediate consequend& paind Claim 8.

Claim 13. If x e U, e U, for all n € w thenx € K and{U,},< is a local base forr’” at
x. Therefore the propertfc)(ii) is fulfilled.

Proof. Take aW, € W, with W = U, for eachn € w. For any natural number there
is ann € w such thati < n for all i € dom(@(k)). Apply Claim 6 to conclude that
CroNU, =Cron Wr =0. Therefore we must have € K and hencex e W, e W,
for eachn € w. By (ii’), the family {W, },<. is a local base for at the pointx. Now
Claim 2 implies tha{U, }se0 = {W; }1cw is a local base fot” atx.

It remains to show that (c)(iii) is fulfiled. Assume that we are given a mapping
o:n— explU;_, U) with o (i) = {UL, ..., U,ii} C U; for eachi. Chooser". eW; so
that U]l'. = (Wj".)* forall i <n andj e {1,...,k}. Given ani < n, consider the set
8. () = {Wi, ..., Wli,-} C W;. It is clear that the last formula defines a mépe A.
We need to show tha® = I(o)\cl. (| U,) # @ implies that ther’-closure ofO is not
compact.
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Claim 14. If I(c) # @ thenJ (8,) # 9.

Proof. Suppose that do@) = n. Letus provefirstthak(o) C J(8,)U (I (c)NC), where
C = | J{Cm.0: m € w}. To do this, take any € I(o)\J(8,). Then, for some < n, we have
x ¢ JW;,85(0)). Butx € I(U;, o(i)) and thereforec ¢ cl/(W*) = cl,(W*) D cl (W),
for any W € Wi\d, (i). This makes it impossible that € ()3, (i) and hence there is a
V € 8, (i) such thatx ¢ V. But V* € o (i), SO we haver € V* =V U (V* N C) which
impliesx € C proving the promised inclusion.

Now, fix anx € I(o) C J(65) U (I () N C). If x € J(8,) we are done, sO we may
assume that € Cy o for somek € w. ForanyW € §, (i), we havex € W*NCy o and hence
W € 6(k)(i) which in turn impliesW* N Cy o = C«.;. On the other hand, W € W;\3, (i)
thenW*NCy ; = ¥ and therefordV ¢ 6 (k)(i). As a consequence(k)(i) = 3, (i) for each
i < n, which means that the majik) extendss,, i.e.,0(k)|n = 8,. Sinced (k) € A’ we
haveJ (0 (k)) # ¢. Observe thatl (6 (k)) C J(§,) and hence/ (8,) # .

Given as € A’ and anx € K, take anyr € w\dom(8). If x € W € W, then, by Claim 6,
W* N Cy0=9 foranyk 6~1(8). This shows that the infinite collectid@y o: 6(k) =&}
is 7/-discrete. Thus, the following fact will finish the proof that the sequdie n € w}
satisfies (c)(iii) and hence the proof of Lemma 2.6 will be complete.

Claim 15. Leto :n — exp(lJ; ., Ui) be a map such that (i) C U; for eachi < n. Then
I (o) # ¢ impliess, € A" and I (o)\cly(JUy) D Ci n—1 for everyk € 6~1(8,). Therefore
I (o)\cl/(\JUy,) has non-compacat'-closure.

Proof. Suppose thai(o) # @. Apply Claim 14 to conclude thak(s,) # @ and therefore
8s € A'. Let k € 671(8,). Then, if W € 8, (i) then, by definition of W*, we have
W* D Cri D Ck.n—1. Now, if W € Wi\5,(i), then W ¢ 6(k)(i), so W* N Cr0 = @.

As a consequenc&y ,—1 C I(o). Finally, for anyW € W, we haven ¢ dom(o), SO

W* N Cy,0 =¥ by Claim 6. This shows that

UCrn-1: k€072 60} < 1@l (Jth).

asrequired. O

Theorem 2.7. Let(X, t) be a metrizable non-compact space. Then, for any nowhere dense
closedH C X, there exists a weaker nowhere locally compact metrizable topalogs
X such thatH is t’-closed and’|H = t|H.

Proof. If w(X) = o then the extent ofX is achievable so our theorem holds by

Corollary 2.3. Suppose that(X) = ¥ > w and the theorem is true for any metric

non-compactr with w(Y) < «. By Corollary 2.3, if the extent ok is achieved, then

the theorem holds, so let us assume that it is not achieved. Consider the compact set
= {x € X: every neighbourhood of the point has weight«}. By Lemma 2.6, by

weakening the topology if necessary, we may assume that there is a sefjdence w}

of finite open covers oK satisfying the conditions of Lemma 2.6(c). We will define a
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sequencdr;: i € w} of successively weaker metrizable topologiesXrsatisfying the
following properties (in this proof the bar is used to denoterttaosure):
() u/(X\UU,) is nowhere locally compact;

(if) Tn+l|(X\Uun) = Tn|(X\Uun);

(iii) if U elU,c,UnthenU e ({r,: n € w} and cl, (U) =cl; (V) for anyn € w;

(V) ml(UUn) =I(UUy) foranyn € w;

(v) the setH is t,,-closed and;,,|H = t|H for anyn € w.

To define rp, consider the seW = X\%. The subspacéV is non-compact by
condition (c) of Lemma 2.6 and has weight by Lemma 2.4. By the inductive hypothesis
there is a weaker nowhere locally compact metrizable topolagyon W such that
H' = (W\W)U(HNW)is ty-closed andw|H’' = t|H'. Note that anyt-closedF ¢ H’
is Tw-closed. IndeedF is closed in(H', t|H’) and hence it is closed itH’, tw |H').
Since H' is ty-closed, the sef has to bery -closed. In particular, each one of the sets
W\W andH N W is tyy-closed.

By Lemma 2.5, there is a weaker metrizable topolaggn X such that the sé¥ is to-
closed,7o|W = tw andzo|(X\W) = |(X\W). The property (i) forrg holds becausey
is nowhere locally compact anél = X\% is dense in¥ . The property (i) is vacuous,
so let us check (iii). IfU € |, U» thenU C X\W. ThusU € t|(X\W) = to|(X\W).
Since X\ W is tg-open, we havd/ € 19. The setX\W is ro-closed andJ c X\W, so
the to-closure ofU coincides with itsug-closure forug = 0| (X\W). Analogously, the
7-closure ofU coincides with itsu-closure whergw = t|(X\W). Sinceup = u, we have
cl; (U) = clg, (U). The property (iv) is a reformulation of the equaljiyy = , so let us
prove (V).

Since H' and H are r-closed, the seH (1) = H N W c H' is t-closed and hence
H(1) is closed int|H = tw|H' = 10|H’. The setH’ is ty-closed and hence it is
closed in(W, to|W) = (W, tw). SinceW is tg-closed, the sel’ is alsorp-closed, which
implies thatH (1) is tp-closed. Applying once more the equaljty= o and the fact that
X\W is to-closed, we can conclude that the $£2) = H N (X\W) is 1p-closed. As a
consequenced = H(1) U H(2) is to-closed. Finally,7o| H = t|H because for any-
closedF C H we haveF = F1 U Fp, whereF; = F N H (i) and hencd; is tp-closed for
i=12.

Suppose that, has been defined; we show how to defipe;. Let{o;: i <k} index all
functionso: (n+1) — exp(Uign U;) such that (i) c U; for anyi andI(o)\WnJr1 *0
(see the definition of (o) in Lemma 2.6(c)). Observe thd{o;) C | JU, for anyi < n.
Consider the sefo = 7 (00)\JU,,1. By (iv) the t-closure ofSp coincides with itsz, -
closure and therefore £l So) is not compact by Lemma 2.6(c)(iii). Sincg N K = 9,
the weight ofSp is less thanc. By the inductive hypothesis, there is a weaker nowhere
locally compact metrizable topologyo on cl, (So) = cl; (So) such that the sety =
(So\So) U (So N H) is po-closed angbo| Ho = 1,,| Ho = 7| Hp.

Apply Lemma 2.5 to obtain a weaker metrizable topolegy C z, such thatr, o|So =
00, Tn.0l(X\S0) = 7,[(X\So) and for anyr,-open setV the setSo U V is 1, 0-open and
Clg, o(SoU V) =cly, (SoU V).




376 G. Gruenhage et al. / Topology and its Applications 120 (2002) 365—-384

Suppose that: < k and we defined metrizable topologigs_1, 7.0, . - -, Tu.m Such that
the following conditions are fulfilled for all =0, ..., m:

(t1) 1= DT0D D Tni-1D T

(t2) 7.i1Si is nowhere locally compact;

(t3) i l(X\Si) = Tn,i—1[(X\S0);

(ta) the setH; = (S;\Si) U (S; N H) is 1, ;-closed,

(ts) Tu.ilHi =|H;;

(te) foranyV ez, ;1 the sets; UV ist, ;-openand ¢, (S; UV) =cl;,, (5 UV).

Observe first that the familys; = I(o,-)\WnH: i < k} consists of disjoint open
subsets of JU, \W,ZH and thatr, ,, restricted taS; is equal tor,|S; for all i > m.

Consider the sef,,+1 = 1(0m+1)\mn+1- By (iv) and (&) the t-closure ofS,,+1 coin-
cides with itst, ,,-closure and thereforegl, (S,,+1) is not compact by Lemma 2.6(c)(iii).
Since S,,+1 N K = @, the weight ofS,,;1 is less thanc. By the inductive hypothesis,
there is a weaker nowhere locally compact metrizable topolagy: on cly, ,, (Su+1) =
cly(S,+1) such that the seH, 11 = (Spt+1\Sm+1) U (Spy1 N H) iS pur1-closed and
Pm+1lHmt1 = Tu| Hm+1 = T|Hpy1.

Apply Lemma 2.5 to obtain a weaker metrizable topolagy,+1 C 7,.» such that
Tnm+1Smt1 = Pmt1s Tnmt1l(X\Sm+1) = Tum | (X\Sm+1) and for anyV € 7, , the set
Smy1 UV is alsot,,,,41-0pen and we have gl (Sut1U V) =clg, , (Spy1 U V). It
is clear that the conditionsi{t(ts) are fulfilled fori < m + 1. Therefore our inductive
construction can continue until = k.

We claim that the topology,+1 = 1, « Satisfies the conditions (i)—(v). Condition (iv) is
clear sincer, ; does not alter the topology ax\S; > (JU,, ;.

We will show thatr,; satisfies (v). Note that, by (iv), we have.lS;) = S; for every
i €{0,...,k}. Observe that, letting = ¢ in (ts), we obtain c} ,(S;) = cl,,,_,(S;) for
eachi € {0,..., k}. Itis clear that by induction we can conclude thaf alS;) = cl,, (S;) =
S; for everyi < k. Now let us establish by induction anthat 7, ; has property (v) for
everyi < k. The case of = —1 is clear. Suppose that, for evejy< i < k, the topology
T,,; satisfies (v).

The setH(1) = S; N H C H; is t-closed and hence it is closed in the topology
T|H; = t,,i|H;. SinceH; is 7, ;-closed by (§), the setH (1) is 7, ;-closed. Now the seff is
7,.i—1-Closed by the inductive hypothesis, 842) = H\S; C X\§S; is alsot, ;_1-closed.
ConsequentlyH (2) is closed in the topology, i—1[(X\Si) = 7..;|(X\S;). Thus, H(2)
is closed inz, ;| (X\S;) while X\S; is t, ;-closed. Thereforél (2) is t, ;-closed as well
asH = H(1) U H(2). Finally, if F is at-closed subspace & thenF = F; U F», where
F,=FNH(@)fori =1,2.SinceF (1) is a closed subspace &, the property @) implies
that F (1) is 1, ;-closed. The inductive hypothesis easily implies thé2) is 7, ;_1-closed
and hence, ;-closed because, ; andt, ;_1 coincide onH\S;. Therefore anyt-closed
subset ofH is 1, ;-closed which proves that, ;|H = t|H. Thus,t,+1 satisfies (v).

SinceS; ¢ | JU, andz,, ;[(X\S;) = 1,,i—1/(X\S;), the topology outside aX\ | U, has
not been altered from,|(X\ | JU,) and the condition (ii) follows.
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For (iii) we need to show that i¥/ € | J,,c,, Un, thenU € 1,41 and cl,_, (U) =cl (V).

It suffices to prove by induction that this holds for; for anyi < k. Let U € U,, and
i €{0, ..., k}. By the inductive hypothesis, we halee 1, ;_1. Suppose that/ N S; = @.
Thencl,, (U) =cly,, , (U) because, ;|(X\S;) = t,,i-1/(X\S;). Applying the inductive
assumption once more we can conclude thgt V) =cl,,, ,(U) = U.NowUNS; =0
and hencel Ncly,; (S;) = ¥ due to the fact that ¢],(S;) = S;. SinceS; U U is Tp.i-
open, it is immediate by {}, thatU € t, ;. If U N S; # @, thenm < n and hences; C U
by definition of I (s;). ThenS; UU = U € t,; and applying ) once more, we obtain
cly,, (U)=cl,,, ,(U)=U.

It remains to show that the property (i) holds, i.e., th,a@ﬂ(X\W”H) is nowhere
locally compact. By the constructiom,1 is howhere locally compact oﬁ\mn and
on eachs;. So we are done if we show thgy{s;: i < k} is dense i J,\UU,, ;. To
this end, letO be art,;1-open set withO N (WH\W”H) #@. Let{U;: i <m}bea
listing of the members of J{¢4;: i < (n + 1)}. There exists a®’ € 1,41 such that0’ C
0N (UU,\JU,1)- Now define inductivel0;, i <m so thatOp C 0, 0; NU; =@ or
0; C U; andO; # ¥. Theno,, is either contained in or misses edc¢he Uign U;. For any
i<nleto(i)={U el;: 0,, CU}. ThenO,, C I(U)\Wn-i-l' Henceo = o; for some
i <k andO,, C S; whichimpliesO N (Uigm Si) # 0.

Having constructed the sequeniag: n € w}, we are ready to define the topolog¥
Letd = J{Uy: n € w}. Foranyx e K let B, ={U e U: x e U}. If x ¢ K then let
n(x)=min{n e w: x ¢ Wn}. Then we definds, to be the family{V € 7,,): x € V and
VN an = ¢}. Itis an easy consequence of (ii) and (iii) that the fami(iBg: x € X}
satisfy the usual axioms of generating a topology as local bases (see [3, Proposition 1.2.3]).
Let ¢’ be the topology for whiclB, is a local base at for everyx € X.

It is evident thatt’ c T and immediate from (i) that’ is nowhere locally compact.
Property (v) guarantees that is t’-closed andr’|H = t|H. We will show thatt’ is
metrizable. It is an easy consequence of properties (ii) and (iii) that the topeloigy
regular. Since/ is a countable base for the points &f, it suffices to show that there
is ao-discrete base in’ for the points ofX\K. For eachn, m € w there exists a;,-
discrete familyB,,, such that(J Bu,) N JU, =@ and B, = | J{Bun: m € »} contains
local bases for the points (Xf\mn. Itis clear from the definition of the topology, that
U{B,: n € w} is a base int’ for the points ofX\ K. Thus, it remains to prove that each
B is t/-discrete.

Letx € X. If x e JU,, thenW = JU, is a neighbourhood af which intersects no
elements of3,,,,. If x € X\ | JU, take ar,-neighbourhoodV of the pointx which meets
at most one element @,,,. Sincex € X\(JU,, 1 andz,11|(X\ UUy) = 1| (X\ UUy),
there exists ar,,1-open subsetV of X\(JU,,, such thatV N (X\UJU,) =W N
(X\JUy). SinceV N le =@ andV € 1,,1, we haveV € t" andV meets at most
one element oB3,,,,. O

Theorem 2.8. Any metrizable non-compact space has a weaker connected Hausdorff
topology.
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Proof. Let X be a metrizable non-compact space. By Theorem 2.7 we can assunxe that
is nowhere locally compact, weakening its topology if necessary. Fixlscrete basg in
X. Let D be an infinite closed discrete subsetafThe familyB’' = {U € B: U N D = ¢}
is ac-discreter-base inX and(|B)N D =0.

In [10] it was proved that every Hausdorff spakewith a o-discreter-base’ and a
free open ultrafilter on each non-empty open set can be densely embedded into a connected
Hausdorff spac& in such a way tha¥'\ X is a countable closed and discrete subspace of
Y and ck (F) N (Y\X) = @, whereF = X\ |J B’. Since no closure of a non-empty open
subset ofX is compact, every open non-empty subsefXofs contained in a free open
ultrafilter on X. Therefore we can apply the above mentioned result from [10] and use
the r-baseB’ constructed above to find such a spacdt is immediate tha is closed
and discrete ir¥. Now apply Proposition 2.4 of the paper [7] to conclude thiatan be
condensed onto a connected Hausdorff space.

Corallary 2.9. Any paracompact non-compact space witl; gdiagonal has a weaker
Hausdorff connected topology. In particular, every stratifiable non-compact space has a
weaker Hausdorff connected topology.

Proof. Every paracompact space witlt;g-diagonal has a weaker metrizable topology [1].
We leave it to the reader to follow the line of any of many well-known proofs of this fact
to assure that every paracompact non-compact space \@ithddagonal condenses onto a
non-compact metric space. Theorem 2.8 completes the praof.

Example 2.10. Not every non-compact first countable Tychonoff space condenses onto
a nowhere locally compact space. In fact, there are non-compact locally compact spaces
with all their Tychonoff continuous images locally compact. An example of such a space
is X = w1, for which 8X = w1 + 1 and hencg X\ X consists of only one point. Now, if

f:X — Y is a surjective continuous map, thé\Y can not have more than one point
being a subset of a continuous imagesaf\ X which consists of only one point. Therefore

Y is locally compact.

Not every first countable non-compact Tychonoff space has a weaker connected regular
topology: a trivial example is any non-compact countable space. A much less evident
one is the free union of countably many copies of the Cantor set [7]. However, a first
countable non-compact space without a weaker Hausdorff connected topology is not so
easy to construct. Recall that a space is callledost H -closedif no Hausdorff extension
of this space can have more than one point in the remainder. It is an easy exercise that any
continuous image of an almoat-closed space is an almagt-closed space.

Example 2.11. Under CH there is a non-compact first countable Tychonoff space which
has no weaker Hausdorff connected topology.

Proof. Porter and Woods [6] constructed under CH an example of a connected normal
first countable almost -closed spac#. Let X be obtained fronY by adding two isolated
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pointsa andb. ThenX can not be condensed onto a connected Hausdorff space. Indeed,
if f:X — Z is such a condensation, theiiY) is an almostH -closed dense subspace of
Z such thatZ\ f(Y) consists of two points, a contradiction

3. Condensations of Hausdor ff spaces with a o -locally finite base

This group of results is concerned with Hausdorff non-regular spaces. If we could prove
that any Hausdorff norH -closed space with@-locally finite base has a weaker connected
Hausdorff topology, this would be a natural extension of Theorem 2.8. We will establish
this fact for the case when the weight of the space is a successor cardinal.

Recall that if a Hausdorff space withealocally finite base is feebly compact, then it
is second countable and henleclosed. Furthermore, each Hausdorff sp&ceith ao-
locally finite w-base has a dense strongiydiscrete subspace and, as a consequence, the
set of isolated points ok is the union of a countable family of closed discrete subsets
of X.

Lemma 3.1. For each infinite cardinak there is a connected Hausdorff spagk of
cardinality and weight with ac -locally finite base which possesses a locally finite disjoint
family of cardinalityx of non-empty open subsets.

Proof. Note that ifc > ¢, then the hedgehog with spines is such a space. For the general
case, letr be a connected first countable, countable Hausdorff space with a distinguished
point p. Let Z =Y x D,, where D, is the discrete space of cardinality Define an
equivalence relation~ on Z by (x,«a) ~ (y,B) if and only if x =y andae = 8 or
X=y=Dp.

Consider the spacE = Z/~, and letf : Z — T be the relevant quotient map. Denote
by ¢ the image of each poirp, o) underf. Fix alocal bas¢B,: n € w} at p in the space
Y and define a topology on T as follows:

If ¢ ¢ U thenU e u if and only if f~(U) is open inY; if ¢ € U, thenU e p if and
only if for somen € w, we haveB, x D, C U.

We leave to the reader the trivial verification that the spge= (T, 1) has the required
properties. Note that, is first countable and may be thought of as a hedgehog constructed
using the spac# instead of the unit interval. O

Lemma 3.2. Given an infinite cardinak, suppose thatX, t) is a Hausdorff space of
density<x which has a closed set of isolated points of cardinatityfhen there exists a
connected Hausdorff topologyC .

Proof. Denote byD the set of isolated points of and letE C D be a closed subset of
cardinalityx. Take any connected Hausdorff topologyon E which has the properties
specified in Lemma 3.1. In particular, the sp&ég p) possesses a locally finite family of
cardinalityx of non-empty mutually disjoint open subsets.
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Take a dense subs@f,: @ € v <k} of X\E and choose a familyw,: a € «} of
mutually disjoint countably infinite subsetsof Denote byg, the cofinite filter onv, and
let 7 be the open filter generated by the famlily{U,: n € G}: G € G,}. The promised
topologyu on the setX is defined by requiring thdt’ € w if and only if

(u1) Uisopenin(X\E, t|(X\E)) ® (E, p), and

(u2) foreacha € k such thatd, € U, there isF € F, such thatF Cc U.

It is now routine to verify that{ X, ) is a Hausdorff space which is connected since
(E, p) is connected and dense(N, u). O

Let us call a topological spaceX, ) equipotentif every non-empty element of the
topologyt has the same cardinality. Theorem 2.6 of [9], states that each Hausdorff first
countable space with a-disjoint 7-base has a dense metrizable subspace and clearly
every metrizable space has a stronglgiscrete dense subspace. Furthermore, by a result
of Medvedev [5], for each infinite carding) there is, up to homeomorphism, precisely one
stronglyo -discrete equipotent metrizable space of weighthich we denote by)e. The
main reason why it is possible to condense any Hausdorff sgaafaveightc = A+ with
ao-locally finite base onto a connected space, is that we can find a locally finite disjoint
family y C ©(X) such thaty| = x and someD¢ dense in each element pf

Proposition 3.3. Let X be a Hausdorff first countable dense-in-itself space-afeightkx
with a o -disjointr-base. Then there is a metrizable subspHee X such that’ C Int(Y)
andY is homeomorphic t@, for somet < «.

Proof. Apply a theorem of White [9, Theorem 2.6] to find a dense metrizable subspace
M of the spaceX. Let N be a dense strongly-discrete subspace a@ff. Of course,N

is dense inX as well. LetY be a non-empty open subset of the spat®f minimal
cardinality. SinceV is dense-in-itself, the subspakds infinite. It is immediate that is

an equipotent strongly -discrete metric space. Now, we can apply the above mentioned
result of Medvedev [5] to conclude th&t is homeomorphic to the spag@; for some
E<k. O

SupposeS = {S,: « € I} is a family of open sets; disjoint shrinkingof S is a family
T ={T,: o € I} of non-empty open sets such that for eacit, C S, andTg N T, =P if
B # y. If Sis locally finite, then it follows from Lemma 2.1 of [10] th& has a disjoint
shrinking. Furthermore, a disjoint shrinking of a basezisbase and so iX is a Hausdorff
space with a-locally finite base, then it hasa-base which ig -disjoint.

Lemma 3.4. Let«x be a cardinal of uncountable cofinality. (¥, t) is a first countable
Hausdorff space of -weightx with ao-locally finiter -base, then there is a dense-in-itself
Hausdorff topology C 7, such that eitheXX, ) is connected or it is a first countable
space ofr-weightx with a o -disjointr-base and has a locally finite family of cardinality
x of non-empty disjoint open sets.
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Proof. Denote byD the set of isolated points @#, 7). By the remark preceding Lemma
3.1, we haveD = | J{D,: n € } where eaclD,, is closed (and discrete) K. Since the
spaceX has ac-locally finite r-base of cardinality and cfx) > w, there is a locally
finite family &/’ of non-empty open subsets Bfwith |1{'| = «. By Lemma 2.1 of [10], the
family 4’ has a disjoint shrinkingy = {U,: « < «}. There are two cases to consider.

(1) If {U eU: UN D #@}| =k, then there is a closed subsetdbf cardinalityx and

the result follows from Lemma 3.2.

(2) If {U eU: UnN D +#0}| <k, then without loss of generality, we can assume that if
U eU, thenU c X\cl(D) and hence for each < «, the setlU, is dense-in-itself.
Let {wy: « € k} be a mutually disjoint countably infinite subsets«gfsuch that
|\ U{wy: @ € k}| = k. Clearly,{U,,: m € wy} is alocally finite disjoint family for
eacha € k. Denote byg, the cofinite filter onw, and enumerate its elements as
{Gn.o: n € w}. For eachx € «, we define an open filteF,, on X in the following
way:

Fe F,ifandonlyif F e r andF > | J{U,,: m € A} for someA € G,.

Clearly the filtersF, have mutually disjoint bases. For later use, we defite, o) =
({Un: m € G, 4}. Since|D| < « it is possible to choose a cardinak « and a faithful
(= one-to-one) enumeratiofily: o« < v} of the setD. For anyW € t let O(W,n) =
W U | J{B(n,a): dy € W}. The required dense-in-itself topologyis now generated by
the family{O(W,n): W €1, n € w} as abase, i.e.,

n={U et: foranyx € U there areW € t and
n € w suchthatr € O(W,n) CU}.

Note that,

foranyn € w andW € t with WN D =0,
we haveO (W, n) = W and hencéV € u.

(*)

The Hausdorff property ofX, 1) follows immediately from the fact that for any disjoint
U,V € t the setsO (U, n) and O (V, m) are disjoint for allm, n € w. It is also clear that
the spaceX, u) is dense-in-itself and anfz: & € «\ | J{wa: o € «}} is a locally finite
family of disjoint non-empty open subsets(@f, ). It remains to show thatX, w) is first
countable and hase-disjointr-base of cardinality.

To show that(X, w) is first countable, note that for any < v the family {{d,} U
B(n,a): n € w} is a countable local base for at d,. If x € X\D, fix a local base
{W,: n € w} of the pointx in the topologyr so thatW,,.1 C W, forall n € w. It is easy to
see tha{O (W, n): n € w} is alocal base at in ..

Let B = U{By: n € w} be ac-locally finite 7-base of cardinality<« for X\cl; (D)
considered with the topology|(X\cl;(D)). For each: € w, take a disjoint shrinking’,
of the family B,. Observe that each elementWf= | J{V,: n € w} is t-open and hence-
open by(x). As a consequence, the familyis an-base for(X\cl; (D), u|(X\cl; (D))).
Furthermore, le€,, = {{dy} U B« dy € D}. We leave to the reader the straightforward
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verification that the family_J{C,,: m € @} UV is ac-disjoint r-base of cardinalitx for
(X,w). O

Lemma 3.4 shows that if we construct condensations of Hausdorff first countable spaces
with o -disjointr-bases onto connected Hausdorff spaces, we can restrict attention to those
topologies which are dense-in-themselves.

Theorem 3.5. Letx be a successor cardinal. Suppose th¥t r) is a dense-in-itself first
countable Hausdorff space sfweightx with a o-disjointr-base. If(X, ) has a locally
finite family of cardinalityx, which consists of non-empty open sets, thE&nr) is T»-
subconnected, i.e., has a weaker connected Hausdorff topology.

Proof. Sincex > w, the spac& is not H-closed. Taking a disjoint shrinking if necessary,
we can find a locally finite family/ = {U,: « € «} of disjoint non-empty open subsets of
X. Apply Proposition 3.3 to conclude that each of the €é&tshas a metrizable subspace
D, such thatD, c Int(D,) and D, ~ Q¢, for some cardinat, < «. Sincex is a non-
limit cardinal, the sef¢: & € « andé¢ is a cardingl has cardinality less than. Now use
the regularity ofc to see that there is a cardinak « such that, = v for « manyax.

The reasoning in the preceding paragraph shows that replacing, if necessary, égch set
by Int; (cl; (Dy)) N U, and choosing an appropriate subfamilyloof cardinality«, we
can assume that each element of the fa#ilyas a dense subspabg, homeomorphic to
some fixed strongly -discrete equipotent metrizable spa¢g v).

For eacha € k, we lethy, : D, — Q be a homeomorphism and lgtbe a connected
Hausdorff topology or having the properties specified in Lemma 3.1. For ease of notation
we denotd JU/ by Z.

GivenT € v andW € p, we define

o(T. W) =_J{Int: (cle (h; {(1))): o € W}.

For eachl e v andW € p, it is immediate thaD (T, W) € . We define a topology on
X as follows:

p={U et if xeUNZthenx e O(T, W) C U for someT € v andW ¢ p}.

We leave to the reader the straightforward verification th& indeed a topology and
u C t. Let us proceed to prove théx, ) is a Hausdorff space. To this end, suppesg
are distinct elements of .

() x,yeZ. It xeU, andy € U,, wherea # y, then there are mutually disjoint
W1, W2 € p such thatr € W1 andy € Wa. The set0(Q, W1) andO(Q, W») areu-open
disjoint neighbourhoods of andy, respectively. On the other handxify € U, for some
a € k, then there are disjoint-open neighbourhoods, V c U, of x, y, respectively. If
we defineTy = hy (U N Dy) andTz = ho (V N Dy) itturns outthatt € O(T1,k) e, y €
O(T2, k) € wandO(T1, k) N O (T2, k) = B.

(2) x e Z,sayx e U, andy € X \ Z. There exist disjointr-open setslU, V with
the following propertiesx e U C Uy, y € V and the seM = {8 e k: VN Ug # 0} is
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finite, sayM = {B1,..., ). If « € M, saya = B;, then sincel, p) is Hausdorff, there
are disjoint setd¥1, ..., Wy € p such thatg; € W; for eachi € 1,...,k. Then the sets
G =0(ha(UNDy),Wj)andH =V UJ{O(V N Dg,, W;): 1<i <k} have the property
thatH,Gepu, HNG=Wandx e G,y € H.

If, on the other handy ¢ M, then we choose disjoint selg, W1, ..., Wy € p such
thata € Wo and 8; e W; for i = 1,...,k. The setsG = 0(Q,Wp) and H =V U
J{O0(Q, Wi): 1< i <k} are disjointiu-open neighbourhoods efandy, respectively.

(3)If x, y € X\ Z, then choose disjoint-open set¢/ andV suchthatt € U, y € V and
thesetsA ={a ex: UNU, # 0¥} andB ={a € x: V NU, # @} are both finite. For each
y € AUB, choose @-open seW, insuch away thatif # &, thenW, N W = . The sets
G=UUU{O(hy,(UND,),W,): y e AyandH =V U|J{O(he(V N Dg), We): & € B}
are disjointr-open neighbourhoods afandy, respectively.

For eachd € Q, consider the se¥; = {h;l(d): o € k}. It is clear that(Yy, u|Yy)
is homeomorphic tdk, p) and hence is connected. There exists a locally finite family
W = {W,: a € «} of disjoint open subsets @k, p). The familyy ={0(Q, W,): o € «}
of u-open sets is then mutually disjoint and we claim tHas locally finite.

To prove our claim, supposee X. If x € Z, sayx € Uy, then sincéV is locally finite,
there is some opep-neighbourhood’ of « which meets only finitely many elements of
W. Now O(Q, V) is au-neighbourhood of which meets only finitely many elements of
V. If, on the other handy € X \ Z, thenx has ar-neighbourhood/ which meets only
finitely many elements @, say{Uy,, ..., Ug,}. SinceWV is locally finite there are disjoint
p-neighbourhoods$Vy,, ..., Vg, } of B1, ..., Bk, respectively, each meeting only a finite
number of elements ofy. Now V U [ J{O(Q, Vg;): 1< j <k} is au-neighbourhood of
x meeting only finitely many elements ®f, and our claim is proved.

Let {wy: « € ¥} be a family of mutually disjoint countable subsets wofand let
E ={ey: « €k} be a dense subspace ¥fcl(Z) of cardinality (at most). Let G, be
the Frechet filter o, and letF, be the open filter generated llyJ{O(Q, Wg): B €
G}: G € Gy}. We define

60 = {U € p: for eacha € k such that, € U, there isF € Fy41 such thatF c U}.

It is now routine to verify that X, ) is a Hausdorff space in whic{Z, ) (and hence
U{Ya: d € Q}) is dense and|Z = p|Z. Furthermore, sincé0(Q, Wg): B € wo} is a
locally finite family of 6-open sets, the spa¢#, 6) is not feebly compact.

Let Fo be theg-open filter generated by J{O(Q, Wg): B € G}: G € Go}. Choose any
pointx € X and define a new topologyon X as follows:

n={U €0: if x e U thenF C U for someF € Fp}.

It is clear that the filterFp converges tov in the topology6. Now, F N Y, # @ for
eachF € Fpandd € Q. As a consequence,e cly(Yy) for eachd € Q. Each spac& is
6-connected, whencer} U | J{Y,: d € Q} is n-connected. Sincéx} U | J{Ys: d € O} is
dense in(X, n), this latter space is also connected
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Theorem 3.6. Let (X, r) be a Hausdorff space of weightwith a o -locally finite base. If
Kk is a successor cardinal, thexi is T>-subconnected, i.e., there exists a condensatidh of
onto a connected Hausdorff space.

Proof. It follows from regularity ofx that X has a locally finite family of cardinality

x of non-empty open sets. A disjoint shrinking of this family provides a disjoint family
of cardinalityx of non-empty open sets. Thus theweight of X is also equal tac and
Lemma 3.4 is applicable. If its conclusion is the connectedness of a weaker topology,
we are done. If not, then there exists a Hausdorff dense-in-itself topplagy such that

(X, n) is afirst countable space sfweightx with ao -disjointsr -base which has a locally
finite family of cardinalityx of non-empty open sets. Now apply Theorem 3.5 to see that
there is a connected Hausdorff topology n Cc r. O

Corollary 3.7. Let X be a disconnected Hausdorff space of weighwith a o-locally
finite base. lf is a successor cardinal, or = w thenX is T>-subconnected if and only if
X is not H-closed.

Proof. Forx = w this was proved in [8]. Ik is uncountable theX can not beH -closed,
so Theorem 3.6 is applicableO

Question 3.8. Is it possible to omit the Continuum Hypothesis in ExamplEl2

Question 3.9. Let X be a nonH -closed Hausdorff space withoalocally finite base. Is it
true thatX has a weaker connected Hausdorff topology?

Question 3.10. Does every paracompact non-compact spadeve a weaker Hausdorff
connected topology? What happenifs hereditarily paracompact or perfect?
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