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Abstract

We prove that any metrizable non-compact space has a weaker metrizable nowhere locally
compact topology. As a consequence, any metrizable non-compact space has a weaker Hausdorff
connected topology. The same is established for any Hausdorff spaceX with a σ -locally finite base
whose weightw(X) is a successor cardinal. 2002 Elsevier Science B.V. All rights reserved.
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0. Introduction

It was proved in [7] that the free union of countably many copies of the Cantor set
cannot be condensed onto a regular connected space. This shows that not every non-
compact separable metrizable space has a weaker connected regular topology. However,
it is another result of [7], that every non-compact second countable regular space has
a weaker Hausdorff connected topology. We extend this theorem to the class of all
metric non-compact spaces. To do this, we first prove an auxiliary result which seems
to be interesting in itself, namely that every metrizable non-compact space has a weaker
metrizable nowhere locally compact topology. Metrizability is essential because there are
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simple examples showing that there exist locally compact non-compact spaces all of whose
continuous Tychonoff images are locally compact. Clearly, such spaces can not have a
weaker Tychonoff nowhere locally compact topology. The last group of results deals with
the class of Hausdorff non-regular spaces with aσ -locally finite base. We prove that a
space which belongs to this class has a weaker connected topology in case its weight is a
successor cardinal.

1. Notation and terminology

All spaces under consideration are assumed to be Hausdorff. We use the term
condensationto denote a continuous bijection. Given a setX we denote by exp(X) the
family of all subsets ofX. The ordinals are identified with the set of their predecessors.
In particular,n = {0, . . . , n − 1} for any n ∈ ω. If (X, τ) is a space andY ⊂ X then
τ |Y = {U ∩Y : U ∈ τ }. The expressionX 
 Y means thatX is homeomorphic toY . Given
a metric space(X,ρ) and anA⊂X we denote by diamρ(A) the diameter of the setA with
respect toρ, i.e., diamρ(A) = sup{ρ(x, y): x, y ∈ A}. The boundaryU\U is sometimes
denoted by∂U .

The interval(0,1] ⊂ R is denoted byJ . Given a cardinalκ , let H(k) = {v} ∪ J × κ ,
wherev = 0 ∈ R. Given anα < κ , we will write Jα instead ofJ × {α}. Define a metric
d on H(κ) in the following way: d(v, v) = 0, d(v, t) = t ′ if t = (t ′, α) ∈ Jα ; given
t, s ∈ Jα, t = (t ′, α) ands = (s′, α) let d(t, s)= |t ′ − s′|. If t = (t ′, α), s = (s′, β), where
α �= β , thend(t, s) = t ′ + s′. The space(H(κ), d) is calledthe hedgehog withκ spines.
All other notions are standard and can be found in [3].

2. Condensations of metrizable spaces

Our purpose is to establish that every non-compact metric space condenses onto a
nowhere locally compact metrizable space. When the extent is achievable, i.e., when the
given metric spaceX has a closed discrete subspace of cardinalityw(X), the main idea is
to make such a closed discrete set dense and nowhere locally compact in the new topology.
However, not all metric spaces have an achievable extent, so we have two different cases
to consider.

Lemma 2.1. For any infinite cardinalκ there exists a metrizable locally convex linear
topological spaceMκ with the following properties:

(1) w(Mκ)= κ;
(2) H(κ)ω embeds intoMκ , whereH(κ) is the hedgehog withκ spines;
(3) Mω

κ is homeomorphic toMκ .

Proof. TakeM = σ(Rκ )= {x ∈ R
κ : the setx−1(R \ {0}) is finite}. The metricρ onM is

defined as follows:ρ(x, y)= sup{|x(α)−y(α)|: α < κ}. Since there are only finitely many
non-zero differences, the metricρ is well-defined. It is easy to see thatw((M,ρ))= κ .
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For eachα < κ let Iα = {t · χ{α}: t ∈ [0,1]}. Hereχ{α} :κ → {0,1} is the characteristic
function of the set{α}, i.e.,χ{α}(β)= 0 if β �= α andχ{α}(α)= 1. It is easy to see that the
subspace

⋃{Iα : α < κ} of the spaceM is homeomorphic toH(κ). Thus,Mκ =Mω has
the required properties.✷

Let us say that a metric spaceX hasachievable extentif w(X)= κ and there is a closed
discreteD ⊂X with |D| = κ . Note that no infinite metric space with an achievable extent
can be compact.

Lemma 2.2. LetX be an infinite metrizable space with achievable extent. Suppose that
D is a closed discrete subspace ofX with |D| = κ = w(X) andF is a closed subset of
X such thatF ∩D = ∅. Then there is a condensationϕ :X→ Y of X onto a metrizable
spaceY with the following properties:

(1) each open subset ofY has cardinality at leastκ ;
(2) Y is nowhere locally compact;
(3) the setϕ(D) is dense inY ;
(4) the setϕ(F ) is closed inY andϕ|F is a homeomorphism.

Proof. The idea is to use a theorem of Dugundji [2] stating that for any metric spaceX and
for any closedG⊂ X, if we have a continuous functionf :G→ L, whereL is a locally
convex linear topological space, thenf extends continuously to a function fromX toL.

Now, take a faithful enumeration{xα: α < κ} of the setD. SinceMω
κ 
Mκ , there is a

closed nowhere denseN ⊂Mκ homeomorphic toMκ . Every open set ofMκ has cardinality
at leastκ . Since the weight ofMκ is equal toκ , there exists a familyP = {Pα : α < κ} such
that:

(∗) for eachα < κ we have|Pα| = κ andPα ⊂ (R\{0}) × (Mκ \ N)ω is dense in
(R\{0})× (Mκ \N)ω and hence inR ×Mω

κ ;
(∗∗) Pα ∩Pβ = ∅ if α �= β .
Let {pα : α < κ} be a faithful enumeration of the setP = ⋃{Pα: α ∈ κ}. Take any

discrete familyU = {Uα: α < κ} of open subsets ofX such that(
⋃

U) ∩ F = ∅ andxα ∈
Uα for all α < κ . For everyα < κ choose open setsUnα ⊂ Uα so that{xα} = ⋂{Unα : n ∈ ω}
andUn+1

α ⊂Unα for eachn ∈ ω.
Now, fix some embeddinge :X→N (recall thatN is homeomorphic toMκ and hence

contains a copy ofH(κ)ω and the latter in turn contains a copy ofX). Letφ :X→ R be an
arbitrary continuous map such thatF = φ−1(0). For each natural numbern define a map
φn :D∪ (X \⋃{Unα : α < κ})→Mκ in the following way:φn(xα)= pα(n) for eachα and
φn(x)= e(x) for anyx ∈X \ (⋃{Unα : α < κ}). Apply the theorem of Dugundji [2] to find
a continuous mapϕn :X→Mκ such that the restriction ofϕn toD ∪ (X \ ⋃{Unα : α < κ})
is equal toφn. Then the mappingϕ = φ∆(∆{ϕn: n ∈ ω}) :X→ Y = ϕ(X)⊂ R ×Mω

κ has
the required properties.

Note thatP ⊂ Y and thereforeY is dense inR ×Mω
κ . This implies thatY is nowhere

locally compact, i.e., (2) holds. Any open subset ofY has to intersect the setPα for every
α < κ . This proves (1). Property (3) holds becauseϕ(D) = P . The setϕ(F ) is closed
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in Y due to the fact thatπ−1
R
(0) ∩ Y = ϕ(F ), whereπR :R ×Mω

κ → R is the natural
projection. Nowϕ|F is a homeomorphism because it is a diagonal product ofφ and the
homeomorphism∆{ϕn|F : n ∈ ω}.

Finally, to see thatϕ is a condensation, note that the points outside ofD are separated
by ϕn if they are not in

⋃{Unα : α < κ}. The points ofD are separated automatically by
construction because of the faithfulness of our enumeration. Finally, the points ofD are
separated from those ofX \D because the images of the points ofX \D are eventually in
N and thenth projection ofP does not meet the setN . ✷
Corollary 2.3. Let (X, τ) be a metrizable non-compact space with achievable extent. If
H ⊂ X is nowhere dense and closed, then there is a weaker metrizable nowhere locally
compact topologyτ ′ onX such thatH is τ ′-closed andτ ′|H = τ |H .

Proof. If κ = w(X) then there exists a closed discreteD ⊂ X such that|D| = κ and
D ∩H = ∅. Now apply Lemma 2.2. ✷

We now proceed to the case of metric spaces in which the extent is not achievable.

Lemma 2.4. LetX be a metrizable space of uncountable weight in which the extent is not
achievable. Denote byK the set of all points ofX any neighbourhood of which has weight
w(X). ThenK is compact and non-empty. As a consequence, we havew(A) < w(X) for
everyA⊂X withA∩K = ∅.

Proof. Lemma 1 in [4] says thatK is compact and non-empty. To prove the second
part, observe that, without loss of generality, we can assumeA to be closed. Now, if
w(A)=w(X)= κ thenA is a closed subspace ofX of weightκ such that anya ∈A has a
neighbourhood inA of weight< κ . Applying again Lemma 1 from [4], we can conclude
that the extent ofA is achievable and henceA has a closed discrete subsetD of cardinality
κ . It is clear thatD is also closed and discrete inX, so the extent ofX is achieved which
is a contradiction. ✷
Lemma 2.5. Let (X, τ) be a metrizable space. Given a non-emptyU ∈ τ , suppose that
τU is a weaker metrizable topology onclτ (U) such thatclτ (U)\U is τU -closed and
τU |(clτ (U)\U)= τ |(clτ (U)\U). Then there is a weaker metrizable topologyτ ′ onX such
that:

(a) the setclτ (U) is τ ′-closed andτ ′|clτ (U)= τU ;
(b) τ ′|(X\U)= τ |(X\U);
(c) for anyV ∈ τ , the setU ∪ V is τ ′-open andclτ ′(U ∪ V )= clτ (U ∪ V ).

Proof. Fix some metricρ which generates the topologyτ . In this proof we denote byA the
τ -closure of anyA⊂X. LetB = ⋃{Bn: n ∈ ω} be aσ -discrete base for the space(U, τU)
such that eachBn is repeated infinitely often in the indexing. Fix a family{On: n ∈ ω} of
τ -open sets containingU such thatU = ⋂{On: n ∈ ω} = ⋂{On: n ∈ ω}.
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Since (X, τ) is hereditarily collectionwise normal, it is not difficult to construct
inductively (onn ∈ ω) τ -discrete families ofτ -open setsB∗

n = {B∗: B ∈ Bn} so that:
(i) B∗ ∩U = B andB∗ ∩U = B for everyB ∈ Bn;
(ii) B ⊂U impliesB∗ = B for anyB ∈ Bn;
(iii) if B ∈ Bi andC ∈ Bj , wherei < j andC ⊂ B, thenC∗ ⊂ B∗;
(iv) if B ∈ Bi andC ∈ Bj , wherei < j andC ∩B = ∅, thenC∗ ∩B∗ = ∅;
(v) if B ∈ Bn and diamρ(B ∩ ∂U) < 1/m for somem� n, then diamρ(B∗\U) < 1/m;
(vi) if B ∈ Bn thenB∗ ⊂On.
Let τ ′ be the topology generated by the familyµ∪ B∗, whereB∗ = ⋃{B∗

n: n ∈ ω} and
µ = τ |(X\U). Note that the condition (iii) implies thatµ ∪ B∗ is a base forτ ′. Since⋃
µ = X\U ∈ τ ′, the set clτ (U) is τ ′-closed. Clearly,τ ′ ⊂ τ and it is an immediate

consequence of (i) thatτ ′|U = τU which settles (a). We will prove the properties (b) and (c)
and the metrizability ofτ ′.

To establish thatτ ′|(X\U) = τ |(X\U) take anyW ∈ τ |(X\U). We need to show that
W ∈ τ ′|(X\U). Let x ∈W . If x /∈ U thenNx =W ∩ (X\U) is a τ -open neighbourhood
of the pointx. Clearly,Nx ∈ τ ′ andx ∈ Nx ⊂W . Suppose now thatx ∈ U . There exists
an ε > 0 such thatB(x, ε) ∩ (X\U) ⊂W , whereB(x, ε) = {y ∈ X: ρ(x, y) < ε} is the
ε-ball centered atx. SinceτU |∂U = τ |∂U , there exists aB ∈ B such thatx ∈ B and
B ∩ ∂U ⊂ B(x,1/3m), wherem ∈ N is chosen so that 1/m < ε. EachBn is repeated
infinitely often, soB ∈ Bn for somen�m. Now that diamρ(B∩∂U) < 1/m, we can apply
(v) to conclude that diam(B∗\U) < 1/m< ε, which impliesB∗\U ⊂ B(x, ε) ∩ (X\U)⊂
W . Thus,W ∈ τ ′|(X\U) and (b) is settled.

To prove (c), consider the topologiesν = τ |(X\U) and ν′ = τ ′|(X\U); property (b)
says thatν = ν′. Fix any V ∈ τ ; to prove thatU ∪ V is τ ′-open consider the set
F = X\(U ∪ V ) ⊂ X\U . The setX\U is τ -closed andτ ′-closed as well, which implies
clτ (F )= clν(F ) and clτ ′(F )= clν ′(F ). Now, sinceν = ν′, we have clν(F )= clν ′(F ) and
therefore

F = clτ (F )= clν(F )= clν ′(F )= clτ ′(F ),

i.e., the setF is τ ′-closed. To show that clτ (U ∪ V ) = clτ ′(U ∪ V ), take anyx ∈
clτ ′(U ∪ V ). If x ∈U = clτ ′(U), we are clearly done. If not, then

x ∈ clτ ′
(
V \U ) ⊂ clτ ′(V \U)= clν ′(V \U)

= clν(V \U)= clτ (V \U)⊂ V ⊂U ∪ V ,
so (c) holds.

The topologyτ ′ is regular. The regularity at anyx ∈ X\U follows easily from
τ |(X\U)= τ ′|(X\U). So suppose thatx ∈ U andx ∈ V ∈ τ ′. For some natural numbers
i < j we havex ∈C ⊂ clτU (C)⊂ B, whereB ∈ Bi , C ∈ Bj andB∗ ⊂ V . Pick an arbitrary
y ∈ clτ ′(C∗). There are two possible cases:y ∈ clτ ′(C∗ ∩U) or y ∈ clτ ′(C∗\U). In the first
case

y ∈ clτ ′
(
C∗ ∩U ) = clτU

(
C∗ ∩U ) = clτU (C)⊂ B ⊂ B∗.
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If the second case holds, we have

y ∈ clτ ′
(
C∗\U ) ⊂ clτ ′

(
C∗\U) = clτ

(
C∗\U) ⊂ C∗ ⊂ B∗,

where the last inclusion follows from (iii). Asy is an arbitrary point of clτ ′(C∗), we have
shown that clτ ′(C∗)⊂ B∗, so the regularity atx is proved.

The topologyτ ′ is metrizable. There is a baseC = ⋃{Cn: n ∈ ω} for X\U such thatCn is
a τ -discrete family for everyn ∈ ω and(

⋃
Cn) ∩Om = ∅ for somem ∈ ω. ThenC is also

aσ -discrete base inτ ′ for X\U . Since the familyB∗ = ⋃{B∗
n: n ∈ ω} is a base forU , we

will be finished if we show thatB∗
n is τ ′-discrete for anyn ∈ ω.

If x /∈U then there is aV ∈ τ such thatx ∈ V ⊂X\U andV meets at most one element
of B∗

n. ThenV ∈ τ ′ soV witnesses theτ ′-discreteness ofB∗
n at the pointx. If x ∈ U then

there is aC ∈ Bm such thatx ∈ C, m > n and clτU (C) meets at most one element of
{clτU (B): B ∈ Bn}. Then, by (iv), the setC∗ meets at most one element of{B∗: B ∈ Bn}.
ThereforeC∗ meets at most one element of the family{B∗: B ∈ Bn}, which shows that
B∗
n = {B∗: B ∈ Bn} is τ ′-discrete. ✷

Lemma 2.6. Let (X, τ) be a metrizable space of weightκ > ω with a non-achievable
extent. Denote byK the set{x ∈X: any neighbourhood ofx has weightκ}. Suppose that
H is a closed nowhere dense set in(X, τ). Then there is a weaker metrizable topologyτ ′ of
weightκ onX (and hence(X, τ ′) also has non-achievable extent) such thatH is a closed
nowhere dense subset of(X, τ ′) and the following conditions are fulfilled:

(a) τ ′|(X\K)= τ |(X\K);
(b) τ ′|H = τ |H ;
(c) there is a sequence ofτ ′-open finite covers{Un: n ∈ ω} of the subspaceK such that

the setX\clτ ′(
⋃

U0) has a non-compact closure and we have:
(i) for eachU ∈ Un+1 there is aV ∈ Un such thatclτ ′(U)⊂ V , and, in particular,

clτ ′(
⋃

Un+1)⊂ ⋃
Un;

(ii) if x ∈ Un ∈ Un for all n, thenx ∈ K and {Un}n∈ω is a local base inτ ′ at the
pointx;

(iii) for anyn ∈ ω, if we have a mapσ :n→ exp(
⋃
i<n Ui ) with σ(i)⊂ Ui ,

for eachi < n, thenO = I (σ )\clτ ′(
⋃

Un) �= ∅ impliesclτ ′(O) is not compact,
where, for each familyVi ⊂ Ui , we letI (Ui ,Vi )= (⋂Vi )\clτ ′(

⋃
(Ui\Vi )) and

I (σ )= ⋂
i<n I (Ui , σ (i)).

Proof. Note first thatK ∪ H is τ -nowhere dense inX. RepresentX\(K ∪ H) as⋃{Qn: n ∈ ω} whereQn is τ -closed for eachn ∈ ω. If all Qn ’s are compact then
X\(K ∪ H) is a second countable dense subspace of(X, τ) which is a contradiction
because the weight of(X, τ) is uncountable. Thus, there exists an infinite discreteτ -closed
setE ⊂ X\(K ∪H). Choose a faithfully enumerated setD = {dn: n ∈ ω} ⊂ E such that
E\D is infinite. Given ann ∈ ω, let {Cn,i : i ∈ ω} be a sequence of open neighbourhoods
of the pointdn such that

⋂{Cn,i : i ∈ ω} = {dn}, clτ (Cn,i+1) ⊂ Cn,i for all n, i ∈ ω and
{Cn,0: n ∈ ω} is a discrete collection for which clτ (

⋃{Cn,0: n ∈ ω})∩ (K∪H ∪ (E\D))=
∅.
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Let {Wn: n ∈ ω} be any sequence of finite open covers ofK with the following
properties:

(i ′ ) for anyn ∈ ω and anyW ∈ Wn+1 there is aV ∈Wn such that clτ (W)⊂ V .
(ii ′ ) if x ∈Wn ∈ Wn for eachn ∈ ω, thenx ∈K and{Wn}n∈ω is a local base atx.
(iii ′ ) ((E\D) ∪ clτ (

⋃{Cn,0: n ∈ ω}))∩ clτ (
⋃

W0)= ∅.
Let ∆ = {δ: δ is a function from somen ∈ ω into exp(

⋃{Wi : i < n}) such that
δ(i) ⊂ Wi for every i < n}. Given aδ ∈ ∆, let J (δ) = ⋂{J (Wi , δ(i)): i < n}, where
J (Wi ,Vi ) = (

⋂
Vi )\clτ (

⋃
(Wi\Vi )) for all i < n and Vi ⊂ Wi . Now, choose any

surjectionθ :ω → ∆′ = {δ ∈ ∆: J (δ) �= ∅} such that|θ−1(δ)| = ω for any δ ∈ ∆′. For
eachi ∈ ω andW ∈Wi , letW∗ =W ∪ ⋃{Ck,i : W ∈ θ(k)(i)}.

For W = ⋃{Wi : i ∈ ω} andµ = τ |(X\K) let τ ′ be the topology generated by the
family µ ∪ {W∗: W ∈ W}. It is straightforward thatτ ′ has the property (a). To show that
τ ′ satisfies the rest of conditions, we will establish a series of “claims”.

Claim 1. If δ ∈∆, i ∈ dom(δ) andW ∈ Wi , thenJ (δ)⊂W if W ∈ δ(i) andJ (δ)∩W = ∅
if W /∈ δ(i).

Proof. Clear from the definition ofJ (δ).

Claim 2. Suppose thatW ∈ Wi , V ∈Wj , wherei � j andV ⊂W . ThenV ∗ ⊂W∗.

Proof. By (iii ′ ), it suffices to show that, for any naturalk, if V ∈ θ(k)(j), thenW ∈ θ(k)(i)
(for then, if Ck,j is put in V ∗, the setCk,i ⊃ Ck,j will be put in W∗). Observe that if
V ∈ θ(k)(j) andW /∈ θ(k)(i), thenW ∩ J (θ(k))= ∅ andJ (θ(k))⊂ V by Claim 1. Since
V ⊂W , we haveJ (θ(k))= ∅, which contradictsθ(k) ∈∆′.

Claim 3. Suppose thatW ∈Wi , V ∈ Wj andx ∈W∗ ∩V ∗ ∩K. Then there is anO ∈ W
such thatx ∈O∗ ⊂W∗ ∩ V ∗.

Proof. Since(
⋃{Cn,0: n ∈ ω})∩K = ∅, we havex ∈W ∩V . The pointx is not isolated,

and the family
⋃{Wk: k � i+j } is finite so, by (ii′ ) there exists anm� i+j andO ∈ Wm

such thatO ⊂U ∩ V . Now apply Claim 2 to conclude thatO∗ ⊂W∗ ∩ V ∗.

Remark. It is clear that Claim 3 implies that the familyµ ∪ {W∗: W ∈ W} is a base for
the topologyτ ′.

Claim 4. If W ∈ Wi , V ∈ Wj andW ∩ V = ∅, thenW∗ ∩ V ∗ = ∅.

Proof. If W∗ ∩ V ∗ �= ∅, then there is ak ∈ ω such thatCk,i ⊂W∗ andCk,j ⊂ V ∗. This
impliesW ∈ θ(k)(i) andV ∈ θ(k)(j). Thus, by Claim 1,J (θ(k))⊂W ∩ V = ∅ which is
a contradiction.

Claim 5. For anyW ∈ W we haveclτ ′(W∗)= clτ (W∗).
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Proof. We only have to show that clτ ′(W∗)⊂ clτ (W∗). Suppose, for a contradiction, that
x ∈ clτ ′(W∗)\clτ (W∗). Then, clearly,x ∈ K, so there exists aV ∈ W such thatx ∈ V
andV ∩W∗ = ∅. Of course, this impliesV ∩W = ∅, and, applying Claim 4, we obtain
V ∗ ∩W∗ = ∅, a contradiction.

Claim 6. If W ∈ Wi , and i /∈ dom(δ), where δ ∈ ∆′, thenW∗ ∩ Ck,0 = ∅ for any
k ∈ θ−1(δ).

Proof. It is clear from the definition ofW∗ thatW∗ ∩Ck,0 �= ∅ if and only ifW ∈ θ(k)(i).
Thus,i /∈ dom(θ(k)) impliesW∗ ∩Ck,0 = ∅.

Claim 7. If O ⊂X\K is a τ -open set,clτ (O)∩K = ∅ andO meetsCk,0 only for finitely
manyk’s, thenclτ ′(O)= clτ (O).

Proof. We only have to show that clτ ′(O) ⊂ clτ (O). Suppose, by way of contradiction,
that x ∈ clτ ′(O)\clτ (O). Thenx ∈ K. Choose aW ∈ Wi with x ∈ W, W ∩O = ∅ and
i sufficiently large so thati /∈ dom(θ(k)) wheneverCk,0 ∩O �= ∅. ThenW∗ ∩O = ∅ by
Claim 6, which is a contradiction.

Claim 8. If W ∈ Wi , V ∈ Wj for somej > i andclτ (V )⊂W , thenclτ ′(V ∗)⊂W∗.

Proof. Given anyk ∈ ω, if V ∈ θ(k)(j), then, by Claim 1,J (θ(k))⊂ V ⊂W . Applying
Claim 1 once more we see thatW ∈ θ(k)(i). Thus,Ck,j ⊂ V implies Ck,i ⊂ W and
therefore clτ (Ck,j )⊂ Ck,i ⊂W∗ for anyk ∈ ω with Ck,j ⊂ V . This shows that clτ (V ∗)⊂
W∗. By Claim 5, we have clτ ′(V ∗)= clτ (V ∗)⊂W∗.

Claim 9. The topologyτ ′ is regular.

Proof. If x /∈K, then for anyτ ′-neighbourhoodW of the pointx there existsV ∈ τ such
thatx ∈ V ⊂ X\K, the setV intersects at most one element of the family{Ck,0: k ∈ ω}
and clτ (V )⊂W . Now, apply Claim 7 to conclude that clτ ′(V )⊂W .

Suppose thatx ∈ K ∩W∗ for someW ∈ Wi . There exists aj > i such thatx ∈ V ⊂
clτ (V )⊂W for someV ∈ Wj . Then clτ ′(V ∗)⊂W∗ by Claim 8, and we are done.

Claim 10. The topologyτ ′ is metrizable andw(X,τ ′)= κ .

Proof. There is a familyB = ⋃{Bn: n ∈ ω} ⊂ τ with the following properties:
(1) B contains a local base inτ for all points ofX\K and eachBn is τ -discrete.
(2) For anyn ∈ ω the set

⋃
Bn meets at most one of the sets{Ck,0: k ∈ ω}.

(3) clτ (
⋃

Bn)∩K = ∅ for anyn ∈ ω.
Property (a) implies thatB also contains a local base inτ ′ for all points ofX\K. If

x ∈ X\K andn ∈ ω, then there is aW ∈ τ such thatx ∈W ⊂ X\K andW intersects at
most one element ofBn. SinceW ∈ τ ′, the familyBn is discrete inX\K. If x ∈K then we
can apply (2) and Claim 7 to conclude that clτ ′(

⋃
Bn)= clτ (

⋃
Bn)⊂X\K and therefore
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V = X\clτ ′(
⋃

Bn) is a τ ′-neighbourhood ofx which intersects no elements ofBn. As a
consequence, the familyBn is τ ′-discrete inX andB∪ {W∗: W ∈ W} is aσ -discrete base
for τ ′.

Sincew(X,τ ′)�w(X,τ)= κ , we only have to prove thatw(X,τ ′)� κ . Note first that
it is impossible thatw(X\K) < κ becausew(K)= ω and weight is additive in metrizable
spaces. Hencew(X\K)= κ . Since the topology onX\K was not changed, it is a subspace
of (X, τ ′) of weightκ . This proves thatw(X,τ ′)= κ .

Claim 11. The setH is closed and nowhere dense in(X, τ ′) and the topologyτ ′
satisfies(b), i.e.,τ ′|H = τ |H .

Proof. If x ∈ X\(H ∪ K) then W = X\(H ∪ K) is a τ ′-neighbourhood ofx with
W ∩H = ∅. If x ∈ (X\H) ∩K then there is aW ∈ W such thatx ∈W andW ∩H = ∅.
Now, we haveW∗ ∩H = ∅ becauseH ∩ (⋃k∈ω Ck,0)= ∅. This proves thatH is τ ′-closed.
Since a non-empty interior ofH in (X, τ ′) impliesH has a non-empty interior in(X, τ),
the setH is nowhere dense in(X, τ ′).

Finally, τ ′|H = τ |H follows from the equalityτ ′|(X\K) = τ |(X\K) and the fact
that, for anyW ∈ W , we haveW∗ ∩ H = W ∩ H (the last equality holds because
H ∩ (⋃k∈ω Ck,0)= ∅).

For anyn ∈ ω, let Un = {W∗: W ∈ Wn}. We now proceed to show that the sequence
{Un: n ∈ ω} satisfies (c).

Claim 12. The subspaceX\clτ ′(
⋃

U0) of the space(X, τ ′) has a non-compact closure
and, for eachU ∈ Un+1, there exists aV ∈ Un such thatclτ ′(U)⊂ V , whence the property
(c)(i) holds for the sequence{Un: n ∈ ω}. In particular,clτ ′(

⋃
Un+1)⊂ ⋃

Un for all n ∈ ω.

Proof. It is straightforward thatE\D ⊂ X\clτ (
⋃

U0)= X\clτ ′(
⋃

U0) is infinite, closed
and discrete in(X, τ ′) which proves that no subspace containingX\clτ (

⋃
U0) is compact.

The rest of the claim is an immediate consequence of(i ′) and Claim 8.

Claim 13. If x ∈ Un ∈ Un for all n ∈ ω thenx ∈K and {Un}n∈ω is a local base forτ ′ at
x. Therefore the property(c)(ii) is fulfilled.

Proof. Take aWn ∈ Wn with W∗
n = Un for eachn ∈ ω. For any natural numberk there

is an n ∈ ω such thati < n for all i ∈ dom(θ(k)). Apply Claim 6 to conclude that
Ck,0 ∩ Un = Ck,0 ∩ W∗

n = ∅. Therefore we must havex ∈ K and hencex ∈ Wn ∈ Wn

for eachn ∈ ω. By (ii ′ ), the family {Wn}n∈ω is a local base forτ at the pointx. Now
Claim 2 implies that{Un}n∈ω = {W∗

n }n∈ω is a local base forτ ′ at x.
It remains to show that (c)(iii) is fulfilled. Assume that we are given a mapping

σ :n→ exp(
⋃
i<n Ui ) with σ(i) = {Ui1, . . . ,Uiki } ⊂ Ui for eachi. ChooseWi

j ∈ Wi so

that Uij = (Wi
j )

∗ for all i < n and j ∈ {1, . . . , ki}. Given an i < n, consider the set

δσ (i) = {Wi
1, . . . ,W

i
ki

} ⊂ Wi . It is clear that the last formula defines a mapδσ ∈ ∆.
We need to show thatO = I (σ )\clτ ′(

⋃
Un) �= ∅ implies that theτ ′-closure ofO is not

compact.
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Claim 14. If I (σ ) �= ∅ thenJ (δσ ) �= ∅.

Proof. Suppose that dom(σ )= n. Let us prove first thatI (σ )⊂ J (δσ )∪(I (σ )∩C), where
C = ⋃{Cm,0: m ∈ ω}. To do this, take anyx ∈ I (σ )\J (δσ ). Then, for somei < n, we have
x /∈ J (Wi , δσ (i)). But x ∈ I (Ui , σ (i)) and thereforex /∈ clτ ′(W∗) = clτ (W∗) ⊃ clτ (W),
for anyW ∈ Wi\δσ (i). This makes it impossible thatx ∈ ⋂

δσ (i) and hence there is a
V ∈ δσ (i) such thatx /∈ V . But V ∗ ∈ σ(i), so we havex ∈ V ∗ = V ∪ (V ∗ ∩ C) which
impliesx ∈ C proving the promised inclusion.

Now, fix an x ∈ I (σ ) ⊂ J (δσ ) ∪ (I (σ ) ∩ C). If x ∈ J (δσ ) we are done, so we may
assume thatx ∈Ck,0 for somek ∈ ω. For anyW ∈ δσ (i), we havex ∈W∗ ∩Ck,0 and hence
W ∈ θ(k)(i) which in turn impliesW∗ ∩Ck,0 = Ck,i . On the other hand, ifW ∈ Wi\δσ (i)
thenW∗ ∩Ck,i = ∅ and thereforeW /∈ θ(k)(i). As a consequence,θ(k)(i)= δσ (i) for each
i < n, which means that the mapθ(k) extendsδσ , i.e., θ(k)|n = δσ . Sinceθ(k) ∈ ∆′ we
haveJ (θ(k)) �= ∅. Observe thatJ (θ(k))⊂ J (δσ ) and henceJ (δσ ) �= ∅.

Given aδ ∈∆′ and anx ∈K, take anyn ∈ ω\dom(δ). If x ∈W ∈Wn then, by Claim 6,
W∗ ∩Ck,0 = ∅ for anyk ∈ θ−1(δ). This shows that the infinite collection{Ck,0: θ(k)= δ}
is τ ′-discrete. Thus, the following fact will finish the proof that the sequence{Un: n ∈ ω}
satisfies (c)(iii) and hence the proof of Lemma 2.6 will be complete.

Claim 15. Let σ :n→ exp(
⋃
i<n Ui ) be a map such thatσ(i)⊂ Ui for eachi < n. Then

I (σ ) �= ∅ impliesδσ ∈∆′ andI (σ )\clτ ′(
⋃

Un)⊃ Ck,n−1 for everyk ∈ θ−1(δσ ). Therefore
I (σ )\clτ ′(

⋃
Un) has non-compactτ ′-closure.

Proof. Suppose thatI (σ ) �= ∅. Apply Claim 14 to conclude thatJ (δσ ) �= ∅ and therefore
δσ ∈ ∆′. Let k ∈ θ−1(δσ ). Then, if W ∈ δσ (i) then, by definition ofW∗, we have
W∗ ⊃ Ck,i ⊃ Ck,n−1. Now, if W ∈ Wi\δσ (i), thenW /∈ θ(k)(i), so W∗ ∩ Ck,0 = ∅.
As a consequence,Ck,n−1 ⊂ I (σ ). Finally, for anyW ∈ Wn we haven /∈ dom(σ ), so
W∗ ∩Ck,0 = ∅ by Claim 6. This shows that

⋃{
Ck,n−1: k ∈ θ−1(δσ )

} ⊂ I (σ )\clτ ′
(⋃

Un
)
,

as required. ✷
Theorem 2.7. Let(X, τ) be a metrizable non-compact space. Then, for any nowhere dense
closedH ⊂ X, there exists a weaker nowhere locally compact metrizable topologyτ ′ on
X such thatH is τ ′-closed andτ ′|H = τ |H .

Proof. If w(X) = ω then the extent ofX is achievable so our theorem holds by
Corollary 2.3. Suppose thatw(X) = κ > ω and the theorem is true for any metric
non-compactY with w(Y ) < κ . By Corollary 2.3, if the extent ofX is achieved, then
the theorem holds, so let us assume that it is not achieved. Consider the compact set
K = {x ∈ X: every neighbourhood of the pointx has weightκ}. By Lemma 2.6, by
weakening the topology if necessary, we may assume that there is a sequence{Un: n ∈ ω}
of finite open covers ofK satisfying the conditions of Lemma 2.6(c). We will define a
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sequence{τi : i ∈ ω} of successively weaker metrizable topologies onX satisfying the
following properties (in this proof the bar is used to denote theτ -closure):

(i) τn|(X\⋃Un) is nowhere locally compact;
(ii) τn+1|(X\⋃Un)= τn|(X\⋃Un);
(iii) if U ∈ ⋃

n∈ω Un thenU ∈ ⋂{τn: n ∈ ω} and clτn (U)= clτ (U) for anyn ∈ ω;
(iv) τn|(⋃Un)= τ |(⋃Un) for anyn ∈ ω;
(v) the setH is τn-closed andτn|H = τ |H for anyn ∈ ω.
To defineτ0, consider the setW = X\⋃U0. The subspaceW is non-compact by

condition (c) of Lemma 2.6 and has weight< κ by Lemma 2.4. By the inductive hypothesis
there is a weaker nowhere locally compact metrizable topologyτW on W such that
H ′ = (W\W)∪ (H ∩W) is τW -closed andτW |H ′ = τ |H ′. Note that anyτ -closedF ⊂H ′
is τW -closed. Indeed,F is closed in(H ′, τ |H ′) and hence it is closed in(H ′, τW |H ′).
SinceH ′ is τW -closed, the setF has to beτW -closed. In particular, each one of the sets
W\W andH ∩W is τW -closed.

By Lemma 2.5, there is a weaker metrizable topologyτ0 onX such that the setW is τ0-
closed,τ0|W = τW andτ0|(X\W) = τ |(X\W). The property (i) forτ0 holds becauseτW
is nowhere locally compact andW =X\⋃U0 is dense inW . The property (ii) is vacuous,
so let us check (iii). IfU ∈ ⋃

n∈ω Un thenU ⊂ X\W . ThusU ∈ τ |(X\W) = τ0|(X\W).
SinceX\W is τ0-open, we haveU ∈ τ0. The setX\W is τ0-closed andU ⊂ X\W , so
the τ0-closure ofU coincides with itsµ0-closure forµ0 = τ0|(X\W). Analogously, the
τ -closure ofU coincides with itsµ-closure whereµ= τ |(X\W). Sinceµ0 = µ, we have
clτ (U) = clτ0(U). The property (iv) is a reformulation of the equalityµ0 = µ, so let us
prove (v).

SinceH ′ andH are τ -closed, the setH(1) = H ∩ W ⊂ H ′ is τ -closed and hence
H(1) is closed inτ |H ′ = τW |H ′ = τ0|H ′. The setH ′ is τW -closed and hence it is
closed in(W, τ0|W)= (W, τW ). SinceW is τ0-closed, the setH ′ is alsoτ0-closed, which
implies thatH(1) is τ0-closed. Applying once more the equalityµ= µ0 and the fact that
X\W is τ0-closed, we can conclude that the setH(2) = H ∩ (X\W) is τ0-closed. As a
consequence,H = H(1) ∪ H(2) is τ0-closed. Finally,τ0|H = τ |H because for anyτ -
closedF ⊂H we haveF = F1 ∪ F2, whereFi = F ∩H(i) and henceFi is τ0-closed for
i = 1,2.

Suppose thatτn has been defined; we show how to defineτn+1. Let {σi : i � k} index all
functionsσ : (n+1)→ exp(

⋃
i�n Ui ) such thatσ(i)⊂ Ui for anyi andI (σ )\⋃Un+1 �= ∅

(see the definition ofI (σ ) in Lemma 2.6(c)). Observe thatI (σi ) ⊂ ⋃
Un for any i � n.

Consider the setS0 = I (σ0)\⋃Un+1. By (iv) the τ -closure ofS0 coincides with itsτn-
closure and therefore clτn (S0) is not compact by Lemma 2.6(c)(iii). SinceS0 ∩ K = ∅,
the weight ofS0 is less thanκ . By the inductive hypothesis, there is a weaker nowhere
locally compact metrizable topologyρ0 on clτn (S0) = clτ (S0) such that the setH0 =
(S0\S0)∪ (S0 ∩H) is ρ0-closed andρ0|H0 = τn|H0 = τ |H0.

Apply Lemma 2.5 to obtain a weaker metrizable topologyτn,0 ⊂ τn such thatτn,0|S0 =
ρ0, τn,0|(X\S0) = τn|(X\S0) and for anyτn-open setV the setS0 ∪ V is τn,0-open and
clτn,0(S0 ∪ V )= clτn(S0 ∪ V ).
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Suppose thatm< k and we defined metrizable topologiesτn,−1, τn,0, . . . , τn,m such that
the following conditions are fulfilled for alli = 0, . . . ,m:

(t1) τn,−1 = τn ⊃ τn,0 ⊃ · · · ⊃ τn,i−1 ⊃ τn,i ;
(t2) τn,i |Si is nowhere locally compact;
(t3) τn.i |(X\Si)= τn,i−1|(X\Si);
(t4) the setHi = (Si\Si)∪ (Si ∩H) is τn,i -closed;
(t5) τn,i |Hi = τ |Hi ;
(t6) for anyV ∈ τn,i−1 the setSi ∪ V is τn,i -open and clτn,i (Si ∪ V )= clτn,i−1(Si ∪ V ).
Observe first that the family{Si = I (σi )\⋃Un+1: i � k} consists of disjoint open

subsets of
⋃

Un\⋃Un+1 and thatτn,m restricted toSi is equal toτn|Si for all i > m.

Consider the setSm+1 = I (σm+1)\⋃Un+1. By (iv) and (t3) theτ -closure ofSm+1 coin-
cides with itsτn,m-closure and therefore clτn,m(Sm+1) is not compact by Lemma 2.6(c)(iii).
SinceSm+1 ∩ K = ∅, the weight ofSm+1 is less thanκ . By the inductive hypothesis,
there is a weaker nowhere locally compact metrizable topologyρm+1 on clτn,m(Sm+1) =
clτ (Sm+1) such that the setHm+1 = (Sm+1\Sm+1) ∪ (Sm+1 ∩ H) is ρm+1-closed and
ρm+1|Hm+1 = τn|Hm+1 = τ |Hm+1.

Apply Lemma 2.5 to obtain a weaker metrizable topologyτn,m+1 ⊂ τn,m such that
τn,m+1|Sm+1 = ρm+1, τn,m+1|(X\Sm+1)= τn,m|(X\Sm+1) and for anyV ∈ τn,m, the set
Sm+1 ∪ V is alsoτn,m+1-open and we have clτn,m+1(Sm+1 ∪ V ) = clτn.m(Sm+1 ∪ V ). It
is clear that the conditions (t1)–(t6) are fulfilled for i � m + 1. Therefore our inductive
construction can continue untilm= k.

We claim that the topologyτn+1 = τn,k satisfies the conditions (i)–(v). Condition (iv) is
clear sinceτn,i does not alter the topology onX\Si ⊃ ⋃

Un+1.
We will show thatτn+1 satisfies (v). Note that, by (iv), we have clτn(Si)= Si for every

i ∈ {0, . . . , k}. Observe that, lettingV = ∅ in (t6), we obtain clτn,i (Si) = clτn,i−1(Si) for
eachi ∈ {0, . . . , k}. It is clear that by induction we can conclude that clτn,i (Si)= clτn (Si)=
Si for every i � k. Now let us establish by induction oni that τn,i has property (v) for
everyi � k. The case ofi = −1 is clear. Suppose that, for everyj < i � k, the topology
τn,j satisfies (v).

The setH(1) = Si ∩ H ⊂ Hi is τ -closed and hence it is closed in the topology
τ |Hi = τn,i |Hi . SinceHi is τn,i -closed by (t4), the setH(1) is τn,i -closed. Now the setH is
τn,i−1-closed by the inductive hypothesis, soH(2)=H\Si ⊂ X\Si is alsoτn,i−1-closed.
Consequently,H(2) is closed in the topologyτn,i−1|(X\Si ) = τn,i |(X\Si ). Thus,H(2)
is closed inτn,i |(X\Si ) while X\Si is τn,i -closed. ThereforeH(2) is τn,i -closed as well
asH =H(1)∪H(2). Finally, if F is aτ -closed subspace ofH thenF = F1 ∪ F2, where
Fi = F ∩H(i) for i = 1,2. SinceF(1) is a closed subspace ofHi , the property (t5) implies
thatF(1) is τn,i -closed. The inductive hypothesis easily implies thatF(2) is τn,i−1-closed
and henceτn,i -closed becauseτn,i andτn,i−1 coincide onH\Si . Therefore anyτ -closed
subset ofH is τn,i -closed which proves thatτn,i |H = τ |H . Thus,τn+1 satisfies (v).

SinceSi ⊂ ⋃
Un andτn,i |(X\Si)= τn,i−1|(X\Si), the topology outside ofX\⋃

Un has
not been altered fromτn|(X\⋃

Un) and the condition (ii) follows.
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For (iii) we need to show that ifU ∈ ⋃
m∈ω Um, thenU ∈ τn+1 and clτn+1(U)= clτ (U).

It suffices to prove by induction that this holds forτn,i for any i � k. Let U ∈ Um and
i ∈ {0, . . . , k}. By the inductive hypothesis, we haveU ∈ τn,i−1. Suppose thatU ∩ Si = ∅.
Then clτn,i (U)= clτn,i−1(U) becauseτn,i |(X\Si )= τn,i−1|(X\Si). Applying the inductive
assumption once more we can conclude that clτn,i (U)= clτn,i−1(U)=U . NowU ∩ Si = ∅
and henceU ∩ clτn,i (Si) = ∅ due to the fact that clτn,i (Si) = Si . SinceSi ∪ U is τn,i -
open, it is immediate by (t6), thatU ∈ τn,i . If U ∩ Si �= ∅, thenm� n and henceSi ⊂ U
by definition of I (σi). ThenSi ∪ U = U ∈ τn,i and applying (t6) once more, we obtain
clτn,i (U)= clτn,i−1(U)=U .

It remains to show that the property (i) holds, i.e., thatτn+1|(X\⋃Un+1) is nowhere

locally compact. By the construction,τn+1 is nowhere locally compact onX\⋃Un and
on eachSi . So we are done if we show that

⋃{Si : i � k} is dense in
⋃

Un\
⋃

Un+1. To

this end, letO be aτn+1-open set withO ∩ (⋃Un\
⋃

Un+1) �= ∅. Let {Ui : i � m} be a
listing of the members of

⋃{Ui : i � (n+ 1)}. There exists anO ′ ∈ τn+1 such thatO ′ ⊂
O ∩ (⋃Un\⋃Un+1). Now define inductivelyOi, i �m so thatO0 ⊂O ′, Oi ∩Ui = ∅ or
Oi ⊂Ui andOi �= ∅. ThenOm is either contained in or misses eachU ∈ ⋃

i�n Ui . For any

i � n let σ(i)= {U ∈ Ui : Om ⊂ U}. ThenOm ⊂ I (σ )\⋃Un+1. Henceσ = σi for some
i � k andOm ⊂ Si which impliesO ∩ (⋃i�m Si) �= ∅.

Having constructed the sequence{τn: n ∈ ω}, we are ready to define the topologyτ ′.
Let U = ⋃{Un: n ∈ ω}. For anyx ∈ K let Bx = {U ∈ U : x ∈ U}. If x /∈ K then let
n(x)= min{n ∈ ω: x /∈ ⋃

Un}. Then we defineBx to be the family{V ∈ τn(x): x ∈ V and
V ∩ ⋃

Un(x) = ∅}. It is an easy consequence of (ii) and (iii) that the families{Bx : x ∈X}
satisfy the usual axioms of generating a topology as local bases (see [3, Proposition 1.2.3]).
Let τ ′ be the topology for whichBx is a local base atx for everyx ∈X.

It is evident thatτ ′ ⊂ τ and immediate from (i) thatτ ′ is nowhere locally compact.
Property (v) guarantees thatH is τ ′-closed andτ ′|H = τ |H . We will show thatτ ′ is
metrizable. It is an easy consequence of properties (ii) and (iii) that the topologyτ ′ is
regular. SinceU is a countable base for the points ofK, it suffices to show that there
is a σ -discrete base inτ ′ for the points ofX\K. For eachn,m ∈ ω there exists aτn-
discrete familyBnm such that(

⋃
Bnm) ∩ ⋃

Un = ∅ andBn = ⋃{Bnm: m ∈ ω} contains
local bases for the points ofX\⋃Un. It is clear from the definition of the topologyτ ′, that⋃{Bn: n ∈ ω} is a base inτ ′ for the points ofX\K. Thus, it remains to prove that each
Bnm is τ ′-discrete.

Let x ∈ X. If x ∈ ⋃
Un, thenW = ⋃

Un is a neighbourhood ofx which intersects no
elements ofBnm. If x ∈X\⋃

Un take aτn-neighbourhoodW of the pointx which meets
at most one element ofBnm. Sincex ∈X\⋃Un+1 andτn+1|(X\⋃

Un)= τn|(X\⋃
Un),

there exists aτn+1-open subsetV of X\⋃Un+1 such thatV ∩ (X\⋃
Un) = W ∩

(X\⋃
Un). SinceV ∩ ⋃

Un+1 = ∅ andV ∈ τn+1, we haveV ∈ τ ′ andV meets at most
one element ofBnm. ✷
Theorem 2.8. Any metrizable non-compact space has a weaker connected Hausdorff
topology.
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Proof. LetX be a metrizable non-compact space. By Theorem 2.7 we can assume thatX

is nowhere locally compact, weakening its topology if necessary. Fix aσ -discrete baseB in
X. LetD be an infinite closed discrete subset ofX. The familyB′ = {U ∈ B: U ∩D = ∅}
is aσ -discreteπ -base inX and(

⋃
B′)∩D = ∅.

In [10] it was proved that every Hausdorff spaceX with a σ -discreteπ -baseB′ and a
free open ultrafilter on each non-empty open set can be densely embedded into a connected
Hausdorff spaceY in such a way thatY\X is a countable closed and discrete subspace of
Y and clY (F ) ∩ (Y\X) = ∅, whereF = X\⋃

B′. Since no closure of a non-empty open
subset ofX is compact, every open non-empty subset ofX is contained in a free open
ultrafilter onX. Therefore we can apply the above mentioned result from [10] and use
theπ -baseB′ constructed above to find such a spaceY . It is immediate thatD is closed
and discrete inY . Now apply Proposition 2.4 of the paper [7] to conclude thatX can be
condensed onto a connected Hausdorff space.✷
Corollary 2.9. Any paracompact non-compact space with aGδ-diagonal has a weaker
Hausdorff connected topology. In particular, every stratifiable non-compact space has a
weaker Hausdorff connected topology.

Proof. Every paracompact space with aGδ-diagonal has a weaker metrizable topology [1].
We leave it to the reader to follow the line of any of many well-known proofs of this fact
to assure that every paracompact non-compact space with aGδ-diagonal condenses onto a
non-compact metric space. Theorem 2.8 completes the proof.✷
Example 2.10. Not every non-compact first countable Tychonoff space condenses onto
a nowhere locally compact space. In fact, there are non-compact locally compact spaces
with all their Tychonoff continuous images locally compact. An example of such a space
is X = ω1, for whichβX = ω1 + 1 and henceβX\X consists of only one point. Now, if
f :X→ Y is a surjective continuous map, thenβY\Y can not have more than one point
being a subset of a continuous image ofβX\X which consists of only one point. Therefore
Y is locally compact.

Not every first countable non-compact Tychonoff space has a weaker connected regular
topology: a trivial example is any non-compact countable space. A much less evident
one is the free union of countably many copies of the Cantor set [7]. However, a first
countable non-compact space without a weaker Hausdorff connected topology is not so
easy to construct. Recall that a space is calledalmostH -closedif no Hausdorff extension
of this space can have more than one point in the remainder. It is an easy exercise that any
continuous image of an almostH -closed space is an almostH -closed space.

Example 2.11. Under CH there is a non-compact first countable Tychonoff space which
has no weaker Hausdorff connected topology.

Proof. Porter and Woods [6] constructed under CH an example of a connected normal
first countable almostH -closed spaceY . LetX be obtained fromY by adding two isolated
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pointsa andb. ThenX can not be condensed onto a connected Hausdorff space. Indeed,
if f :X→ Z is such a condensation, thenf (Y ) is an almostH -closed dense subspace of
Z such thatZ\f (Y ) consists of two points, a contradiction.✷

3. Condensations of Hausdorff spaces with a σ -locally finite base

This group of results is concerned with Hausdorff non-regular spaces. If we could prove
that any Hausdorff non-H -closed space with aσ -locally finite base has a weaker connected
Hausdorff topology, this would be a natural extension of Theorem 2.8. We will establish
this fact for the case when the weight of the space is a successor cardinal.

Recall that if a Hausdorff space with aσ -locally finite base is feebly compact, then it
is second countable and henceH -closed. Furthermore, each Hausdorff spaceX with a σ -
locally finiteπ -base has a dense stronglyσ -discrete subspace and, as a consequence, the
set of isolated points ofX is the union of a countable family of closed discrete subsets
of X.

Lemma 3.1. For each infinite cardinalκ there is a connected Hausdorff spaceHκ of
cardinality and weightκ with aσ -locally finite base which possesses a locally finite disjoint
family of cardinalityκ of non-empty open subsets.

Proof. Note that ifκ � c, then the hedgehog withκ spines is such a space. For the general
case, letY be a connected first countable, countable Hausdorff space with a distinguished
point p. Let Z = Y × Dκ , whereDκ is the discrete space of cardinalityκ . Define an
equivalence relation∼ on Z by (x,α) ∼ (y,β) if and only if x = y and α = β or
x = y = p.

Consider the spaceT = Z/∼, and letf :Z→ T be the relevant quotient map. Denote
by q the image of each point(p,α) underf . Fix a local base{Bn: n ∈ ω} atp in the space
Y and define a topologyµ onT as follows:

If q /∈ U thenU ∈ µ if and only if f−1(U) is open inY ; if q ∈ U , thenU ∈ µ if and
only if for somen ∈ ω, we haveBn ×Dκ ⊂U .

We leave to the reader the trivial verification that the spaceHκ = (T ,µ) has the required
properties. Note thatHκ is first countable and may be thought of as a hedgehog constructed
using the spaceY instead of the unit interval. ✷
Lemma 3.2. Given an infinite cardinalκ , suppose that(X, τ) is a Hausdorff space of
density�κ which has a closed set of isolated points of cardinalityκ . Then there exists a
connected Hausdorff topologyµ⊂ τ .

Proof. Denote byD the set of isolated points ofX and letE ⊂D be a closed subset of
cardinalityκ . Take any connected Hausdorff topologyρ on E which has the properties
specified in Lemma 3.1. In particular, the space(E,ρ) possesses a locally finite family of
cardinalityκ of non-empty mutually disjoint open subsets.
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Take a dense subset{dα: α ∈ ν � κ} of X\E and choose a family{ωα : α ∈ κ} of
mutually disjoint countably infinite subsets ofκ . Denote byGα the cofinite filter onωα and
let Fα be the open filter generated by the family{⋃{Un: n ∈G}: G ∈ Gα}. The promised
topologyµ on the setX is defined by requiring thatU ∈µ if and only if

(µ1) U is open in(X\E,τ |(X\E))⊕ (E,ρ), and
(µ2) for eachα ∈ κ such thatdα ∈ U , there isF ∈ Fα such thatF ⊂U .
It is now routine to verify that(X,µ) is a Hausdorff space which is connected since

(E,ρ) is connected and dense in(X,µ). ✷
Let us call a topological space(X, τ) equipotentif every non-empty element of the

topologyτ has the same cardinality. Theorem 2.6 of [9], states that each Hausdorff first
countable space with aσ -disjoint π -base has a dense metrizable subspace and clearly
every metrizable space has a stronglyσ -discrete dense subspace. Furthermore, by a result
of Medvedev [5], for each infinite cardinalξ , there is, up to homeomorphism, precisely one
stronglyσ -discrete equipotent metrizable space of weightξ which we denote byQξ . The
main reason why it is possible to condense any Hausdorff spaceX of weightκ = λ+ with
a σ -locally finite base onto a connected space, is that we can find a locally finite disjoint
family γ ⊂ τ (X) such that|γ | = κ and someQξ dense in each element ofγ .

Proposition 3.3. LetX be a Hausdorff first countable dense-in-itself space ofπ -weightκ
with aσ -disjointπ -base. Then there is a metrizable subspaceY ⊂X such thatY ⊂ Int(Y )
andY is homeomorphic toQξ for someξ � κ .

Proof. Apply a theorem of White [9, Theorem 2.6] to find a dense metrizable subspace
M of the spaceX. Let N be a dense stronglyσ -discrete subspace ofM. Of course,N
is dense inX as well. LetY be a non-empty open subset of the spaceN of minimal
cardinality. SinceN is dense-in-itself, the subspaceY is infinite. It is immediate thatY is
an equipotent stronglyσ -discrete metric space. Now, we can apply the above mentioned
result of Medvedev [5] to conclude thatY is homeomorphic to the spaceQξ for some
ξ � κ . ✷

SupposeS = {Sα : α ∈ I } is a family of open sets; adisjoint shrinkingof S is a family
T = {Tα : α ∈ I } of non-empty open sets such that for eachα, Tα ⊂ Sα andTβ ∩ Tγ = ∅ if
β �= γ . If S is locally finite, then it follows from Lemma 2.1 of [10] thatS has a disjoint
shrinking. Furthermore, a disjoint shrinking of a base is aπ -base and so ifX is a Hausdorff
space with aσ -locally finite base, then it has aπ -base which isσ -disjoint.

Lemma 3.4. Let κ be a cardinal of uncountable cofinality. If(X, τ) is a first countable
Hausdorff space ofπ -weightκ with aσ -locally finiteπ -base, then there is a dense-in-itself
Hausdorff topologyµ ⊂ τ , such that either(X,µ) is connected or it is a first countable
space ofπ -weightκ with aσ -disjointπ -base and has a locally finite family of cardinality
κ of non-empty disjoint open sets.
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Proof. Denote byD the set of isolated points of(X, τ). By the remark preceding Lemma
3.1, we haveD = ⋃{Dn: n ∈ ω} where eachDn is closed (and discrete) inX. Since the
spaceX has aσ -locally finite π -base of cardinalityκ and cf(κ) > ω, there is a locally
finite family U ′ of non-empty open subsets ofX with |U ′| = κ . By Lemma 2.1 of [10], the
family U ′ has a disjoint shrinkingU = {Uα: α < κ}. There are two cases to consider.

(1) If |{U ∈ U : U ∩D �= ∅}| = κ , then there is a closed subset ofD of cardinalityκ and
the result follows from Lemma 3.2.

(2) If |{U ∈ U : U ∩D �= ∅}|< κ , then without loss of generality, we can assume that if
U ∈ U , thenU ⊂ X\cl(D) and hence for eachα ∈ κ , the setUα is dense-in-itself.
Let {ωα : α ∈ κ} be a mutually disjoint countably infinite subsets ofκ , such that
|κ\⋃{ωα : α ∈ κ}| = κ . Clearly,{Um: m ∈ ωα} is a locally finite disjoint family for
eachα ∈ κ . Denote byGα the cofinite filter onωα and enumerate its elements as
{Gn,α : n ∈ ω}. For eachα ∈ κ , we define an open filterFα onX in the following
way:
F ∈ Fα if and only if F ∈ τ andF ⊃ ⋃{Um: m ∈A} for someA ∈ Gα .

Clearly the filtersFα have mutually disjoint bases. For later use, we defineB(n,α) =⋃{Um: m ∈Gn,α}. Since|D| � κ it is possible to choose a cardinalν � κ and a faithful
(≡one-to-one) enumeration{dα: α < ν} of the setD. For anyW ∈ τ let O(W,n) =
W ∪ ⋃{B(n,α): dα ∈W }. The required dense-in-itself topologyµ is now generated by
the family{O(W,n): W ∈ τ, n ∈ ω} as a base, i.e.,

µ= {
U ∈ τ : for anyx ∈ U there areW ∈ τ and

n ∈ ω such thatx ∈O(W,n)⊂U}
.

Note that,

for anyn ∈ ω andW ∈ τ withW ∩D = ∅,
we haveO(W,n)=W and henceW ∈ µ.

(∗)

The Hausdorff property of(X,µ) follows immediately from the fact that for any disjoint
U,V ∈ τ the setsO(U,n) andO(V,m) are disjoint for allm,n ∈ ω. It is also clear that
the space(X,µ) is dense-in-itself and and{Uξ : ξ ∈ κ\⋃{ωα : α ∈ κ}} is a locally finite
family of disjoint non-empty open subsets of(X,µ). It remains to show that(X,µ) is first
countable and has aσ -disjointπ -base of cardinalityκ .

To show that(X,µ) is first countable, note that for anyα < ν the family {{dα} ∪
B(n,α): n ∈ ω} is a countable local base forµ at dα . If x ∈ X\D, fix a local base
{Wn: n ∈ ω} of the pointx in the topologyτ so thatWn+1 ⊂Wn for all n ∈ ω. It is easy to
see that{O(Wn,n): n ∈ ω} is a local base atx in µ.

Let B = ⋃{Bn: n ∈ ω} be aσ -locally finite π -base of cardinality�κ for X\clτ (D)
considered with the topologyτ |(X\clτ (D)). For eachn ∈ ω, take a disjoint shrinkingVn
of the familyBn. Observe that each element ofV = ⋃{Vn: n ∈ ω} is τ -open and henceµ-
open by(∗). As a consequence, the familyV is aπ -base for(X\clτ (D),µ|(X\clτ (D))).
Furthermore, letCm = {{dα} ∪ Bm,α : dα ∈D}. We leave to the reader the straightforward
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verification that the family
⋃{Cm: m ∈ ω} ∪ V is aσ -disjointπ -base of cardinalityκ for

(X,µ). ✷
Lemma 3.4 shows that if we construct condensations of Hausdorff first countable spaces

with σ -disjointπ -bases onto connected Hausdorff spaces, we can restrict attention to those
topologies which are dense-in-themselves.

Theorem 3.5. Let κ be a successor cardinal. Suppose that(X, τ) is a dense-in-itself first
countable Hausdorff space ofπ -weightκ with aσ -disjointπ -base. If(X, τ) has a locally
finite family of cardinalityκ , which consists of non-empty open sets, then(X, τ) is T2-
subconnected, i.e., has a weaker connected Hausdorff topology.

Proof. Sinceκ > ω, the spaceX is notH -closed. Taking a disjoint shrinking if necessary,
we can find a locally finite familyU = {Uα: α ∈ κ} of disjoint non-empty open subsets of
X. Apply Proposition 3.3 to conclude that each of the setsUα has a metrizable subspace
Dα such thatDα ⊂ Int(Dα) andDα 
Qξα for some cardinalξα � κ . Sinceκ is a non-
limit cardinal, the set{ξ : ξ ∈ κ andξ is a cardinal} has cardinality less thanκ . Now use
the regularity ofκ to see that there is a cardinalν � κ such thatξα = ν for κ manyα.

The reasoning in the preceding paragraph shows that replacing, if necessary, each setUα

by Intτ (clτ (Dα)) ∩ Uα and choosing an appropriate subfamily ofU of cardinalityκ , we
can assume that each element of the familyU has a dense subspaceDα , homeomorphic to
some fixed stronglyσ -discrete equipotent metrizable space(Q,ν).

For eachα ∈ κ , we lethα :Dα → Q be a homeomorphism and letρ be a connected
Hausdorff topology onκ having the properties specified in Lemma 3.1. For ease of notation
we denote

⋃
U byZ.

GivenT ∈ ν andW ∈ ρ, we define

O(T ,W)=
⋃{

Intτ
(
clτ

(
h−1
α (T )

))
: α ∈W}

.

For eachT ∈ ν andW ∈ ρ, it is immediate thatO(T ,W) ∈ τ . We define a topologyµ on
X as follows:

µ= {
U ∈ τ : if x ∈U ∩Z thenx ∈O(T ,W)⊂U for someT ∈ ν andW ∈ ρ}.

We leave to the reader the straightforward verification thatµ is indeed a topology and
µ⊂ τ . Let us proceed to prove that(X,µ) is a Hausdorff space. To this end, supposex, y

are distinct elements ofX.
(1) x, y ∈ Z. If x ∈ Uα and y ∈ Uγ , whereα �= γ , then there are mutually disjoint

W1,W2 ∈ ρ such thatα ∈W1 andγ ∈W2. The setsO(Q,W1) andO(Q,W2) areµ-open
disjoint neighbourhoods ofx andy, respectively. On the other hand, ifx, y ∈Uα for some
α ∈ κ , then there are disjointτ -open neighbourhoodsU,V ⊂ Uα of x, y, respectively. If
we defineT1 = hα(U ∩Dα) andT2 = hα(V ∩Dα) it turns out thatx ∈O(T1, κ) ∈µ, y ∈
O(T2, κ) ∈ µ andO(T1, κ)∩O(T2, κ)= ∅.

(2) x ∈ Z, say x ∈ Uα and y ∈ X \ Z. There exist disjointτ -open setsU,V with
the following properties:x ∈ U ⊂ Uα , y ∈ V and the setM = {β ∈ κ : V ∩ Uβ �= ∅} is
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finite, sayM = {β1, . . . , βk}. If α ∈M, sayα = βj , then since(κ,ρ) is Hausdorff, there
are disjoint setsW1, . . . ,Wk ∈ ρ such thatβi ∈ Wi for eachi ∈ 1, . . . , k. Then the sets
G=O(hα(U ∩Dα),Wj ) andH = V ∪⋃{O(V ∩Dβi ,Wi): 1 � i � k} have the property
thatH,G ∈µ,H ∩G= ∅ andx ∈G, y ∈H .

If, on the other hand,α /∈ M, then we choose disjoint setsW0,W1, . . . ,Wk ∈ ρ such
that α ∈ W0 and βi ∈ Wi for i = 1, . . . , k. The setsG = O(Q,W0) and H = V ∪⋃{O(Q,Wi): 1 � i � k} are disjointµ-open neighbourhoods ofx andy, respectively.

(3) If x, y ∈X \Z, then choose disjointτ -open setsU andV such thatx ∈U , y ∈ V and
the setsA= {α ∈ κ : U ∩Uα �= ∅} andB = {α ∈ κ : V ∩Uα �= ∅} are both finite. For each
γ ∈A∪B, choose aρ-open setWγ in such a way that ifγ �= ξ , thenWγ ∩Wξ = ∅. The sets
G=U ∪ ⋃{O(hγ (U ∩Dγ ),Wγ ): γ ∈A} andH = V ∪ ⋃{O(hξ (V ∩Dξ ),Wξ ): ξ ∈B}
are disjointτ -open neighbourhoods ofx andy, respectively.

For eachd ∈ Q, consider the setYd = {h−1
α (d): α ∈ κ}. It is clear that(Yd ,µ|Yd)

is homeomorphic to(κ,ρ) and hence is connected. There exists a locally finite family
W = {Wα : α ∈ κ} of disjoint open subsets of(κ,ρ). The familyV = {O(Q,Wα): α ∈ κ}
of µ-open sets is then mutually disjoint and we claim thatV is locally finite.

To prove our claim, supposex ∈X. If x ∈ Z, sayx ∈ Uα , then sinceW is locally finite,
there is some openρ-neighbourhoodV of α which meets only finitely many elements of
W . NowO(Q,V ) is aµ-neighbourhood ofx which meets only finitely many elements of
V . If, on the other hand,x ∈ X \ Z, thenx has aτ -neighbourhoodV which meets only
finitely many elements ofU , say{Uβ1, . . . ,Uβk }. SinceW is locally finite there are disjoint
ρ-neighbourhoods{Vβ1, . . . , Vβk } of β1, . . . , βk , respectively, each meeting only a finite
number of elements ofW . Now V ∪ ⋃{O(Q,Vβj ): 1 � j � k} is aµ-neighbourhood of
x meeting only finitely many elements ofV , and our claim is proved.

Let {ωα : α ∈ κ} be a family of mutually disjoint countable subsets ofκ and let
E = {eα: α ∈ κ} be a dense subspace ofX\cl(Z) of cardinality (at most)κ . Let Gα be
the Frechet filter onωα and letFα be the open filter generated by{⋃{O(Q,Wβ): β ∈
G}: G ∈ Gα}. We define

θ = {U ∈ µ: for eachα ∈ κ such thateα ∈ U, there isF ∈ Fα+1 such thatF ⊂U}.

It is now routine to verify that(X, θ) is a Hausdorff space in which(Z, θ) (and hence⋃{Yd : d ∈ Q}) is dense andθ |Z = µ|Z. Furthermore, since{O(Q,Wβ): β ∈ ω0} is a
locally finite family of θ -open sets, the space(X, θ) is not feebly compact.

Let F0 be theθ -open filter generated by{⋃{O(Q,Wβ): β ∈G}: G ∈ G0}. Choose any
pointx ∈X and define a new topologyη onX as follows:

η= {U ∈ θ : if x ∈U thenF ⊂U for someF ∈ F0}.

It is clear that the filterF0 converges tox in the topologyθ . Now, F ∩ Yd �= ∅ for
eachF ∈ F0 andd ∈Q. As a consequence,x ∈ clθ (Yd) for eachd ∈Q. Each spaceYd is
θ -connected, whence{x} ∪ ⋃{Yd : d ∈Q} is η-connected. Since{x} ∪ ⋃{Yd : d ∈Q} is
dense in(X,η), this latter space is also connected.✷
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Theorem 3.6. Let (X, τ) be a Hausdorff space of weightκ with aσ -locally finite base. If
κ is a successor cardinal, thenX is T2-subconnected, i.e., there exists a condensation ofX

onto a connected Hausdorff space.

Proof. It follows from regularity ofκ that X has a locally finite family of cardinality
κ of non-empty open sets. A disjoint shrinking of this family provides a disjoint family
of cardinalityκ of non-empty open sets. Thus theπ -weight ofX is also equal toκ and
Lemma 3.4 is applicable. If its conclusion is the connectedness of a weaker topology,
we are done. If not, then there exists a Hausdorff dense-in-itself topologyµ⊂ τ such that
(X,µ) is a first countable space ofπ -weightκ with aσ -disjointπ -base which has a locally
finite family of cardinalityκ of non-empty open sets. Now apply Theorem 3.5 to see that
there is a connected Hausdorff topologyν ⊂ µ⊂ τ . ✷
Corollary 3.7. Let X be a disconnected Hausdorff space of weightκ with a σ -locally
finite base. Ifκ is a successor cardinal, orκ = ω thenX is T2-subconnected if and only if
X is notH -closed.

Proof. For κ = ω this was proved in [8]. Ifκ is uncountable thenX can not beH -closed,
so Theorem 3.6 is applicable.✷
Question 3.8. Is it possible to omit the Continuum Hypothesis in Example 2.11?

Question 3.9. LetX be a non-H -closed Hausdorff space with aσ -locally finite base. Is it
true thatX has a weaker connected Hausdorff topology?

Question 3.10. Does every paracompact non-compact spaceX have a weaker Hausdorff
connected topology? What happens ifX is hereditarily paracompact or perfect?
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