COUNTABLE TORONTO SPACES

GARY GRUENHAGE AND J. TACH MOORE

ABSTRACT. A space X is called an a-Toronto space if X is scattered of Cantor-
Bendixson rank a and is homeomorphic to each of its subspaces of the same rank.
We answer a question of Steprans by constructing a countable a-Toronto space for
each a < w. We also construct consistent examples of countable a-Toronto spaces
for each @ < w1.

1. INTRODUCTION

For a space X, let X° = X, let X*T! be the non-isolated points of X, and for
o a limit, let X =[,_, XPB. X is scattered if X = () for some . In this case, we
call the least such « the Cantor-Bendizson rank, r(X), of X. The set X<\ X**+!
(i.e., the isolated points of X <) is called the " level of X.

The so-called Toronto problem, posed by J. Steprans [S], asks if there is an
uncountable non-discrete Hausdorff space X which is homeomorphic to each of
its uncountable subspaces. Such a space, if it exists, is called a Toronto space.
According to the folklore, a Toronto space must be scattered of Cantor-Bendixson
rank wq, and hereditarily separable (in particular, each level must be countable).
The Toronto problem is still unsettled, though it is known that there are no Toronto
spaces under C'H, and no regular Toronto spaces under PF A.

Taking a cue from the structure of a Toronto space, Steprans calls a space X
an a-Toronto space if X is scattered of rank «, and X is homeomorphic to each of
its subspaces of the same rank. For example, a convergent sequence is 2-Toronto.
Steprans asks if there is an w-Toronto space, and mentions that it is unknown
if there is an a-Toronto space for any a > 3. The main result of this paper is
that there is a countable a-Toronto space for any o < w, and there are consistent
examples of countable a-Toronto spaces for each w < a < ws.

Given a filter F on w, let F* be the set of all X C w such that X N F # ) for
every F' € F. F is said to be homogeneous if for any X € F*, the restriction of
the filter F to X is isomorphic to F. Let us also denote by F x w the filter on
w X w generated by sets of the form F' x w, F' € F. We will show in Section 2 that
if there is a homogeneous filter F on w which is isomorphic to the filter F X w on
w2, then there is an a-Toronto space for every o < w. If F has a certain additional
property (see Theorem 2.11), then there is an a-Toronto space for every o < wj.

In Section 3 we describe, in ZFC, a filter F which is homogeneous and isomor-
phic to F X w. Thus there are countable a-Toronto spaces in ZFC for every a < w.
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This filter does not have the additional property required to build countable a-
Toronto spaces for w < a < wi. In Section 4, we show that it is consistent for there
to be a filter having also the additional property, and hence consistent for there
to be countable a-Toronto spaces for every a < wi. We don’t know if such filters
(i.e., having the additional property) exist in ZFC, or if there can be countable
a-Toronto spaces in ZFC' for w < a < wy.

Our construction also produces (consistent) a-Toronto spaces for & = w; and
a = wy + 1, albeit with uncountable levels. We don’t know if there can be an
w1-Toronto space with countable levels.

In Section 5, we show that a very natural construction of spaces from a filter
which is somewhat different from our construction in Section 2 cannot produce
a-Toronto spaces for a > 4, though it does give other 3-Toronto spaces in ZFC.

2. TORONTO SPACES FROM THE FILTER

Given a filter F on w, we will define corresponding scattered spaces T,, a an
ordinal, of rank a. T, will be countable iff & < w;. Most other properties of the
spaces T, will depend on properties of the filter F. We will show (Theorem 2.10)
that if F is homogeneous and isomorphic to the filter X w, then T, is an a-Toronto
space for & < w. If F has an additional property (see Theorem 2.11), then T, is
a-Toronto for all o < ws.

If (X )new is a sequence of (disjoint) spaces, and F is a filter on w, let (X, )necwUr
{oo} denote the space whose set is {oo} UJ,,c,, Xn, such that each X, is a clopen
subspace, and a neighborhood of oo has the form {oco} U,,cp Xn, where F € F.
If F is a filter on a set A, then (X;)qca Ur {00} is defined similarly.

Let Ty be the empty space and T; a single point space. Let To4+1 = ({n} x
To)new Ur {00}, If a is a limit ordinal and T has been defined for all 5 < ¢, let
T, = @ﬁ<a Tg. Clearly T, is scattered of rank o, and is countable iff o < wy.

To verify other properties of the spaces T, given properties of the filter F, it
will be helpful to establish some general facts about the “Uz” construction.

Lemma 2.1. If W C (X,,)new Ur {0}, then

o0 €W\{c} <= {(n:WnX,#0}cF"

Proof. Clear. [

Lemma 2.2. If h, : X,, = Y, is a homeomorphism for each n € w, then the map
H: (Xn)nEw U]—'{OO} - (Yn)new Ur {OO} deﬁned by H(OO) = o0 and H(.’IE) = hn(x)
for x € X,, is a homeomorphism.

Proof. . That H is a bijection and continous at every point except (possibly) co
is clear. It follows from Lemma 2.1 that co € W <= oo € H(W). Thus H is
also continuous at co. The proof that H~! is continuous is similar. Thus H is a
homeomorphism. [
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Lemma 2.3. For each A C w, (Xp)new Ur {00} = [((Xn)nea Urra {o0}) &
(Xn)new\a Ur(w\a) {o0})]/{o0}

Proof. That the obvious mapping is a homeomorphism follows easily from Lemma
2.1, noting that B € F7 iff either BNA € Ftor BN(w\A) e Fr. O

Another straightforward application of Lemma 2.1 shows:

Lemma 2.4. For spaces X,, and Y,, n € w, we have
(Xn @ Yn)new Ur {00} = [(Xn)new Ur {00}) & (Yn)new Ur {o0})]/{oc}-

Lemma 2.5. If F is homogeneous, then for any A € FT, we have
(Xn)nEw Ur {OO} = (Yn S Zn)new Ur {OO}

where (Yp)new 8 a re-indexing of (Xp)nea, and Z, = X, for n € w\ A while
Zn =0 forn € A.

Proof. By homogeneity, (X, )ncaUra{co} is homeomorphic to (Y3, )newUr{o0} for
some re-indexing (Y, )new of (Xn)nea. Also, it is clear that (X, )new\ AUF|(w\4) 100}
is homeomorphic to (Z,)new Ur {00} where the Z,’s are as given in the statement
of the lemma. The lemma now follows by applying Lemma 2.3, the above remarks,
and Lemma 2.4. O

Lemma 2.6. If F is homogenous and not the co-finite filter, then Ty, is homeo-
morphic to every topological sum of T, and countably many Tp for 8 < a.

Proof. The result is obvious for Ty and T7. Suppose it holds for all 5 < a. If a is
a limit ordinal, then T, is by definition the topological sum of the T’s for § < «,
and the result follows easily from the induction hypothesis.

Suppose « is a successor, say a = v + 1, and consider Ty, © (D,,¢,, Xn), Where
each X, is homeomorphic to some T3, , 8, < a. Note that F homogenous and
not the co-finite filter implies that T, is homeomorphic to the topological sum of
itself and countably many copies Y,,, n € w, of T. Now To, © (D,,c,, Xn) = [Ta ©
(Do Yn) @ (Dco Xn) = Ta @ (D,,c,(Xn @ Yy). By the induction hypothesis,
each X, @Y, is homeomorphic to one or two copies of Ty, and the result follows. [

Lemma 2.7. For any filter F on w, and disjoint spaces {Xpm : n,m € w},

(Xn,m)(n,m)6w2 Urxw {OO} = (@ Xn,m)néw Ur {OO}

mew

Proof. Note that for A C w?, A € (F xw)t <= m(A) € Ft, where m is the
projection onto the first coordinate. Now it is easy to use Lemma 2.1 to verify that
the obvious mapping is a homeomorphism. [J

The next lemma shows that if in the definition of 7,1, each copy {n} x T, of
T, is replaced by the sum of finitely many or countably infinitely many copies of
T,, the result is homeomorphic to T,+1, provided F has the stated properties.
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Lemma 2.8. If F is homogeneous and isomorphic to F X w, then

({n} x Ta)new Ur {oo} = ( @ {n,m} x Ta)new Ur {o0},

m<kn

where 0 < k,, < w.

Proof. Let A = |J,{n} x k. Then A € (F x w)*. By the assumptions on F,
(F x w) | A is isomorphic to F x w and F. Use an isomorphism between (F x
w) | A and F to constuct the natural bijection between the spaces. Then use
B e ((Fxw) | At < m(B) € F' to show via Lemma 2.1 that this bijection
is a homeomorphism. [J

Lemma 2.9. Suppose F is homogeneous and isomorphic to F x w. If A € FT,
then
(Xn)new Ur {00} = (@ Y, new Ur {oo},

mew

where (Y,")n mew @5 a reshuffling of the X;’s, and for each n,

H{m : Y™ = X, for some i€ A}| = w.

Proof. We have (X, )new Ur {00} = [((Xn)nea Ura {00}) & ((Xn)new\a UFt(w\4)
{oo})]/{o0} = [(Bmew Wi Inew Uz {00}) & ((Zn)new Ur {o0})]/{o0}, where the
W/™’s are a reindexing of the X,,’s, n € A, and the Z,, are as in Lemma 2.5. The
first homeomorphism exists by Lemma 2.3, and the second follows from F being
homogeneous and isomorphic to F X w, and Lemma 2.7. Now by Lemma 2.4, the
latter quotient space is homeomorphic to (Z,, ® (D W) pew Ur {oo}. Finally,

mew n

for each n let Y., m € w, be a reindexing of {Z,} U{W" :m cw}. O

Theorem 2.10. If F is homogeneous and isomorphic to F X w, then T, is a
countable n-Toronto space for every n < w, and any subspace of T,, of rank j < n
is homeomorphic to a topological sum of countably many copies of Tj.

Proof. Clearly the theorem holds for n < 1. Also, if it holds for all n < w, it is easy
to check that it holds for n = w, since T, is just the topological sum of the T,’s,
n<w.

We will complete the proof by showing that the theorem holds for n = k + 1,
given it holds for n < k, where k < w. To this end, let X be a subspace of Tj1.
If oo is either not in X or is an isolated point of X, it is easy to use the induction
hypothesis to verify the conclusion of the theorem. So, suppose oo is a limit point
of X. Let X,, = X N ({n} x Tx). Note that X = (X,,)new Ur {00}. Let jo < k
be maximal such that {n : 7(X,) = jo} € F'. Then there is Fy € F such that
Jo = max{r(X,):n € Fo}, and Ay = {n € Fy : r(X,,) = jo} € FT. Let Ny be the
clopen neighborhood {oo} U (U, e, Xn) of 0o in X; note No = (Xp)ner, Ur {00}
By homogeneity and Lemma 2.5, Ny is homeomorphic to (Y5, @ Zp)new Ur {0}
where (Y,,)new is a re-indexing of (X, )ne4,, and each Z, is either § or X, for
some m € Fy \ A. By the induction hypothesis, since r(Z,) < r(Y,,) = jo, each
Y, ® Z, is a topological sum of countably many copies of T,. So by Lemma 2.8,
Ny is homeomorphic to Tj,+1. Let Ny = X \ Ny. By the induction hypothesis, Ny
is homeomorphic to a topological sum of countably many copies of Tj, for some
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j1 < k. Of course X = No@® N;. If jo = k, which happens iff r(X) = k+ 1, then Ny
and (by Lemma 2.6) X are homeomorphic to Tj41. If jo < k, then by Lemma 2.6
X is homeomorphic to a topological sum of countably many copies of Trax{jo+1,5,}-
That completes the proof. [J

Theorem 2.11. Suppose F is homogeneous and isomorphic to F Xw, and satisfies

(x) Whenever f :w — w is unbounded on every F € F, there is some A € F*
such that f | A is finite-to-one.

Then T, is a countable a-Toronto space for every a < wy, and any subspace of T,
of rank B < « is homeomorphic to a topological sum of countably many copies of
Ts.

Proof. Theorem 2.10 shows this theorem holds for o < w. Suppose it holds for all
0 < a, where a < wi, and consider X C T,,.

If v is a limit, then T, = @ f<a Ts. By the induction hypothesis, each subspace
X NTps of X is homeomorphic to the topological sum of copies of Tz for some 8’ < (.
Now one can use Lemma 2.6 to split up or group these Tz/’s in the appropriate way
to show that X = T, x if 7(X) is a limit ordinal, and is homeomorphic to the sum
of countably many copies of T,.(x) otherwise.

It remains to verify the theorem in case « is a successor, say a = v+ 1. As in
the proof of the Theorem 2.10, we may suppose that oo is a limit point of X, in
which case X = (X, )new Ur {00}, where X,, = X N ({n} x T;).

Let §,, = r(X,), and let 4 be minimal such that, for some Fy € F,

sup{dn, : n € Fy} = 6.

Let A={n€Fy:6,=0}. HAcFT,let Ag = A. If A ¢ FT, then we may assume
A =10, 1ie., 6, <6 for each n € Fy. Note that therefore § is a limit ordinal. Let
Bn, n € w, be increasing with supremum 0. Define f : w — w such that f(n) =m
iff B < 6 < Bm+1. By minimality of 4, f is unbounded on every F' € F. By (x),
there is Ag € FT, Ag C Fy, such that f | Ay is finite-to-one.

Thus, whether A € FT or not, we have an Ay € F*, Ag C Fy, such that sup{d, :
n € B} = ¢ for every infinite B C Ag. Let Ny be the clopen neighborhood {co} U
(Uper, Xn) of 0o in X. By homogeneity and Lemma 2.9, No = (Zp)new Ur {00},
where each Z,, is a topological sum of X,,,’s, m € Fy, with m € Ay infinitely often.
Thus 7(Z,) = § for all n. By the induction hypothesis, Z,, is homeomorphic to a
topological sum of countably many copies of Ty, hence by Lemma 2.8, Ny = Ty4.
The proof is now completed as in Theorem 2.10. O

We now show that the condition (x) is necessary for T,,+1 to be (w+ 1)-Toronto.

Theorem 2.12. Suppose F is a filter on w which fails to satisfy condition () of
Thereom 2.11. Then T,,4+1 is not (w + 1)-Toronto.

Proof. Recall T,,11 = ({n} x T, )newUr{o0}. Suppose T,,+1 is (w+1)-Toronto, and
let f:w — w be such that |f(F)| = w for every F € F. We will show that f | A
is finite-to-one for some A € F*. To this end, let X = ({n} x Tf())necw Ur {0}
Then X is homeomorphic to a subspace of T;,11, and it follows from the fact that
|f(F)| = w for every F € F that r(X) =w + 1.
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So there must exist a homeomorphism A : T, 11 — X. For k € w let
By ={necw:h({k} x T,) N ({n} x Tym)) # 0}.

Since r(T,,) = w, we must have |f(By)| = w. Thus we can choose ny € By such
that f(no) < f(n1) <.... Now pick x5, € h({k} x T,,) N ({nx} X Tf(n,)). Note that
0 € c(h " ({zk : k € w})). It follows that A = {ny : k € w} is in FT. Since f is
one-to-one on A, that completes the proof. [

Theorem 2.13. If F satisfies the conditions of Theorem 2.11, then T,,, and T, +1
are wy-Toronto and (w1 + 1)-Toronto, respectively (albeit with uncountable levels).
However, T, 12 is not (w1 + 2)-Toronto.

Proof. That T, is wi-Toronto follows just like the limit case of the proof of Theorem
2.11. Now consider a subspace X of T,,, +1 of rank wi +1, and let X, = X N ({n} x
T.,). Then for Ft-many n’s, r(X,) = w; and for such n, X,, = T,,. Now use
Lemmas 2.5 and 2.8 as in Theorem 2.10 to complete the proof that X = T, ;1.
Thus T, +1 is (w1 + 1)-Toronto.

Let Y be the subspace of T,,,, +1 consisting of only its isolated points and the point
00. Note that every neighborhood of co in Y is uncountable. It follows that T, 12
has a subspace Z of rank w; +2 with a point at level 1 every neighborhood of which
is uncountable. But every level 1 point of T, 12 has a countable neighborhood.
Thus Z % T,,,+2 and so T, +2 is not (wy + 2)-Toronto. O

3. THE ZFC FILTER

In this section we will define a homogeneous filter F on w such that F is iso-
morphic to F X w. It will be more convenient for our purposes to actually define
the filter on the countable ordinal w* =) w™. The filter F is the collection of all
A C w¥ such that the order type of w* \ A is less than w*. Note that the F-positive
subsets of w* are simply those which have order type w®.

Theorem 3.1. F is homogeneous and isomorphic to F X w.

Proof. Notice that if X C w® isin F™ and ® : X — w* is an order isomorphism
then @ is also an isomorphism between F [ X and F. Thus F is homogenous.

To see that F is isomorphic to F X w, recall that the ordinal w - w® is the order
type of the set w x w* equiped with the lexicographical order. It is easy to see that

Let ® be an order isomorphism between w® x w with the reverse lexicographical
order and w®. Define F* to be the preimage of F under ®. Now it suffices to show
that F* is equal to F X w. It should be clear that F* contains F X w. If A is in
F* then define A° to be the union of all E C A such that E = 7~ !(n(E)) where
T wY X w — w* is the projection onto the first coordinate. Notice that A° is also
in F since if the complement of A has order type a < w* then the complement
of A° has order type at most w - a < w*. Since 7(A°) must be in F, and since
7 (m(A%)) = A% A D A is in F x w and we are finished. [
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Corollary 3.2. There are, in ZFC, n-Toronto spaces for every n < w.
Proof. Immediate from Theorems 3.1 and 2.10.

Unfortunately, this filter does not produce a-Toronto spaces for a > w by The-
orem 2.12 and:

Proposition 3.3. Let F be the filter of Theorem 3.1. Then F does not satisfy
condition (x) of Theorem 2.11.

Proof. Define f : w* — w by f(a) = k iff a € [wF,w* + w). If the restriction of
f toaset A C w¥ is finite-to-one, clearly A has order type w and hence is not in
Ft. O

In the next section, we will show that at least there are consistent examples of
filters satisfying all the conditions of Theorem 2.11.

4. THE CONSISTENT FILTER

The purpose of this section is to prove the following.

Theorem 4.1. If ZFC is consistent, then it is consistent with ZFC' that there is a
filter F on w satisfying:

(i) F is homogeneous;
(ii) F is isomorphic to the filter F X w on w
(iii) Whenever f : w — w is unbounded on every F € F, then there is some
A€ FT such that f | A is finite-to-one.

2.
’

The starting point for our construction is the following observation. Suppose
Fe = {Fea : @ < w1}, e = 0,1, are subbases for filters on w such that, whenever
H and K are disjoint finite subsets of wy and (¢ Fea \ UﬁeK F,p is non-empty,
then it is infinite, and so is the corresponding set using F;_.. Then there is a
natural o-centered poset P forcing Fy and F; to be isomorphic: namely, P consists
of all pairs p = (7P, HP), where 7P is a finite one-to-one function from w to w, and
H? € [wy]<¥. Declare ¢ < pif 7¢ D 7P, H? D HP, and for each 8 € HP, we have
n € Fyg <= 719(n) € F1g whenever n € dom(77\7P). This forcing adds a function
t: w — w such that t(Fyg) =* Fig for every § < w1, and it is easy to see that such
a function ¢ is an isomorphism.

Call a pair of filters having subbases as above a good pair. Any pair of filters
generated by wi-sized independent families is a good pair. Our naive idea to start
with a filter F on w generated by an independent family A = {4, : a < w1},
consisting of wj-many Cohen reals, then force it to be isomorphic to the filter
F X w on w?, which is generated by the independent family {4 x w : A € A}, and
finally iterate the type of poset described in the previous paragraph w; times (we
start with a model of CH) to force F to be homogeneous.

Note that for any infinite subset X of w in the ground model, the restriction
of A to X is still an independent family. The problem one runs into, however, is
that this is not true for many subsets X added by the forcings. For example, if
some infinite set X is added which is almost contained in every member of A, then
the restriction of F to X is the cofinite filter, and then there is no hope of making
F homogeneous. So we must in particular show sets like this are not added. In
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fact, we show that for any subset X of w added at some stage of the iteration, if
X € F7, then there is some § < w; such that the restriction of {4, : @ > 46} to
X is an independent family. By Lemma 4.2 below, this turns out to be enough for
F and its restriction to X to be a good pair of filters (witnessed by the subbase
{Ng(ay<n Aatncw U{Aa : o > 6} for F and its restriction to X for 7 | X), and so
they can be forced to be isomorphic.

Forcing notation follows Kunen [Kul; in particular, Fn(X,Y’) denotes the set of
all functions from a finite subset of X into Y. For A C w, we let A' = A and
A% =w\ A.

Lemma 4.2. Let A= {A, : a < w1} be an independent family of subsets of w, and
let F be the filter generated by A. Given p € Fn(w1,2), let L, =) AZ(O‘),
Suppose the following holds:

acdom(p)

VX Cw[X e Fr = Iy <wi(XNL,#0 for all p € Fn(ws \ v,2))].

(To express the property in words, one might say it means that the restriction of A
to any member of FT is “eventually independent”.)

Then for every X € FT, there exists § < w1 and a finite-to-one ¢ : 6 — w such
that:

() Aa\ ) AdnZ,nX#0

() <n (a)<n
for alln <w and p € Fn(w; \ 4,2).

Proof. Let X € F*. Let M be a countable elementary submodel containing A, X,
and a function Y — ~(Y) € w; witnessing the hypothesized property. Let § =
M Nw;. Construct a finite-to-one fuction ¢ : § — w such that, for each n, $~1(n) ¢
V(X N Ng(ay<n Aa) as follows. Let § = {do,d1,...}. Note that A, € M for each
a < §,and y(Y) < § for each Y € M N F*. Hence we can inductively choose a
finite subset ¢~1(n) of § containing:

(1) d;, where i is least such that &; ¢ U, " (4);

(2) 8 > (X O Nygayen Aa)-

We claim that this § and ¢ have the desired properties. To see this, fix n € w.
Let Zn = [Nya)<n Aa \ Ng(ay<n Aa] N X, and let p € Fn(ws \ §,2). We need to
show Z, N L, # (. Choose o/ € ¢$~*(n) \ v(X N No(ay<n Aa)- Let p' = p~(a’,0).
Since p’ € Fn(wy \ v(X N Né(ay<n Aq),2), we have 0 # [X N No(ay<n Aal N Ly =
(XN g(a)<n Aa)\Aa]NLy (X Ny(a)<n Aa)\Nga)<n AalNLp = ZnNLy. O

Now we describe the posets that will be used in the iteration. Let F be the filter
generated by an independent family A = {4, : o < w1}, let X € FT, let § < wy,
and let ¢ : § — w be a finite-to-one function satisfying the conclusion of Lemma
4.2. Let Q(A, X, 0, ¢) be the poset consisting of all p = (7P, FP , nP) such that:

(a) 7P is a finite one-to-one function from w to X;
(b) F7 € fwn \ 0]
(c) n? € w.
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Define ¢ < p iff 7¢ D 7P, F1 > FP, n? > nP and

(i) Yn € dom(79\ TP)VB € FP[n € Ag < 71I(n) € Agl;
(ii) Vn € dom(r9\ 7P)Vk < nP[n € 40y Aa <= 7U(n) € Ny(a)<k Aal-

Lemma 4.3. The poset Q = Q(A, X, 0, 9) is o-centered, and if G is a Q-generic
filter, then t = U{7? : p € G} is a bijection from w to X such that t(Ag) =* AgNX
for all 8 > 6, and t(ﬂ¢(a)<n Ay)=*XnN ﬂ¢(a)<n Aq for all n < w. In particular,
t witnesses that in V|G|, F is isomorphic to its restriction to X.

Proof. Clearly any two conditions p and ¢ for which 77 = 77 are compatible, and
so the poset is o-centered.

Let G be a Q-generic filter. First we show that, for each k& € w, the subset of Q)
consisting of all p with k& € dom(7?) is dense. To this end, suppose k ¢ dom(7P). Let
p: FP — 2 be such that k € Ag <= p(B) = 1. Let n < nP be maximal such that
k € Ng(ay<n Aa- By the property of ¢, the set [0y <, Aa \Npia)<n Aol ML, NX
infinite, so we can choose a natural number &’ in this set which is not in ran(7?).
Let 79 = 72 U {(k,k")}, F? = FP, and n? = nP. Then ¢ < p.

By a similar argument, for each k € X, the set of all p with k € ran(7?) is dense.
It follows that ¢ : w — X is a bijection.

We now prove that ¢ is an isomorphism between F and F [ X by showing that

(1) t(Ag) =* X N Ag for every 8 > ¢; and
(2) UNp(ay<n Aa) =" X N N4(a)<n Aa for each n < w.

To see (1), fix 8 > 6. There is p € G with 8 € FP. Let k ¢ dom(7?). There is
g€ Gwith g <pand k € 79. Then k € Ag < 71Ik) € Ay = t(k) € Ag.
Similarly, if £ € X \ ran(P), then k € Ag <= t71(k) € Ag. It follows that
t(Ag \ dom(7P)) = X N Ag \ ran(7P).

Now for (2), fix n < w.Thereis p € G withn < nP. Let k ¢ dom(7P). Thereisq €
G with ¢ <pand k € 79. Then k € Ny)<p 4o == TIUK) € Nya)<n da =
t(k) € Ny(a)<n Aa- The analogous statement is true for & € X \ ran(r?). It follows
that £((Ny(a)<n Aa \ dom(77)) = X NNy 0)<p Aa \ Tan(7?).

It follows that the bijections ¢t and t~! map elements of F to elements of its

restriction to X, and vice-versa. So t witnesses that these two filters are isomor-
phic. O

Now we define the poset Q1(A) forcing F to be isomorphic to the filter F x w
on w?. Let p = (7P, F?) be in Q1 (A) iff:

(a) 7P is a finite one-to-one function from w to w?;

(b) FP € [wy]<¥.
Define ¢ < p iff 79 D 7P, F? D F?, and Vn € dom(7? \ 7°)V3 € FP[n € Ag <=
TI(n) € Ag X w].

Lemma 4.4. The poset Q1(A) is o-centered, and if G is a Q1(A)-generic filter,
then t = |J{rP : p € G} is a bijection from w to w? such that t(Ag) =* Ag x w for
all B € wy. In particular, t witnesses that in V|G|, F is isomorphic to F X w.

Proof. Note that the collection {A, X w : @ < w1}, which generates the filter on

w?, is an independent family. Thus Lemma 4.4 follows by a proof similar to (and
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somewhat shorter than, since the complication of the finite-to-one function is not
involved here) that of Lemma 4.3. O

Now we describe the iteration, which is a finite support iteration P,,, of
<Qa>a<w1~ Let the ground model V satisfy CH. Let Q¢ = Fn(w; X w,2); i.e., Qo
is the poset for adding wi-many Cohen reals. If Gy is Qg-generic and o < wq, let
Ay ={n € w:UGo(a,n) =1}. Then A = {A, : @ < w1} is an independent family
in V[Go]. Let Q1 be a Qo-name for the forcing Q1(A) of Lemma 4.4. Each Q,
for a > 1 will be a name for a forcing Q(A, Xu, du, do) as in Lemma 4.3 forcing F
and its restriction to X, to be isomorphic. Since V' E C'H, and each poset in the
iteration is CCC and has size wq, it follows that the final model satisfies C H, and
we can arrange the X,’s to include (names for) every X € F* in the final model.
Thus in the end F will be homogeneous, and, thanks to Ql, will be isomorphic to
F X w. It turns out nothing more need be done to obtain the additional property
(iii) of Theorem 4.1.

However, a problem with the above simple outline is that, given that X, € F+
in VP in order to continue the iteration we must show that there is forced to be
some 0, < w; and finite-to-one function ¢, : §, — w such that Q(A, Xs, du, da)
exists, i.e, the conclusion of Lemma 4.2 is satisfied. So we must show that P, forces
the hypothesis of Lemma 4.2.

To establish notation, let us describe the iteration more precisely. We will often
abuse notation by letting sets be names for themselves, when this should cause
no confusion, but we will also use X to denote a name for X when we want to
emphasize that we are talking about names.

First note that, w.l.o.g., we can think of members of the iteration as having the
form

p= (", <T{)7 F1p>7 <T’Zy)7 F':;Jv n2>7€D">
where
(i) oP € Fn(w1 X w,2);
(ii) 77 is a finite one-to-one function from w to w? and F¥ € [w;]<¥;
iii) DP € Jwy \ 2]<¥;
)

(
(iv) Foreachy € DP, 77 is a finite one-to-one function from w to w, F¥ € [wy

v E ]<w

)

and n?; < w.

Further, there is a sequence (Xa, (5.(1, (ﬁa), 1 < a < wi, of names such that:
(v) IFq X, € Ft, o < W1, Pa : 0q — w is finite-to-one, and X, 8u, o satisfy
the conclusion of Lemma 4.2”,
and for each v € DP,
(vi) p Iy IF “p(y) € Q(A, Xa,0,0)".
In particular this implies
(vii) p [ v I “ran(r?) C X, and FP Cuw \ ba”.
As indicated above, we can also assume that
(vii) IFy, “X € F¥ = Ja < wi(X = X,)".
Let us also make the following simple but useful observation. If we change p by

extending oP and doing nothing else, we get a stronger condition; it follows that
plFnedg < oPlFne Ag < ((B,n),1) € oP.
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In order to show that an iteration as described above actually exists, we need
to show that in VP> any X € F+ satisfies the hypothesis of Lemma 4.2. Then if
at stage o we are given some X, € FT, we can conclude that there is a Jo < w1
and finite-to-one ¢, : o, — w such that X,,d,, and ¢, satisfy the conclusion of
Lemma 4.2, and thus continue the iteration as described.

First we show, roughly speaking, that in V=, members of F* are not contained
in an “orbit” of finitely many of the previously added isomorphisms tg : w = X3z,
1< 8 <a,andt : w— w? This will be needed later to show that we are free
enough to extend conditions to force things we want to force.

Let T be a collection of one-to-one functions from w to w or to w?, and let k € w.
We say that O(T, k) C w is the orbit of k under T if:

(i) Whenever t € T, t : w — w, and n € O(T, k), then t(n) and t=*(n) (if
defined) are in O(T, k);
(ii) Whenever t € T, t : w — w?, and n € O(T, k), then 71 (t(n)) € O(T, k) and
t~1(n,j) € O(T, k) for all j.
(iii) O(T, k) is the smallest set containing k and satisfying conditions (i) and (ii)
above.
Note that n € O(T, k) iff there is a finite sequence ng, nq, ..., n; of natural numbers
such that ng = k and n; = n, and a finite sequence tg,t1,...,t; of members of T'
such that, for each i < I, either n;11 = t;(ni), n; = tix1(Mit1), niv1 = m1(ti(ny)),
or n; = 11 (ti+1(ni+1)).

Lemma 4.5. Let t, : w — w? be the bijection added by the first coordinate (i.e.,
by Q1) of the forcing P., and for 1 < (3 let tg : w — w be that added by the B"
coordinate. Let T' be a finite subset of {tg: 0 < 8 < a}. Then for each k € w,

ko “O(T, k) & F*7.

Proof. Suppose not. Then for some p € P,, p I O(T, k) € F*. We assume p has
the form described above, and we may also assume p I T = {t, : v € E}, where
E € [a]<“. Choose i < w; such that no (y,n) is in dom(c?) and p | v IF &, < p
for each v € DP (such u exists by CCC). Let k' < w be greater than k and any
integer mentioned in o or the 78’s, v € {1} U D?. Let p’ be obtained from p by
adding ((u,1),0) to o for each i < k', and adding p to each FP, v € {1} U DP. Tt
is easy to check that p’ is a condition stronger than p.

Since p’ IF O(T,k) € F*, there are ¢ < p’ and m > k' such that ¢ IF m €
O(T, k)N A,. By extending ¢ if necessary, we may assume that there is a sequence
(ng,m1,...,n;) of integers and a sequence (yo,71,...,v) € E<“ such that this
sequence of integers and the sequence of members of T' corresponding to the ~;’s
witness that m € O(T, k) (i.e., no = k, n; = m, etc... see the discussion of O(T, k)
prior to the statement of this lemma). We may also assume that ¢, hence o9,
decides whether or not n; € A,, for all ¢ <, and if, e.g., ¢ IF ¢,,(n;) = nit1, then
74 (n;) = niy1. The following claim contradicts ¢ - m € A, proving the lemma.

Claim: For eachi <1, glFn; € A,.

Proof of Claim. Since a”'(<,u, k)) =0, no =k, and ¢ < p’, we have g - ng € A,.
Suppose the claim is false, and let ¢ < [ be least such that ¢ IF n;41 € A,. Suppose,
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e.g., that, 7; = 1 and m (7] (n;)) = ni4+1 (all other cases, which we omit, are similar).
Note that ¢ IF n;11 € A, and ¢ < p’ implies that n;41 is not mentioned by 77,
and so not by 77 either. Thus n; ¢ dom(7} ). But now ¢ < p’ and u € F}' imply
qlllkn;, €A, < 7{(n;) € Ay Xxw <= n;41 € A,. But by our choice of i,
qlF“n; ¢ A, and n;41 € A,”, contradiction. O

The following lemma shows that, under certain circumstances and for certain
values of B and m, we are free to extend two compatible conditions so that m is
forced to be in Ag, or not, as we wish.

Lemma 4.6. Let o < wy, letq € P, and let M be a countable elementary submodel
containing q and P,. Let p € P, be compatible with q (we don’t require p € M
however). Let 1 be greater than any integer mentioned by p (i.e., greater than
any nf,, p € DP, or anything in the domain or range of o? or of any Tfj). Let
T ={t, : p € DP U{1}}, where t, is the isomorphism added by the u'" coordinate
of the forcing. Suppose the following hold:
(i) D? > DP;
(ii) For each p € DPU{l}, 71 D 7h and Fjl D FY N M;
(iii) For each p € DP, nf > nk;
(iv) For each p € DP, q | pu decides (b;l(i) for each i <nl (i.e., there are finite
q : ; —105\ — 5cd ).
sets K, of ordinals, i <nb,, such that q [ pl- ¢, (i) = K;);
(v) glFm e w\ Uy, O, k).
Then: whenever p € Fn(wy \ M,2), there is a condition s < p,q such that

o*((8,m)) = p(B) for all B € dom(p).

Proof. Since ¢ and p are compatible (by hypothesis), we can choose r < ¢,p such
that ¢” decides whether or not n € Ag whenever:

(1) n appears in the domain or range of some 7 for u € D? U {1},
and

(2) Be FPU(U{FIUK], :p€ DPi <nb}).

Let O = O({7}, }.epruf1},m). Note that O contains m and is finite (it would
have to be contained the union of {m} and the finite set of integers mentioned in
the domain and range of the 7;’s). Also O Nl = () since r I-m ¢ {J, ., O(T, k).

Fix p € Fn(w; \ M, 2). We need to show that there is a condition s < p, g such
that o®((8, m)) = p(B) for all 5 € dom(p). To this end, first let o € Fn(w; X w,2)
be such that:

(3) dom(o) = dom(o") U (dom(p) x O);
(4) o({B,n)) = p(B) if B € dom(p) and n € O;
(5) o({B,n)) = o"({B,n)) otherwise.
Now let
s = (o, (1], F1 U FF), (1], F1U F?,n%).epa).

By (4) above, s (if it is a condition) forces what we want. It remains to prove that
s is a condition extending both g and p.
Note that o D 09 U ¢P, since:

6) 0" D olUoP;
(
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(7) o = 0" outside of dom(p) x O;
(8) dom(p) Ndom(c?) =0 (recall ¢ € M and dom(p) C w1 \ M);

and
(9) ONl=0.

So s can be thought of as g with o7 extended, the F?’s enlarged, but the 71’s
left the same. Also recall F)l D FPNM for every p € DPU{1},s0 Fi\F! Cwi\M

(this is needed to show s [ p IF F}; C w1\ 5,,). Tt easily follows that s is a condition
and s < q.

It remains to prove that s < p. From (i)-(iii) and the definition of s, we have
the necessary containments, and 7; = 7, so what we need to show is that s [ p
forces:

(a) Vn € dom(Tg \T;;)v/e € F[j[n € Ag = Tg(n) € Agl;
(b) ¥n € dom(r!\ 7F)Vk < nk[n € m¢“(6)<k Ag <= 71I(n) € n¢“(ﬁ)<k Agl
for each p € DP, and

(c) VYn € dom(r{ \ T7)VB € Ffn € As < 7{(n) € Ag x w].

Proof of (a). Let n € dom(r] \ 1), B € F}, where p € DP. Since 7(n) =
7,,(n), by the definition of O we have n € O <= 7l(n) € O. So if (3,n) is in
dom(p) x O, then so is (3, 7](n)) and by (4) above, o(= s [ 1) forces “n € Ay <=
p(B) =1 <= 7i(n) € Ag”. On the other hand, if (3,n) is not in dom(p) x O,
neither is (8, 71(n)), and so o and 0" agree on these two values. Since r < p and
n € dom(7) \ 7), we must have 0" I “n € Ag <= 7l(n) € Ag”. So o, hence
s | u, forces this too.

Proof of (c¢). This proof is virtually the same as for (a), putting 4 = 1 and
putting 71 (7(n)) in place of 71 (n).

Proof of (b). Let n € dom(7 \ 77) and k < n,,. By (iv), and since 7,5 < g,

rips ik “eu(8) <k < Bel| )KL

i<k

Since ¢ € M and dom(p) N M = 0, we have dom(p) N (U, K1;) = 0. By the
definition of r, 0" decides the values of (3,n) and (8, 7](n)) for any 8 € |, Kgi,
and by definition o(= s | 1) decides these values the same way. It follows that
rlplE n €Ny pands” < slulkneNy A" andr [ pl- “7i(n) €
ﬂ¢#(5)<k Ag” = spl-“tl(n) € ﬂ¢#(5)<k Ag”. Now since r | u forces

“n e ﬂ Ap <= 1l(n) € ﬂ Ag”
$u(B)<k ou(B)<k

(since n € dom(7;, \ 7) and r < p) so does s | y, and we are done. [J

The next lemma shows that the hypothesis of Lemma 4.2 is satisfied with respect
to the independent family .4 added by the first factor.

Lemma 4.7. Let o < wy. Suppose Ik, X € Ft. Then there exists v < w1 such
that ko X N L, # 0 for every p € Fn(w; \ v,2) (where L, = ﬂﬁedom(p) Ag(ﬁ)).
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Proof. If not, then for each v < wy, there is p, € P, and p, € Fn(w; \ 7,2) such
that p, IF X N L, = 0. Say

Py = <0'77 <7_iy’ F1’Y>a <Tla FJ?”Z>/J,€D'V>o

We may assume:

(i) The o7’s form a delta system with root o;
(ii) 3D C a such that DY = D for all ~;
(iii) For all uhe D U {1}, iclheﬁ"e is 7, suchf tha‘ls1 7 = 7, for all v, and for all
p € D, there is ny, such that n); =n,, for all ~;
(iv) For all p € DU {1}, the F})’s form a A-system with root F),.

Let p = (o, (71, F1), (T4, Fu;nu)uep). Let us write ¢ O p if containment holds
on each coordinate: i.e., 07 D o, 7} D 71, etc. Note that this does not necessarily
imply that ¢ < p in the sense of the poset P,.

Let M be a countable elementary submodel containing p,X , P, etc. Choose
v € w1 \ M such that, for each p € DU {1},

[(F)\ F,) Udom(o™ \ o)] N M = 0.

Let [ be greater than any integer mentioned by p, (i.e., greater than any n,,
p € DU {1}, or anything in the domain or range of 0” or of any 7).

Let T = {t, : p € DU{1}}, where t, is the isomorphism added by the u"
coordinate of the forcing. Since I, X € F*, by Lemma 4.5 there are r < p and
m € w such that

rik“me X\ |JO(T,k)".
k<l

Consider a maximal antichain of conditions ¢ O p such that:

(a) qlF “me X\ U, O(T,k)";

(b) For each € DU {1}, q [ p decides ¢, ' (i) for each i < n,, (i.e., there are

finite sets K}, of ordinals, i < n,,, such that ¢ [ I "ot (i) = K1)

Any such maximal antichain must contain a condition compatible with r. By CCC,
and elementarity of M, there is such a maximal antichain in M, and hence we can
choose a ¢ D p in M satisfying (a) and (b) which is compatible with r.

Note that the conditions of Lemma 4.6 are satisfied for this ¢ with p = p, and
p = py. So there is s < p,q with o*((8,m)) = p,(B) for all 8 € dom(py). Then
slFmeXn L,,. This contradicts p, I+ Xn L, = 0, which completes the
proof. [

At this point, we can see that the iteration can be continued as claimed, with
Qa, o > 1, forcing F to be isomorphic to its restriction to X. Since each X € F+
in the final model is named by some X,, a < wy, F is homogeneous in V1. The
forcing Q1 assures us that JF is isomorphic to F X w.

It remains to prove that F also satisfies condition (iii) in Theorem 4.1. Let
us note that any subset I of w which appears by stage 1 < a < w; and is in
F* in VP remains in F* in V1 (since for each finite H C wi, the statement
“I'NNgep Ap # 07 is absolute for transitive models of set theory).
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Therefore, since any f : w — w in the final model appears in some initial stage,
it suffices to prove that condition (iii) holds at every stage 1 < o < w;. So suppose

Fo “f :w— w and VF € F(f(F) is unbounded )”.

Let M be a countable elementary submodel containing P,, f, ve Let M Nwy =
{ap, a1, ...}

Let Ty = {to, : 1 < k,1 < ay < a}. Let ag = 0. By induction on k > 1, we can
define, for each ¢ € w*, conditions a, € M N P,, and i,, j, € w such that:

(a) C-La I “f.(iff) =Jo »and o € .nl<\a\ Ay \ Um<|o’| O(Tlahm)”Q

(b) Lo~ (n) > i, and Jo—(n) > Jos

(¢c) D* D> {ay:l<]o|,1 <oy <al; '

(d) ggr each u € D%, nje > |o|, and there is J;;7 < w; such that a, [ -6, =
H )

) For each p € D%, for each i < |o], a, | p decides the value of ¢ (i);

) For each p € D% U {1}, dom(r, a”) D |ol;

) FY7 D {ay: 1l < |ol} and for each p € D, Fie D {ay:1 < |o],60" <oy <

M ﬁwl};

(h) as < agp for each I < |ol;

(3) {as~(n) : m <w} is a maximal antichain below a,.

Note that (a) and (b) can be obtained because f is forced to be unbounded on
every F' € F. Then (c)-(g) can be obtained simply by extending as necessary. So
given that a, has been defined, there is a maximal antichain of conditions below
a, satisfying (a)-(g), and by CCC, there is one in M; hence (h) and (j) can be
obtained as well.

Note that for any P,-generic G, there is a unique h € w* with ap}, € G for each
n € w. So there a corresponding set I = {i, : n < w} in V[G]. By (a) and (b),
fG is strlctly increasing on 1.

Let I be a P,-name for I. It remains to prove that I, I € F+. Suppose not.
Then there is some p € P, and finite subset H of w; such that p IF “IN ﬂﬁeH Ag =
0.

Note that there is some a, compatible with p for o of any prescribed length. So
we can choose a, compatible with p so that:

o,

—_~
= @

(g

(k) |o| is greater than any integer mentioned in p;
) {au:l<|ol} DDPUHNM)U(U{FENM :pe DP});
Then from (1) and (a) we have:
(m) ac IFic € N emnm Ay
By (c) and (1) we have:
(n) D% > DP.
By (k), (n), (f), and compatibility we have:
(0) For each p € DP U{1l}, 74 D 7.
By (d),

(g), (1), and compatibility we have:
(p) For each p € DP U {1}, Fji» D FP N M, and nj~ > nk, for each yu € DP.
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It follows from (a),(e),(k),(n),(0), and (p) that the conditions of Lemma 4.6 are
satisfied for this p with ¢ = a”, m = i,, and [ = |o|. So, there exists s < a,,p with
o*((B,i,)) = 1 for each 8 € H\ M. Then by (m) and s < a,, we have

slhigeIn [ Agp.
peH

This contradicts s < p, and completes the proof of Theorem 4.1. [

We wish to remark here that there is a theorem of W. H. Woodin which suggests
that the Continuum Hypothesis implies that a filter with the properties given in
Theorem 4.1 exists. In particular he has shown that if ¢ is a £? sentence (i.e.
a sentence of the form 3F C P(w)Qiz1 ... Qrzr(F,z1,... ,2,) where @Q; is a
quantifier over the reals and v is a quantifier free formula) then, provided that
certain large cardinals exist (a supercompact is sufficient), if ¢ can be forced to be
true, then it holds in any forcing extension satisfying the Continuum Hypothesis.
In other words, if ¢ is not a consequence of the Continuum Hypothesis, then the
proof can not be purely a forcing argument. It is not difficult to show that the
existence of a filter with the properties of Theorem 4.1 is a statement of this form.
If the existence of such a filter were not a consequence of the Continuum Hypothesis
then this would be of independent interest.

5. CONCLUDING REMARKS.

The topology of our spaces Ty, are determined by the filter F on w, and by the
“Uz construction” for defining the neighborhoods of the point co which we added
to the countably many copies {n} x Ty, n < w, of Ty, in order to construct Tp4+1
from T,. A different natural way of defining the topology of T, 41 is to declare
N to be a neighborhood of 0o iff co € N and N contains a neighborhood of the
point (n, c0) of maximal rank in {n} x Ty, for F-many n € w. Let T}, be the spaces
obtained by defining them inductively this way, i.e., just like the T, ’s but using this
finer neighborhood base for co. Then T} is the same as T5, i.e., it’s homeomorphic
to the space w U {F} with w the set of isolated points and a neighborhood of F
having the form F'U {F}, F' € F. But T} is different; in particular, the restriction
of the neighborhood filter of co to the isolated points is isomorphic to the filter F2
on w? defined by

FP={Acuw®:{n:{m:(n,m)c A}y € F} € F}.

A filter F is said to be idempotent if it is isomorphic to F2.
The following result shows that, while the T7, construction does yield a 3-Toronto
space in ZFC (iff F is an ultrafilter), T/, is never an a-Toronto space if o > 4.

Theorem 5.1. Let F be a filter on w, and let T, o an ordinal, be the spaces
defined as above. Then:

(a) T4 is a 3-Toronto space iff F is an ultrafilter;

(b) T is not an a-Toronto space if o > 4.

Proof. (a) We can consider T4 as the set (w X (w + 1)) U {00}, where w x w is
the set of isolated points, each (n,w) has a neighborhood base of sets of the form
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{n} x (FU{w}), F € F, and a neighborhood of oo consists of co together with
neighborhoods of (n,w) for F-many n.

Suppose F is an ultrafilter and X C T4 has rank 3. Then for F-many n, it must
be the case that there are F,, € F such that {n} x (F,, U{w}) C X. Now, using the
easily verified fact that any ultrafilter is homogeneous, it is not difficult to prove
that X = T3.

Suppose on the other hand that F is not an ultrafilter. Let A C w be such that
Ajw\Ae Ft. Let X =T} \ (A X {w}). Then X has rank 3. But the subset A x w
of X is a set of isolated points whose only limit point in X is co, while in T3} any set
of isolated points clustering at co must also have cluster points of the form (n,w).
So X is not homeomorphic to Tj.

(b) Let a > 4, and consider removing the level one points from a neighborhood of
some level 2 point of T7,. By the discussion preceding the theorem, in the resulting
subspace this level 2 point of 7!, becomes a level one point with a neighborhood
filter isomorphic to F2. Thus it must be the case that F is an idempotent filter.
Frolik showed in [F] that no ultrafilter is idempotent, so F is not an ultrafilter.
Note that any set of isolated points of T, which has a limit point at level 2 must
also have a limit point at level 1. But, using an idea from the proof of part (a),
we see that there is a subspace of T, of rank « which fails to have this property.
Hence T}, is not a-Toronto. [

Remark. An idempotent filter on w has been constructed in ZFC by M.
Katétov [Ka], and a homogeneous one (also in ZFC') by J. Steprans (unpublished
note). The latter result answers a question of Steprans in [S].
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