MONOTONICALLY COMPACT AND MONOTONICALLY
LINDELOF SPACES

GARY GRUENHAGE

ABSTRACT. We answer questions of Bennett, Lutzer, and Matveev by showing
that any monotonically compact LOT'S is metrizable, and any first-countable
Lindel6f GO-space is monotoncically Lindel6f. We also show that any compact
monotonically Lindeldf space is first-countable, and is metrizable if scattered,
and that separable monotonically compact spaces are metrizable.

1. INTRODUCTION

A space X is monotonically compact (mC)(resp., monotonically Lindelsf (mL)) if
one can assign to each open cover U a finite (resp., countable) open refinement r(Uf)
such that (V) refines (i) whenever V refines Y. It is easily seen that separable
metric spaces are mL and compact metric spaces are mC.

What is not yet clear is just what nonmetric spaces are mC or mL. H. Bennett,
D.J. Lutzer, and M. Matveev [2] showed that separable GO-spaces!, the lexico-
graphic square, and some Suslin lines are mL, while w; 4+ 1 is not mL. R. Levy and
Matveev [8],[9] showed that Sw, the one-point compactification of an uncountable
discrete space, and some countable spaces are not mL, while under CH, there is a
countable nonmetrizable space which is mL.

In this paper, we show that any monotonically compact linearly ordered space
(LOT'S) is metrizable, and any first-countable Lindel6f GO-space is monotoncically
Lindel6f. These results answer several questions in [2],[1], and [10]. Matveev asked
in [7] whether every monotonically compact Hausdorff space is metrizable. This
remains unsolved; we obtain the partial results that any compact monotonically
Lindelof space is first-countable and is metrizable if scattered, and that separable
monotonically compact spaces are metrizable.

We refer the reader to [10] for an excellent survey of these properties which
includes a long list of open questions.

All spaces are assumed to be regular and 77.

2. NEIGHBORHOOD-PAIR ASSIGNMENTS

In Theorem 2.1 below, we show that mC and mL spaces have a certain property
which can be phrased in terms of a kind of neighborhood-pair assignment. It may
be interesting to note that every result on mC and mL spaces in this paper, with the
exception of Theorem 5.1, can be derived from this neighborhood-pair assignment

property.
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1A GO-space is a space which is homeomorphic to a subspace of a linearly ordered space.
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2 GARY GRUENHAGE

Given a space X, let Py denote the collection of all triples p = («, Ug, UY) such
that U} and U} are open and z? € U} c U} c UY.

Theorem 2.1. Suppose X is mC (mL). Then to each p € Px, one can assign an
open VP satisfying:
(i) a? e VP C U?;
(ii) Whenever Q C Px, there is a finite (resp., countable) Q' C Q such that,
for any q € Q, there is some ¢ € Q' with VI C Ufl or Vin Ugl =

Proof. For each p € Px, let U, = {U},X \ Ul'}. Let VP be any member of
r(U,), where r is the operator which witnesses mC (resp., mL), which contains z?.
Clearly VP C U?.

Suppose Q C Px. Let Ug = |J,cqUy. Since r(Ug) refines Ug, for each O €
r(Ug), there is some go € Q such that O C U{° or ONUJ° = 0. Let Q" = {qo :
O e T(UQ)}.

Now consider ¢ € Q. Note that U, refines Ug. Thus V7 is a subset of some
member O of r(Ug). Then condition (ii) holds by taking ¢’ = qo. O

We illustrate the use of Theorem 2.1 by giving the following alternate proof of a
result of Levy and Matveev.

Theorem 2.2. [8] The one-point compactification of an uncountable discrete space
is not mL.

Proof. Let X = w; U{oo} be compact Hausdorff, where w; has the discrete
topology. For each o < ws, the triple p, = (00, X \ {a}, X \ {a}) is in Px. Let
VP« be as in Theorem 2.1. Then VPe = X \ F, for some finite F,, C w;. There
is an uncountable A C w; such that {F, : @ € A} is free, i.e.,, « # § € A implies
a & Fjs (see, e.g., Theorem A3.5 of [5]).

Let Q = {pq : @ € A}, and suppose Q' is the countable subset of Q guaranteed
by 2.1. Pick o € A\ {8 : pg € Q'}. By 2.1, there must be some pg € Q' such that
VPe € X\ {B} or VPN X \ {B} = 0. The latter clearly fails, so the former must
hold. However, 5 € VP> (since § ¢ F,,) and § ¢ X \ {8}, contradiction. O

Remark. Levy and Matveev also showed that the one-point Lindel6fization of
a discrete space of cardinality greater than w; is not mL [8]. This can also be
obtained by an argument similar to the above.

The following is a somewhat weaker form of Theorem 2.1 that is often useful.
Recall that a collection A of sets is linked if for every A1, As € A, A1 N Ay # 0.

Theorem 2.3. Suppose X is mC (mL), letY C X, and for eachy € Y, let N(y) be
an open neighborhood of y. Then there is an open neighborhood M (y) of y contained
in N(y) such that the following holds:
(x) If Y C Y and {M(y) : y € Y'} is linked, then there is a finite (resp.,
countable) Y" CY" such that Y’ C U, ey N(y).

Proof. We only show the proof for mC, as mL is similar. Let N'(y) be an open
neighborhood of y such that N’(y) C N(y). Then p(y) = (y, N'(y), N(y)) € Px.
Let M(y) = VP® N N'(y), where VP is as in Theorem 2.1. Suppose Y’ C Y
and {M(y) : y € Y’} is linked. Suppose there is no finite Y C Y’ satisfying
the conclusion of the theorem. Then one can find ¥g,y1,... in Y’ such that y, &
Uicn N(wi). Let @ = {(Yn, N'(yn), N(yn)) : n € w}. Then there must be a
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finite subset Q' of Q satisfying the conclusion of 2.1. Let n € w be such that
(yi, N'(yi),N(y;)) € Q implies i < n. By 2.1, there must be ¢ < n such that
VPwn) < N(y;) or VPW») 0 N'(y;) = 0. But y, € VPW=) \ N(y;), so the former
does not hold, while VP®») 0 N’(y;) D> M(y,) N M(y;) # 0, so the latter doesn’t
either. (]

Recall that a space X has property K if every uncountable collection of open
sets contains an uncountable linked subcollection. It is well-known and easy to see
that separable implies property K implies CCC. It is also well-known that under
M Ay, , every CCC space satisfies property K (see, e.g., Theorem 4.2 of [11]).

We illustrate the use of 2.3 with the following result.?

Theorem 2.4. If X is mL and has property K, then X is hereditarily Lindelof.

Proof. If X is not hereditarily Lindeldf, it contains a right-separated subspace
{zq : @ < wi}. For each o < wy, let N(z,) be an open neighborhood of z, such
that N(zq) N{zs: 6 > a} =0. Let M(z,) be as in 2.3.

Since X is has property K, there must be an uncountable A C w; such that
{M(zy) : @ € A} is linked. Theorem 2.3 implies there is a countable A’ C A such
that {zq : a € A} C Ugear N(2p), which is clearly impossible. O

Corollary 2.5. Separable mL spaces, and under MA,,, CCC mL spaces, are
hereditarily Lindeldf.

Corollary 2.6. [8] fw and fw \ w are not mL.

Proof. Bw is separable and not hereditarily Lindelof, and fw \ w contains a copy
of fw. O

The next result improves an unpublished result of J. Vaughan, who showed that
monotonically compact spaces are Fréchet.

Theorem 2.7. Compact monotonically Lindelof spaces are first-countable.

Proof. Suppose X is compact and mL but not first-countable at p. We will define
a decreasing sequence H,, a < wi, of closed Gs-sets containing p, and z, € H,,
satisfying:

(i) 2o € Hy \ Hay1;
(ii) « alimit = H, = ﬂ5<a Hg;
(ili) If o is & limit and there is € H,, x # p, such that x € {zg: § < a}, then
o € {x5: 0 < al.

To start, let Hy = X and let xy € Ho\{p}. Suppose Hg and zg have been defined
for all B < a. If o =~ + 1, let K be any closed Gs-set with p € K C X \ {z,}, let
H, = H,NK, and pick zo € Ho \ {p}. If o is a limit, let Hy, =(;_,, Hp. If there
isz € Hy, x # p, such that « € {zg : § < a}, then choose z, € HyN{zp: 8 < a}.
Otherwise, let x,, be any point of H, \ {p}.

Now that we have z,, and H,, defined for all @ < wy, let N(z4) = X \ Ho41, and
let M(x,) be as in Theorem 2.3. Let

S={a<w 24 €{zs: B <al}

2The author thanks the referee for comments which led to generalizing Theorems 2.4 and 3.1
from separable spaces to spaces having property K.
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Case 1. S is stationary. Then by the Pressing Down Lemma, there is v < wy
and an uncountable W C S such that ., € M(z,) for all @« € W. By Theorem
2.3, there is a countable W' C W such that {za}taew C Ugew N(zp). But if
a > sup W', then z, € Hgyq for all 8 € W', hence z, & N(xg) for any 5 € W/,
contradiction.

Case 2. S is nonstationary. Let C be a closed unbounded set missing S. We
claim that for any neighborhood U of p, we have {z, : @ € C} \ U is finite. Note
that, once we prove this claim, we are done, since then {z, : & € C} U {p} is the
one-point compactification of an uncountable discrete space, which is not mL.

Suppose U is an open neighborhood of p such that {z, : « € C} \ U is infinite.
Let § < wy be least such that x, ¢ U for infinitely many @ € C' N J. Then there
are ay, € C with zo, €U, ap < a1 < ..., and 0 = Suppewn. Since x,, € H,,
and Ho,, Ha,, ... is a decreasing sequence of closed sets whose intersection is Hs,
there must be a point z in Hs N {z,, : n € w}. Since § € C and C' NS = 0, the
only limit point of {z,, : n € w} is p, contradicting {z,, : n €Ew} NU = 0. O

Since first-countable compact scattered spaces are metrizable, we have the fol-
lowing corollary.

Corollary 2.8. A compact scattered monotonically Lindeldf space is metrizable.

3. MC SPACES WITH PROPERTY K ARE METRIZABLE

Theorem 3.1. Fvery monotonically compact space having property K is metriz-
able.

Proof. Let X be monotonically compact and have property K, and suppose X
is not metrizable. Choose z¢ # yo € X, and let Uy be an open neighborhood of zq
with Yo g 70

Suppose o < w; and xg,y3 and Ug have been chosen for each 3 < a. No
countable collection of open sets in X can separate points even in the T sense,
for otherwise, since X is perfectly normal by Theorem 2.4, one sees that there
would be a countable collection which separates points in the 77 sense, making X
metrizable (see, e.g., Theorem 7.6 in [4]). Thus there are points z, # ¥y, in X such
that if 8 < «, then Ug N {Za,Ya} =0 or Ug D {Za,Ya}, - Now let U, be an open
neighborhood of x, with y, & U,. This defines z,, yo,and U, for each o < wy.

Let U, be open such that z, € U, C U/, C U,. Then p, = (z4,U.,U,) € Px.
Let VP> =V, be as in Theorem 2.1.

By property K, there is an uncountable W C w; such that {V, NU. : « € W}
is linked. For 8 < o € W, put {«, 8} in Pot I if V,, ¢ Up; otherwise, put {«, 5} in
Pot II.

We claim that there is no infinite subset A of W which is homogeneous for Pot
I. Suppose there were. We may assume A has order type w. By Theorem 2.1, there
is a finite A" C A such that, for any « € A, there is some 3 € A’ such that V,, C Up
or V,N U/’3 = (). Since the latter never holds for o, 3 € W, V, C U, must hold. But
then choosing a € A with o > 3 for every 3 € A’ yields a contradiction.

Thus, by Erdos’ theorem w; — (w,w;)? [3], there is an uncountable W’ C W
that is homogeneous for Pot II; that is, 8 < o € W' implies Ug D V,. Applying
hereditarily Lindelof again, there must be v < wy such that Vu,v € wy \ v,

U{za, ya}aGW/\u = U{za, ya}aEW’\y-
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Let (3 be the least element of W'\ 4. Then

Yp € U{(Eouya}QGW’\ﬁ = U{xavya}QGW’\(B+1)~
Now for each v € W'\ (8 + 1), we have Ug D V, 3 x4, hence {zq,ya} C Up.

Thusgg D U{Za, Yatacw\(3+1), and so Us D U{Za, Ya faew\(8+1), Which puts
yg € Ug, contradiction. O

Corollary 3.2. Separable mC' spaces, and under MA,,, CCC mC spaces, are
metrizable.

4. MONOTONICALLY COMPACT LOTS
The following result answers Question 10 in [1].
Theorem 4.1. A monotonically compact LOT'S is metrizable.

Proof. Suppose X is a LOTS which is monotonically compact. Let Z be the
collection of closed intervals of X. Inductively define a map C : 2<%t — T as
follows: Let C'(#) = X. Suppose C(o) has been defined for all o € 2<% where
a <wy. If a is a limit ordinal and 7 € 2%, let C(1) =5, C(7 [ B). If a = 3 +1,
let I =C(7 [ B). If I is a singleton or doubleton, let C'(7) = I. Otherwise, let a < b
be the endpoints of I, and choose a point ¢ between a and b. Then let C(7) = [a, (|
if 7(8) =0 and C(1) = [¢,b] if 7(8) = 1.

Let T be all elements t of the range of C' that have more than 2 points, or exactly
two points but every predecessor has more than two points. Then T is a tree under
reverse inclusion, and the a'” level of T is all members of C(2%) in T. Note that
any two members of 7" which are incomparable in the tree order are either disjoint
or meet at an endpoint.

Claim 1. FEvery branch of T is countable. If T had an uncountable branch, then
X would contain a well-ordered increasing or decreasing sequence in type w1, hence
a closed copy of wy + 1. But wy + 1 is not monotonically compact [2].

Claim 2. FEvery level of T is countable. Suppose not, and let a be least such
that the at™ level L, of T is uncountable. Note that o must be a limit ordinal. For
each I = [ay,bs] € Ly, let N(ay) = (—o0,by) and N(b;) = (ar,0). Let M(as) and
M (br) be as guaranteed by Theorem 2.3.

Let o € 2% be such that I = C(oy). Since C(o7) = (5., Clor | B), there is
Br < asuch that C(oy [ Br) C M(ar)UIUM (br). Note that C(o; | 8r) is a member
of T below level a.. Since by assumption there are only countably many such, there
are t € T and an infinite subset J of L, such that C(o; | B;) = t for every
IcJ. For J, J € J, define J < J' iff aj < ay. There is a sequence Jy, Ji, ...
in J which is either increasing or decreasing. W.l.o.g., suppose it is increasing.
Then (;c,, M(ay,) contains the left endpoint of ¢, but no finite subcollection of
{N(ay,) :i € w} covers {ay, : i € w}. This contradicts 2.3.

Claim 3. T is countable. Suppose T is uncountable. By Claim 2, it has un-
countable height. For each countable limit ordinal «, choose t, = [aq,bs] in the
ath level of T, let N(ay) = (—00,bs) and N(by) = (aa,0), and let M(ay), M (by)
be as guaranteed by Theorem 2.3.

As in the proof of Claim 2, there is a predecessor s, of t, in T such that
Sa C M(aq) Uty UM(b,). By the Pressing Down Lemma, there is an uncountable
W' C wy such that the level of s, is the same ordinal for every o € W’'. Then
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since each level is countable, there are s € T and uncountable W C W’ such that
Sq = s for each « € W. For aw < € W, put {«, 8} in Pot I if ¢g C t,, otherwise
put {a, 8} in Pot I. Since there is no uncountable chain in 7', it follows from the
partition relation wq — (w,w1)? that there is an infinite A C W homogeneous for
Pot I i.e., for distinct a, B in A, t, and tg are incomparable, and hence viewed as
intervals are either disjoint or meet at an endpoint. As in the proof of Claim 2,
there is a sequence t,,%q,,... that is either increasing or decreasing in the order
s < tiff inf s < inft, and the rest of the argument is finished as in Claim 2.

Now we complete the proof of the theorem. Note that for each x € X, there is a
branch of T consisting of a decreasing well-ordered sequence of intervals containing
x which either intersect to x, or there is a last member of the branch which has
exactly two points, one of which is x. Thus, if to T we add the points of the 2-
element members of 7', we obtain a countable network for X. But a compact space
with the countable network is metrizable. O

5. FIRST COUNTABLE LINDELOF GO-SPACES

The following result improves the result in [2] that separable GO-spaces are mL,
and answers several questions in [2],[1], and [10]. In particular, it shows that any
Suslin line is mL.

Theorem 5.1. Every first countable Lindelof GO-space is monotonically Lindeldf.

Proof. Let Y be a first-countable Lindel6f GO-space. Then Y is a dense subspace
of a compact LOT'S X[6]. Note that X is first-countable. To see this, if not, then
X would contain a copy of w; + 1. The point in X corresponding to the point w
could not be in Y by first countability of Y. But on the other hand, this point
must be in Y else Y would not be Lindeldf.

Construct a tree of open intervals of X as follows.

Let X = [a,b], Do = {a,b}, and Ly = {(a,b)}. Let t = (a,b). Let D(a)
be {a’'}, where @’ is the immediate successor of a if such exists, else D;(a) is a
sequence in t converging to a from the right. Define D;(b) similarly, making sure
sup(Dy(a)) < inf(D4(b)) if possible, which it is unless ¢ contains only one point ¢,
in which case D;(a) = D;(b) = {c}. Then let D, = D;(a) U D.(b).

Let Dy = D, where t = (a,b) is the only member of Ly, and let L; be the
(nonempty) convex components of X \ Dy U {a,b}.

Suppose a disjoint collection Lg of open intervals of X, and a set Dg of points
of X, has been constructed for § < «, where o < wy, satisfying:

(i) ff<vy<aandte L, thereis s € Lg with ¢ C s;
(i) Ift = (a¢, b) € Lg, then Dgy1Nt = Dy(ay)UD,(by), where Dy (a;) and Dy (b;)
are countable relatively closed discrete subsets (a¢,b;) defined similarly to
the case t = (a,b) € Ly above. Dgqq = UteLﬁ D;.
(i) Lg+1 = {s: 3t € Lg(s is a convex component of t \ Dy)};
(iv) X\ULp=U,<3DyU{z:|NB;| <2}, where B, is the unique branch of
U, < L~ consisting of those intervals which contain z}.

Note that T, = Uﬂ{<a L. is a tree under reverse inclusion, with Lg the Bt level.
Define L, and D, as follows. If &« = 8+ 1, then define D,, and L, following (ii)
above. If « is a limit, then for every branch B in T, such that NB is an interval [a, b]
with (a,b) # 0, put (a,b) in L, and a,b in D,. This completes the construction
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of the tree T' = |J,_,, La- Note that T has no uncountable chains (else X would
contain a copy of wy + 1).

We will use <p for the tree order; so, if s,t € T, then s <p t iff s contains ¢
when viewed as subsets of X.

Now we describe a base at points in the D,’s, for a a successor. Let x € D,
a = + 1. Then there is some ¢ = (a,b) € Lg such that € (a,b). Suppose
x € D¢(a). If x has an immediate predecessor y (it could be, but is not necessarily,
the case that y = a), let P(x) = {y}. Otherwise, there is a point p in D;(a) just
to the left of , s = (p,z) € Lo+1, and Dg(x) is a sequence in (p, x) converging to
2. In this case, let P(x) = D4(x). Define R(x), a set of points to the right of z,
similarly. Let B(z) be all open intervals containing z with endpoints in P(z)UR(z).
Then B(z) is clearly a base at x. Define B(x) for « € D,;(b) similarly. Note that it
follows from this definition that if  # y, x,y € Dqy1, By € B(x), and B, € B(y),
then B, N B, = 0.

If A is a collection of subsets of X, and Z C X, then we let A [ Z denote the
collection {ANZ: A e A}. If A is another collection of subsets of X, we write
A’ < A to mean A’ refines A. Also, if C C X, we write C < A to mean C C A for
some A € A.

Now we proceed to define r(U).

Given an open cover U of Y, first define /(i) as follows.

(I) Put in 7' (U) all members of J{B(z) [ Y : Ja(x € Dyy1 NY)} which are
contained in some member of U.
(IT) For each ¢t = (ay,by) in T, let ry = sup{r € t : (ar,7) NY < U}, and put
(Clt, Tt) NY in r’(U).
(IIT) Similarly define I; =inf{l €t: (I,b;) < U} and and put each (I,b;)NY in
r'(U).

Note that each member of /(i) is convex, and hence can be represented by an
open interval (a,b), where a,b € X U {£o0}.

Let r,(U) be the maximal members (under set inclusion) of /(). Suppose
(a,b) € rl,(U). If a has no immediate successor, choose points a(n) in (a,b) con-
verging to a from the right, else let a(n) = a for all n. Choose b(n) converging to
b similarly. We can do this so that a(n) < b(n) for all n. Finally, let

r(U) = {(a(n),b(n)) : n € w, (a,b) € r,,(U)}.

Claim 1. If t # y €Y, © € Doay1, y € Dsy1, By € B(x), By € B(y), and
B,NY C B,NY, then 3 < a. This holds because if « = 3 then B, N B, = 0 by
the construction, and if & < 3 then By, N Dqy1 =0 so z € By,.

Claim 2. If (a,m¢)NY is a nonempty proper subset of (as,7s)NY or if (I;,b,)NY
is a nonempty proper subset of (Is,bs) NY, then s <p t. We show this if the
former case holds, the latter being analogous. Clearly s and ¢ must be comparable.
Suppose t < s. Then a; < as < rs < by < b;. Then the only way (a,r:) NY
could be a nonempty proper subset of (as,7s) NY is if (a;,as) NY = (. But
then (as,7) NY = (a,r) NY for all r, so ry = rg and (a¢, 7)) NY = (as,75) NY,
contradiction.

Claim 8. Every member of r'(U) is contained in a maximal member of v'(U).
Immediate from Claims 1 and 2.

Claim 4. Ur(UU) = Ur,,(U) = Ur'(U). The second equality is immediate from

Claim 3, and the first is easy to see from the way (i) was defined from r}, ().
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Claim 5. r(U) is a refinement of U covering X. Suppose (a(n),b(n)) € r(l).
Then (a,b) € 7, (U). If (a,b) got in r'(U) via (I), then (a,b) and hence also
(a(n),b(n)) is contained in some member of . Suppose (a,b) = (as, ) for some
t € T. If b(n) < b, then by the definition of r, we have that (a(n),b(n)) is a subset
of some member of U. If b(n) = b, it has to be because b = r; has an immediate
predecessor, which implies that r; is in the set it is defined to be the supremum of,
and so (a(n),b(n)) C (as,re) <U.

To finish the proof of Claim 5, we need to show 7(U) covers X. Let z € X. If
x € D441 for some «, then x is in some member of 7/ (U) via I, and then by Claim
4, x € Ur(U).

Suppose x ¢ J,, <w; Da+1. Let Cy be the collection of all elements of 1" contain-
ing z; of course this is a well-ordered chain of some length o < wy. Note that « is
a limit ordinal. [If C, had a <p-maximal element ¢ at level § = o — 1, then since
x & Dy, x would be in some convex component s of ¢\ Dy, contradicting maximality
of t € C;.] Then either z is the unique element of NC, and the elements of C, are
a base at x, or NC, is a nontrivial closed interval, and x is one of the endpoints.
Let z € U € U. If the former case holds, or the latter case holds and x is the left
endpoint of NC,, there is some t € C,, and some r > x with (a;,7) C U. It follows
that r, > x, and hence z is in some member of /(i) via IL. If = were the right
endpoint, a similar argument shows that z is in some member of /() via IIL

Claim 6. V < U implies r(V) < r(UU). Let (a(n),b(n))NY € r(V). Then
(a,b) NY € rl (V). It suffices to show that there is some (¢,d) NY € r. (U) with
(a,b) C (¢,d), because then for some m, (a(n),b(n))NY C (¢(m),d(m))NY € r(U).
Now if (a,b) NY got in r'(V) via I, then (a,b) NY <V < U, so (a,b) NY € r'(U).
Thus there is (¢,d) NY € r,(U) with (a,b) Y C (¢,d)NY.

Suppose (a,b) NY = (a;,r))NY for some t € T, where the superscript V means
7+ has been defined as in II with respect to the open cover V. Clearly 7/ > r).
Thus (a¢, 7)) NY C (a;, 7)Y € r'(U), and so there is some (c,d) NY € 7/ (U)
containing (a,b) NY. The case where (a,b) = (I/,b;) is analogous.

Claim 7. r(U) is countable. It suffices to prove r/, (U) is countable. Suppose
(Ga,ba) NY, a < wy, are distinct elements of ], (U). Since Y is Lindeldf, there is
x € Y such that every neighborhood of x meets uncountably many (as,bs) NY’s.
There is (a,b) NY € r,, (U) with x € (a,b). If (a,b) N Y meets (aq,bo) NY, then
by maximality of these sets, it must be that either a or b is in (aq,bq). If (aa,ba)
is in B(x) for some & € Dy41, let t, be such that © € Dy . If (aq,b,) is equal to
(at, 1) or (lg,by), let t, = t. Note that (aq,bs) C t, for each «, and since Dy is
countable, for each ¢t € T, there are only countably many « < w; such that t, = t.
Hence we conclude that either a or b must be in uncountably many distinct ¢t € T,
a contradiction since 7" has no uncountable chains. O
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