IF X IS 0-COMPACT POLISH, THEN Cy(X)
HAS A 0-CLOSURE-PRESERVING BASE

GARY GRUENHAGE AND KENICHI TAMANO

ABSTRACT. We prove that if X is a o-compact Polish space, then the space Cy(X)
of all continuous real-valued functions on X with the compact-open topology is a
u-space, and hence is M7, i.e., it has a o-closure-preserving base. We also construct
an explicit o-closure-preserving base for Ck(X).

0. INTRODUCTION

Recall that a space X is stratifiable if it has a o-closure-preserving quasi-base B,
i.e., for each point x in an open set U, there is some B € B with x € B° ¢ B C U,
and B = J, ., Bn where each B, is closure-preserving. X is an M;-space if X has
a o-closure-preserving base. It is an old problem of J. Ceder [C] whether or not
every stratifiable space is an Mi-space.

P. Gartside and E. Reznichenko [GR] have shown that the function space Cj(X)
is stratifiable whenever X is a complete separable metrizable space, i.e., Polish.
Interestingly, Gartside and Reznichenko’s proof of their theorem gives no clue as to
whether or not these function spaces are Mj.

A space is a p-space if it is embeddable in some II,¢,X,,, where each X, is
paracompact and a countable union of closed metrizable subspaces. It is known
[M] that every stratifiable u-space is M;. Recently, Gartside and A. Glyn[GG]
proved that Cx(X) is a p-space if X is the “metric fan”, i.e., the space that may
be described as the hedgehog with countably many “spines”, where the spines are
convergent sequences.

In his talk at the 2002 Summer Topology Conference in Auckland, New Zealand,
Gartside asked if the conclusion of his theorem with Glyn was true for all o-compact
Polish spaces. In this note, we give a positive answer to this question. We also give
a direct construction of a o-closure-preserving base for such spaces, in hopes that
this may be of some use in more general cases. The main related question which
remains open is whether or not Cy(P) is M7, where P is the space of irrationals. A
negative answer would settle Ceder’s question.

Recently, T. Mizokami, N. Shimane, and Y. Kitamura [MSK] proved that strat-
ifiable “W AP-spaces” (they used the term “J-space” instead of W AP-space) are
M. So another possible way to prove that the function spaces we are considering
are M; would be to show that they are WAP. But we haven’t been able to decide
whether or not Cy(X) is WAP for Polish spaces X, even if X is o-compact. See
the end of Section 2 for more details about this, including a simple example of a
stratifiable space which is not W AP.
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1. BACKGROUND AND DEFINITIONS

Let U be a collection of subsets of X. For each C C U, let Ec = NC\ UU \ C).
Then Py = {F¢ : C C U} is a partition of X called the partition induced by U. U
is said to be mosaical if Py, has a o-discrete closed refinement F; note that it is
equivalent to say that each member of F is contained in every member of U that
it meets.

K. Tamano[Ta] noted that a stratifiable space X is a p-space iff X has a o-
mosaical base. Note that for a Lindelof space, a family U of Y is mosaical if and
only if Py, is countable and each member of Py, is an F,-set; equivalently, there is
a countable closed cover F of X such that each member of F is contained in every
member of U that it meets.

For a space X, let LC(X) = {z € X : x has a compact neighborhood}; of
course, LC(X) is open. Let X(® = X. Suppose X has been defined for all
B<a Ifa=y+1,let X =X\ LC(XM), and if o is a limit ordinal, let
X (@) = Np<a X @) Then X is said to be C-scattered [Te] if X(®) = ) for some a;
in this case, the least such « is called the C-scattered rank, r(X), of X.

Using the Baire property, it is easy to check that every o-compact Polish space
is C-scattered of countable rank.

Some notation for C(X). For any ¢ : X — R, compact set K, and € > 0, we
let

B(p,K,e) = {f € Cu(X) : Va € K(|f(x) — p(a)| < 2)}.

Of course, B(p, K, ¢) is a typical basic open neighborhood of ¢ in Ck(X). We also
denote by 0 the constant zero function in C(X), and use [K, €] to denote B(0, K, ¢).
2. Cp(X) 18 o

In this section we prove:
Theorem 2.1. Ci(X) is a p-space for any o-compact Polish space X .
The following facts on mosaical collections are used:

Fact 1. If A and B be mosaical families of Y, then AUB and ANB={ANDB:
A e A B € B} are also mosaical.

Fact 2. Let A be a family of subsets of a space X. If there is a countable closed
cover F of X such that A|JF = {ANF : Ae A} is mosaical for each F € F, then
A is mosaical.

Fact 3. Suppose that {A, : n € w} is a sequence of mosaical families of Y. Let K
be a closed set of Y and {U, : n € w} a decreasing sequence of open F,-sets of Y
with K C A for each A€, ., An and K =, ., Un. Then A={ANU,: A€
A,,n € w} is mosaical.

new new

Facts 1 and 2 are very easy to verify from the definitions. For Fact 3, note
that each U, \ U, is the union of a countable collection H,, of closed sets. Let
F = {K}UU,co Hn, and let A, = {ANU, : A€ A,}. Note that each Aj,
is mosaical and A = J, ., A4;,. For each F' € F, there is some n € w such that
AlF — {0} = (U;<,, A%)|F — {0}, and hence is mosaical by Fact 1. So by Fact 2, A
is mosaical. a

Let (X, q,7) be a triple such that X is a space and ¢, r are real numbers with
0 < ¢ < r. Consider the following property (x) for (X, ¢q,r):
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(¥): There are a dominating family K of compact sets of X and a mosaical
open family B = {B(K) : K € K} such that {¢ € Cx(X) : |p(z)] < ¢ for any
x€ K} C B(K) C [K,r] for any K € K.

Lemma 2.2. Let 0 < g < r. Suppose that X is a o-compact space with X =
P,.c., Xn, where (X, q,1) satisfies (x) for eachn € w. Then (X, q,r) also satisfies

(%).

Proof. Suppose that for each n € w, K,, and B, = {B,(K) : K € K,,} are families
satisfying () for (X,,q,7). Let X =, ., Cn, where {C,, : n € w} is an increasing
sequence of compact sets of X. For each n € w, let U, = {9 € Cy(X) : |p(z)]| <
g+27" for any x € Cp}. Let F = {p € Ck(X) :e(x)] < q for any x € X}.
Then I is a closed set of Cy(X) and F' = (), ., U,. For each n € w, let H,, =
{Uje,, Ki) UC, : K; € K; for each @ < n}. For each K € H,, take some {K, :
i <n} with K = (J,-,, K;) UC, (note that such {K; : i <n} is not unique), and
define B(K) = ((;<,, B(K;)) N U,. Let K = U, ., Hn and B = {B(K) : K € K}.
Then by using Fact 1 and Fact 2, one can easily show that K and B satisfies (x) for
(X,q,7). O

Lemma 2.3. Let X be a zero-dimensional o-compact Polish space. Then for any
positive real numbers q, r with 0 < g <r, (X, q,r) satisfies (x).

Proof. We prove this by induction on the C-scattered rank o = r(X).

Case 1. a = 1. Then X is a topological sum of countably many compact sets.
If X is a compact space, then X trivially satisfies (). Now apply Lemma 2.2.

Case 2. « is a limit ordinal. Then X = @ ___ X, where r(X,,) < «a for each
n € w, and we can apply Lemma 2.2.

Case 3. aa =+ 1 (y > 0). By Lemma 2.2, we may assume that X =
(B,,c, Xn) U C such that (P, ., Xn) N C = 0, each X,, is a clopen set with
r(Xn) < o, and {(U;>, Xi) UC : n € w} is an open neighborhood base of a
compact set C. B

Take s with ¢ < s < r. By our assumption, each X,, has KC,, and B,, = {B,(K) :
K € K, } satisfying (x) for (X,,s,r).

Let €K = {(Upeow Kn) UC : K, € K, for each n € w}. For each K € K,
define K, = KN X,, and B(K) = (N, ., B(K,) N [C,s]. We show that K and
B ={B(K): K € K} has the desired property (x).

new

Claim.
(1) Suppose o € Ci(X), m € w, and € > 0 satisfies |po(z)| < s — € for any
x € ( U X,)UC. Then

n>m

B(‘POaK’S)ﬂB(K) QO()?KE ﬂ B ])

n<m

for each K € K.
(2) Let m € w. Define T = {p € Cp(X) : |p(x)| < s for any x € (U5, Xn) U
C. Then TNB(K) =T N (< B(Kn)) N[C,s| for each K € K.

Proof of Claim. This follows from the fact that for each K = (¢, Kn)UC € K
and for each n > m, we have B(pg, K,e) UT C [K,,s] C B(K,). O
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Now we show that B(K) is an open set of Cy(X) for each K = (U, ¢, Kn) UC,
where K,, € K, for each n € w. Let ¢ € B(K). Then |p(z)| < s for any x € C.
Hence there are m € w and € > 0 such that [¢(x)| < s—¢ forany x € (U,,+,, Xn)UC.
Then by Claim (1), B(y, K,e) N B(K) is the intersection of finitely many open sets
of Ci(X), hence is an open set of Cy(X).

Next we show that B is mosaical. Let S = Ci(X) — [C,s], and S, = {p €

Ce(X) : p(z) <s-(1-— 2T1+1) for any 2 € (U;s,, Xi) UC}. Then S and Sk m,
k,m € w are closed sets of Cy(X) and Ci(X) = S U (Uy e, Sk,m). Note that
SNB = {) for any B € B. So by Fact 2, it suffices to show that B|Sy ,,, is mosaical for
each k,m € w. Since {B(K,,) : K,, € K,,} is mosaical for each n € w, by Fact 1, we
have that {,,«,, B(K,) : K, € K, for each n < m} is mosaical. Let T be the set
in Claim (2). Then Sy ,,, C T. Hence Sk ,n NB(K) = Sk.,mN(N B(K,))N[C, s])
for each K € K. Hence by Fact 1, B|Sk , is mosaical. O

n<m

Proof of Theorem 2.1. Let X be a o-compact Polish space. Note that X is the
perfect image of a zero-dimensional o-compact Polish space Y, hence Cy(X) C
Ci(Y). Since it is hereditary to be a p-space, we may assume that X is zero-
dimensional.

By Lemma 2.3, for each pair of rationals ¢, with 0 < ¢ < r, there is a collection
B, satisfying condition (x). Then

B:U{Bq,.:0<q<randq,r€(@}

is o-mosaical and a neighborhood base for the constant zero function in Cj(X).
Since C(X) is a separable topological group, there are countably many translations
of B which, taken together, form a o-mosaical base for Cj(X). Hence C(X) is a
p-space. [

As we remarked in the introduction, another possible way to prove spaces are
M is to show that they are W AP-spaces. Recall that a space X is said to have the
property of Weak Approximation by Points (W AP) if for every non-closed set A,
there is some x € A\ A and a subset B of A such that z is the unique point of B not
in A. The original motivation for these spaces was in categorical topology where
they had another name, and they were introduced into general topology under this
name by P. Simon[S]. Sequential spaces are easily seen to be WAP. See [BY] and
[TY] for more information about WAP spaces.

Stratifiable W AP spaces were shown to be M; in [MSK]. However, we do not
not know the answer to the following:

Question. Let X be a Polish space. Is Cx(X) WAP? What if X is also o-
compact?

One approach to a negative answer might be to find a non-W AP space which
embeds in the function space. This is the idea used to prove that certain function
spaces are not sequential; see, e.g., [P] where it is shown, in particular, that C(X) is
not sequential for any non-locally compact metric space X. To follow this approach
for the above question, one would need an appropriate basic stratifiable non-W AP
space. Stratifiable non-W AP spaces do exist, but we have been unable to find any
mentioned in the literature. So we give here the following simple example.

Example. A countable stratifiable non-W AP space.
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The example may be described as the ” Alexandroff duplicate of the rationals
modulo the nowhere dense sets”. Let Z = QU Q’, where Q is the set of rational
numbers and Q' is a copy of Q. Points of Q' are isolated. A neighborhood of a
point z in Q is U U (U’ \ N’), where U is a usual open set in the rationals, U’ is its
copy in Q’, and N’ is the copy in Q' of a nowhere dense subset N of Q.

Suppose U is open in Z and « € U. If x is in Q, i.e., isolated, let U, = {z}.
Otherwise choose n such that the usual % neighborhood of = in Q is contained in
U. Then let U, = U N (BUB’), where B is the 551 neighborhood of z. It is easy
to check that U, NV, # 0 = y € U or x € V. It follows (see, e.g., Theorem 5.19
of [Gr]) that Z is monotonically normal. Z, being countable, has a countable net-
work, and monotonically normal spaces with a o-discrete (in particular, countable)
network are stratifiable (see, e.g., Theorems 5.9 and 5.16 of [Gr]).

But Z is not WAP, since the subset Q' is non-closed, yet there is no point
x € Q' \ Q' which satisfies the condition in the definition of W AP.

3. A 0-CLOSURE-PRESERVING BASE

In this section, we construct an explicit o-closure-preserving base for C(X) for
X o-compact Polish. To do this, we first need to show that there is a dominat-
ing, closure-preserving collection of compact subsets of X that satisfies a certain
convergence condition.

Lemma 3.1. If X is o-compact Polish, then there is a dominating, closure-
preserving collection IC of compact sets that satisfies the following condition:

(xx) Whenever x,, € K,, € K, and z,, ¢ U#n K, then the set {x,}new has a
limit point.

Proof. The proof is by induction on the C-scattered rank.

Case 1. X is locally compact. Write X as an increasing (not necessarily strictly)
union of compact sets L,, n € w, where L,, is contained in the interior of L, 1.
Then {L,, }nc. satisfies the desired conditions.

Case 2. X has a locally-finite cover V by closed sets satisfying Lemma 3.1. Let
V ={V, : n € w}. Let H, be a collection of compact subsets of V,, satisfying
the conclusion of Lemma 3.1 for V,,. Let {Lum tmew be an increasing collection of
compact subsets of V,, whose union is V,,. Then let

’Cn :{U HiULiani GHi},

i<n

and let K =, ¢, Kn.

That K is dominating follows from the fact that each compact subset of X is
contained in some finite union of members of V. K is closure-preserving because its
trace on each member of the locally finite closed cover V is closure-preserving. To
see the convergence property (xx), suppose z,, € K,, € K, and z,, ¢ U#n K. Then
xg € Ly, for some k, m, and hence for j > 0, if K; € KC,,(jy, then n(j) < max{k,m}.
It now easily follows that I has the convergence property because each H,, does.

Now suppose the C-scattered rank of X is a;, and the Lemma holds for all X of
smaller rank. If «v is a limit ordinal, then the Lemma holds for X by Case 2. So it
remains to prove:
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Case 3. The C-scattered rank of X is a successor ordinal v+ 1 (where v > 1) .

It follows from Case 2 that it is sufficient to prove this when the set C of points of
rank -y is compact, and there is a strongly decreasing sequence U,, of neighborhoods
of C (i.e., U,41 C U, for all n) forming a base in X for the set C. Assume Uy = X,
and let V,, = U, \ U,11. Let K,, be a collection of compact subsets of V,, satisfying
the conclusion of Lemma 3.1 for V,,, and let

K= {C U (U{Ki}ieu) K e ICZ}

The verification that IC satisfies the desired conditions is a little different from Case
2, but just as easy, so we leave it to the reader. [

Next, we need the following known fact which essentially follows from Nagata
and Siwiec’s [NS] analysis of o-spaces. However, we only need it for spaces having
a countable network, so we give here the simple proof of that case.

Lemma 3.2. Suppose X is a reqular space with a countable network, and K is a
closure-preserving collection of closed sets. Then there is a countable cover Q of X
by closed sets such that, for each Q € Q and K € K, either Q C K or QN K = ().
Furthermore, if X is o-compact, then Q may consist of compact sets.

Proof. Let N be a countable network for X. Foreachz € X,let K, ={K e K:z €
K}. For C C K, let E¢ be as defined in Section 1. Note that © € B¢ <— C = K,,.
Given x € X, pick N, € N such that N, N|J(K \ K,) = 0. Tt is easy to check that
N, = N, = K, = K. Thus the collection {/C; : € X} is countable, and hence
{E¢ : C C K} is also countable. Since each Eg is the difference of two closed sets in a
perfect space, it can be written as the union of a countable collection {Qc ., : n € w}
of closed sets (compact sets if X is o-compact). Then Q = {Q¢,, : C C K,n € w}
is the desired collection. [

Now we show how to use the collection K of Lemma 3.1 and the corresponding
Q = {Q, : n € w} of Lemma 3.2 to construct a o-closure-preserving base for the
constant zero function 0 of Cy(X). Translating this base at 0 by members of a
countable dense subset of Cy(X) gives a o-closure-preserving base for the whole
space [GR].

Define P, = J,;~,, Qi- Then {P, : n € w} is an increasing collection of compact
sets whose union is X which satisfies the following property:

(xx%) Foranyn ewand K € K, P,\ P,-1 C K or (P,\ P,_1)NK=0.
Let ¢ be any positive rational, and let ¢, = (1 — 1/2"*!)q. For each K € K,
define
B,(K)={feC(X):VnVz e KNP, (|f(x)] < gn)}

It is easy to check that B,(K) is open in Cy(X), and as g varies over the rationals
and K over K, the B,(K)’s form a local base at 0 . So to finish our construction,
it will suffice to show the following:

Proposition. Fiz ¢ > 0. Let K, {P,}new, and By(K) be as above. Then the
collection {By(K) : K € K} is closure-preserving.

Proof. Suppose not. Then there is a subcollection Ky of K and a function 6 € C(X)
such that 0 € UKG,CO B,(K)\ UKGKO B,(K).
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Call a point « € X a bad point if € P, but §(z) > g,. It is easy to show:

(i) If 6 has no bad points on K, then § € By(K).
(ii) If x is a bad point of 6, then for sufficiently small ¢ > 0, B(6,{z},&) N
B,(K) = () whenever x € K.

So 6 has a bad point in every K € Ky. Let ng be least such that there is a
bad point z¢g € P,, which is in some Ky € Ky. By (ii), if €¢ is sufficiently small
and K € Ko, then B(0,{z0},c0) N By(K) # 0 implies z9 ¢ K, which implies
K N (P \Ppny—1) = 0, hence K contains no bad points in P,,.

Thus K1 = {K € Ko : 0 ¢ K} is a large subcollection of Ky in the sense that
the By(K)’s for K € K1, together with 6, also witness non-closure-preserving. Let
n1 be least such that there is a bad point 21 € P,,, which is in some K; € K;. Note
that ny > ng. Ko = {K € K1 : 21 ¢ K} is also large, and so on.

Thus we can inductively define z; € K; € K;, where z; is in P,, \ Pp,,—1 and is
a bad point of 8§, ng < n; < ..., and K; contains no bad points of § in P,,_;. In
particular this implies z; ¢ K; if i < j. We claim that the z;’s are discrete. Suppose
they had a limit point y. Say y € P;. Then y is a bad point of § (note 0(y) > q).
For sufficiently large j, n; > k, which implies y ¢ K;. Then by closure-preserving,
the set J{K; : n; > k} is closed, contains all but finitely many x;’s, and misses y,
contradiction.

Now, since {x; };e,, is discrete, we can pass to an infinite subset A of w such that,
for i # j € A, we have x; ¢ K;. Then by the convergence property (*) of Lemma
3.1 the x;’s must have a limit point, contradiction. [J

REFERENCES

[BY] A. Bella and 1.V. Yaschenko, On AP and WAP spaces, Comment. Math. Univ. Carolin.
40 (1999), 531-536.

€] J. Ceder, Some generalizations of metric spaces, Pacific J. Math. 11 (1961), 105-125.

[GG] P. Gartside and A. Glyn, Closure preserving properties of Cy(metricfan), preprint.

[GR] P. Gartside and E. Reznichenko, Near metric properties of function spaces, Fund. Math.
164 (2000), 97-114.

[Gr] G. Gruenhage, Generalized metric spaces, Handbook of Set-Theoretic Topology (K.
Kunen and J. Vaughan, eds.), North-Holland, Amsterdam, 1984, pp. 423-501.
M] T. Mizokami, On M -structures, Topology Appl. 17 (1984), 63-89.

[MSK] T. Mizokami, N. Shimane, and Y. Kitamura, A characterization of a certain subclass of
M -spaces, JP J. Geom. Topol. 1 (2001), 37-51.
[NS] F. Siwiec and J. Nagata, A note on nets and metrization, Proc. Japan Acad. 44 (1968),

623-627.
[P] R. Pol, Normality in function spaces, Fund. Math. 84 (1974), 145-155.
[S] P. Simon, On accumulation points, Cahiers Topologie Géom. Diffrentielle Catég. 35

(1994), 321-327.

[Ta] K. Tamano, On characterizations of stratifiable p-spaces, Math. Japon. 30 (1985), 743-
752.

[Te] R. Telgarsky, C-scattered and paracompact spaces, Fund. Math. 73 (1971), 59-74.

[TY] V.V. Tkachuk and I.V. Yaschenko, Almost closed sets and topologies they determine,
Comment. Math. Univ. Carolin. 42 (2001), 395-405.

DEPARTMENT OF MATHEMATICS, AUBURN UNIVERSITY, AL 36849, USA
E-mail address: garyg@mail.auburn.edu

FACULTY OF ENGINEERING, YOKOHAMA NATIONAL UNIV., YOKOHAMA 240-8501, JAPAN
E-mail address: tamano@math.sci.ynu.ac.jp



