7560 THEOREMS WITH PROOFS

Definition A compactification of a completely regular space X is a compact Ts-
space X and a homeomorphic embedding o : X — aX such that a(X) is dense
in aX.

Remark. To explain the separation assumptions in the above definition: we
will only be concerned with compactifications which are Hausdorff. Note that only
completely regular spaces can have a Th-compactification.

Remark. A few of the concepts and results below are from first year topology,
and are included here for completeness.

Definition. Let X be a locally compact non-compact Hausdorff space. The
one-point compactification wX of X is the space X U {oo}, where points of X have
their usual neighborhoods, and a neighborhood of oo has the form

{oo} U (X\ K)
where K is a compact subset of X. In the framework of the previous definition,
the map w : X — wX is the identity map on X.

Of course, X is open in its one-point compactification. We’ll see that this is the
case for any compactification of a locally compact X.

Lemma 1. If X is a dense subset of a 1o space Z, and X is locally compact, then
X s open in Z.

Proof. If z € X, let N, be a compact neighborhood z in X and U, = int(N,).
Then U, = X NV, for some V, open in Z. Thus U, is dense in V. and so

V,cV,=U, CN,=N,

where closures are taken in Z. Note that N, = N, since N, is compact and Z
is Ty. Thus for any x € X,3 V. open in Z such that x € V,, C X and so X is
open. (I

Corollary 2. If aX is a compactification of a locally compact space X, then a(X)

is open i aX.

Proof. Immediate from Lemma 1 and the definition of a compactification. ([l
Definition. If «X and v.X are compactifications of X, we say aX > v.X iff there

exists a continuous function f : X — X such that foa = ~v. If such f exists which

is a homeomorphism, we say that aX and vX are equivalent compactifications, and
write aX = vX.

Theorem 3. If X is locally compact, wX is the one-point compactification, and
aX is any compactification, then aX > wX.

Proof. Define f: aX — wX by

o ifzr € aX \ a(X)
Clearly f oo =w. We show f is continuous:
1

@) = { yifz € a(X) and z = a(y)
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If U C X is open, f~1(U) = a(U) is open since « is an embedding and (X)) is
open.
Otherwise, if co € U, then wX \ U is compact and thus closed and

T wX\U) =a(X\U) U aX\ a(X)
is closed since a(wX \ U) is compact and aX \ «(X) is closed by Lemma 1. O

We often think of obtaining a compactification X of X by adding some points
to X to make it compact, i.e., X is a dense subset of aX (instead of merely
homeomorphic to one) and the map « : X — «X is the identity on X. The next
result says we don’t lose anything by thinking of compactifications in this way.

Theorem 4. If aX is any compactification of X, then there is an equivalent
compactification vX such that X C vX and the map v : X — vX is the identity
map.

Proof. As a set, let yX = X U (aX \ a(X)). Let h: vX — aX by

| alz)ifz € a(X)
h(w) = { zifz € aX \ a(X)

Then h is a bijection. Topologize vX by forcing h to be a homeomorphism. Then
h is an equivalence vX ~ aX. O

Theorem 5. Let f and g be continuous mappings from a space X to a Hausdorff
space Y. If f and g agree on a dense subset of X, then f =g.

Proof. Let h: X — Y2 by h(z) = (f(z),g9(z)). Since Y is Hausdorff A C Y2 is
closed and so h™1(A) = {z € X|f(x) = g(z)} is closed and contains a dense set.
Thus h~1(A) = X and f(x) = g(x) for all z € X. O

Theorem 6. o X ~ VX iff aX > X and~vX > aX.

Proof.
=

Since aX =~ X, then there exists an f : aX — ~X, f a homeomorphism,
such that foa = 5. Hence X > ~X. Now, since f is a homeomorphism, f~!
exists and is continuous, so f~' oy = a, and vX > aX.

«<: Since aX > <X, then there exists f : aX — ~X, f continuous, such that
foa = ~. Similarly, since vX > «aX, then there exists a g : vX — aX, g
continuous, with goy = a.

Now go f = idyx |a(x), and since v(X) is dense in yX, then by Lemma 5,
go f = idyx. By a similar argument, fog = id,x. Hence a X ~ ~vX. O

Definition. Let F be a family of continuous functions from a space X to the
unit interval I = [0,1]. We say F separates points if, given x1 # xo € X, there
exists f € F such that f(x1) # f(x2). We say f separates points from closed sets if,

given z € X and any closed set H with « ¢ H, there exists f € F with f(z) & f(H).
The evaluation function determined by F is the function ex : X — I defined by

ex(@) =< f(@) >ser.
Theorem 7. Let F be a collection of continuous functions from X into the unit
interval. Then:

(a) ex is continuous;
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w

(b) If F separates points, then ex is one-to-one;
(c) If X is a Ty-space and F separates points from closed sets, then ex : X —
er(X) is a homeomorphic embedding of X into I7”.

Proof.

(a) Well, since a product of continuous functions is continuous if and only if the
individual projections are continuous, and each f € F is continuous, then e is
continuous.

(b) Let ex(x) = ex(y). Then < f(x) >rcr = < f(y) >fecr, and hence x = y.
Therefore e is one-to-one.

(c) From previous, ex is injective and continuous. So sufficient to show e}l :
er(X) — X is continuous. So, let H C X be closed. Need to show that ex(H) =
(ex")"Y(H) is closed in ex(X). Let y € ex(X) \ ex(H). Theny = < f(z) >jer
for some x € H. By hypothesis, there exists a ¢ € F such that g(z) is not in g(H).
So, there exists a U C I, U open, such that g(z) € U,and U N g(H) = 0. Let
Oy = Ufor f = g,and I otherwise. Theny € [[;. Oy, and ex(H) N Oy = 0.
Now, for z € H, y(z) = < f(2) >jer,sooner(z)(g) = ¢(z) is not in U. Hence
er(z) isnot in [[;.» Oy. O

Corollary 8.4 space X is completely reqular if and only if X is homeomorphic to
a subspace of I for some cardinal k.

Proof. If X is completely regular, then the collection F of all continuous functions
from X to [0, 1] separates points from closed sets. O

Corollary 9. Any completely regular space X has a Hausdorff compactification.

Proof. Embed X in I*; then it’s closure there is a compactification of X. O

Definition. Let C(X,I) be the collection of all continuous functions from a
completely regular space X into the unit interval I, and let F be any subfamily
of C(X,I) which separates points from closed sets. Let ex be the embedding of X
into I7 defined above, and let exX = ex(X), where the closure is taken in I7. It
follows from Theorem 6(c) that exX is a compactification of X.

Theorem 10. If aX is any compactification of X, then there exists a subfamily F
of C(X,I) for which exX =~ aX.
Proof. Since aX is a compactification of X, we then have:

X =% oX =7 T

Sof oa: X— 1.
Consider the collection F = {f o a| f: aX — I,and f is continuous}. We now
need to show that ex(X) ~ aX.

So,er: X — I7 by ex(z) = < foa(z) >reciax,n-

For p € aX, let h(p) = < f(p) >fec(ax,r)- Now, since p € aX, then p = «(x)
for some unique z € X. Then h(p) = < f(a(z)) >fecax,) = er(x).

Claim: h is a homeomorphism.
h is continuous since each projection is continuous and between compact T5 spaces.
Also, C(aX,I) separates points from closed sets. So, h is the evaluation function
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from aX into I. So, since h = eciax, @ aX — I€XD and C(aX, I) separates
points from closed sets, then h is a homeomorphic embedding.

Now, «a(X) is dense in aX, so h(a(X)) is dense in h(aX). Since h(a(X)) =
er(X) C exrX, then ex(X) is dense in h(aX). And, since ex(X) = exrX =
h(aX) then h(aX) = erX. O

Definition. The Stone-Cech compactification of a completely regular space X
is defined to be exX, where F = C(X,I). The Stone-Cech compactification of X
is denoted by $X, and the embedding ec(x, ) is denoted by By (or just § if X is
understood).

Theorem 11. Suppose h: X — Y is a continuous map from X intoY (both Ts5)
Then there exists a continuous H : I¢XD — €YD gych that H o Bx = By o h.
In particular, H restricted to Bx maps Bx into By .

Proof. Consider I°5D) as the set {F : C(X,I) — I}. In regards to notation, we
can think of ec(x,n(z) as F, € I°XD where F,(f) = f(z). Define a function
H . 165D 5 €N a5 follows. If F e 1650 and g € C(X,I) then define
H(F)(g) = F(goh). Then H(E,)(g) = Falgoh) = g o h(x) = Fue)(9); so the
diagram commutes.

We will show that H is continuous by showing that the projection maps are
continuous. Note: 7,(F) = F(g), in other words: m,({(ays)sec(x,r)) = ag. So
Ty 0 H ({ag) fec(x.1)) = agon. Hence my o H = myop, is continuous. It follows that
H is continuous. [J

Theorem 12. For every compact T-space Y and each continuous map f : X — Y,
there exists a continuous map F : Bx — Y such that f = F o Bx.

Proof. Suppose Y is a compact Ts-space, and f : X — Y is continuous. Since Y is
compact T5, it is completely regular, and hence has a Stone-Cech compactification
By. Let H : €50 — 1€V be a continuous function as in Theorem 11. Define
F = eE(IYJ) oH [gx. Then F': X — Y is continuous, and F'o 8x = f. [.

Remark. If, as often done, we think of X as a subset of X, and dispense with
the map Bx : X — X, then Theorem 12 says that any continuous map from X
to a compact space can be extended to SX.

Corollary 13. If aX is any compactification of X, then X > aX. Also any
compactification of X which satisfies the condition in Theorem 12 is equivalent to
6X.

Proof. Note: ax : X — aX is continuous and aX is compact T5. By theorem 12,
let F: X — aX be continuous such that o = F o Bx. It follows that x > aX.
For the second part of the Corollary, suppose vX is a compactification of X such
for any continuous f : X — Y, where Y is compact Ts, there is an extension of f
to a continuous function from yX into Y. Note: fx : X — X is continuous and
BX is compact Ty. Let G : vX — BX be a continuous extension of Bx. It follows
that X > 8X. By theorem 6 and the first part of the corollary. vX ~ gX. O

Theorem 14. [0,w;] is the only (up to equivalence) Hausdorff compactification of
the space [0,w1) of countable ordinals. Hence 3[0,w1) = [0, w1].

Proof. Suppose p # q where p,q € [[0,w;) \ [0,w;). We will show that p and
q can’t be separated by open sets (and hence contradict the fact that 5[0,w;) is
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Hausdorff). Towards this goal we will show that every neighborhood of p intersects
every neighborhood of ¢q. Let N, be a closed neighborhood of p and consider
Np N [O, wl).

Claim: N, N[0,w;) is unbounded. Suppose, towards a contradiction, that it is
bounded by & € wy. Then N,N[0,w ) is a closed subset of compact [0, . It follows
that N,N[0,w1) is a compact subset of Hausdorff 3]0, w1 ), thus it’s closed in 5[0, w1 ).
However, this would mean that N, \ (N, N [0,w1)) is an open neighborhood of p
missing [0, w;), which is a contradiction since [0,w1) is dense in §[0,w;). Therefore
N, N [0,w;) is closed and unbounded.

Similarly if N, is a closed neighborhood of ¢ then N, N [0,w;) is a club. Since

any two clubs necessarily intersect, it follows that N, NN, # (). Hence p and ¢ can’t
be separated by open sets. This contradicts the fact that 5[0, w) is Hausdorff, and
we must conclude that there aren’t two distinct points in 5[0,w;) \ [0,w1). So the
one-point compactification [0,w;] is the only compactification of [0, wq).0
Theorem 15. Let w be the discrete space of natural numbers. Then Bw maps
continuously onto any separable compact Hausdorff space.
Proof. Suppose Y is a separable compact Hausdorff space, with countable dense
subset D. Let f :w — D be any bijection from w onto D. Then f is necessarily
continuous since X is w is discrete. Let F': fw — Y be a continuous extension of
f. Note: F(fw) 2 F(w) = f(w) = D, hence F(fw) is dense in Y. Also, since fw is
compact, consequently F'(Sw) is a compact subspace of Hausdorff Y; hence F'(fw)
is closed in Y. Tt follows that F(Sw) =Y. And therefore F maps Sw continuously
onto Y. L.

Corollary 16. |fw| > 2°.

Proof. It was shown that I’ is compact, separable and Hausdorff with cardinality
2¢. By theorem 15, there is a surjection from Bw onto I’. Consequently |Bw| >
It =2¢. O

Lemma 17. If X is separable Ts-space then | X| < 2°.

Proof. Let X be a separable T, space and D C X be countable and dense. Define
f:X -2 by flz) ={UND : 2z € U and U is open}. Let 2,y € X be
distinct, then there exist disjoint open U,V C X with x € U and y € V. Clearly,
UND € f(z), and if y € V’ open, then there is some p e VNV’ N D C V'ND but
p€UNDandsoUND ¢ f(y), in particular f(x) # f(y) and f is injective. Thus
|X| < [227) = 2¢.

Corollary 18. |fw| = 2°.

Proof. Follows from Corollary 16 and Lemma 17.

Theorem 19. Let Z be a compact Hausdorff space and X be a dense subspace of
Z. If every continuous f : X — I extends to some continuous f : Z — I then
7~ f(X.

Proof. By Corollary 13, 8X > Z. Now, for every f € C(X,I), f =mpofx : X — 1
is continuous and extends to a continuous 7} : Z — I. Define F : Z — I€(X:D) by
F =<7} >reox,n- F is clearly continuous and for each x € X and f € C(X,1I),

mi(x) = 7y o Bx(x) = f(z)
and so
F(z) =<7}(z) >recx,n=< f(x) >reccx,n= Bx(x)
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ie.,

FOlX =F rX :6)(
. Since X is dense in Z, F(Z) C F(X) = 8x(X) = 06X, and F : Z — X, hence
Z > BX. Thus Z =~ X by Theorem 6. (]

In the next 4 results, assume, as we may, that X C X and that the mapping
Bx : X — X is the identity on X.

Theorem 20. If X is normal, then any two disjoint closed subsets of X have
disjoint closures in BX.

Proof. Let H,K C X be closed and disjoint. Since X is normal, there exists
f: X — Isuch that H C f7%0) and K C f~'(1). f extends to a continuous

f*:BX — I, and so 7 ¢ f71(0) and K™ ¢ f71(1), thus the closures of the
two are clearly disjoint. |
Theorem 21. Let X be a normal space, and let H be a closed subset of X. Then
+OX 58X,

Proof Let f: H — I be continuous, then by Tietze Extension theorem, f extends
to a continuous F : X — I. By theorem 19, f extends to some continuous g :
BX — 1. So, g | HﬂX extends f. Since H is dense in H , applying Theorem 19
we get our result.

Corollary 22. fw is homeomorphic to a subspace of 3[0,1) also of OR.

Proof. Follows from Theorem 21.

Theorem 23. (3[0,1)\[0,1) is connected, and BR\R has ezactly two components.

Proof. (a) [0,1) \ [0,1) is connected.

Proof. Claim: If a € (0,1), then clgjo,1)([0,a)) = [0,a]. If a € [0,1), then [0,a] is
compact and so [0, a] is closed in [0, 1) = clgp,1)([0,a)) C [0,a]. Because [0,a) is
not compact (if a > 0), it is not closed in 30, 1), and so clg(9,1)([0, @)) must contain
a point of [0,a] \ [0,a) = {a}. Thus, clg1)([0,a)) = [0, a].
If a € (0,1), then [a,1) is closed and clgjg 1)([a, 1)) = B[a, 1); meaning,
B10,1) = clgjo,1y([0,a) U [a,1)) = [0,a] U Bla, 1),

and so
(1) B0, 1)\ [0,1) = ([0,a] \ [0,1]) U ([a,1) \ [0,1)) C Bla, 1) \ [a, 1).
0

IfieNleta;, =1— % and let C; = clgjo,1)([0, a;)). [as,1) is connected = C; =
clgp,1)([as, 1)) is connected, compact, and 3[0,1) \ [0,1) C C(a;), by (1).

[0 a,») C [0 ai+1) = [ai,l) D) [ai_H,l) = C(al) D) C’(ai+1),

therefore, C = N$2,C(a;) is connected, and 3[0,1) \ [0,1) C C.
Lastly, because [0, 1) is locally compact, [0,a;) is open in 3[0,1). [0,a;) open
and [0,a;) N[a;, 1) = 0 = [0,a;) Nelgp1)([ai, 1)) =0 = [0,a;) N C; = 0.

=10,1) N C = (U21]0,a;)) N C C U, ([0,a;) N C;) =0,

= Ccp0,1)\[0,1) = C=p[0,1)\[0,1)
. B[0,1)\ [0,1) is connected. O

(b) SR\ R has exactly two components.
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Proof. First note that [0,00) = [0,1) & (—o00,0] and so §[0,1) = [[0,00) =
B(—00,0] = F[0,00) \ [0,00) and [(—00,0] \ (—00,0] are each connected. Be-
cause R = (—00,0] U [0,00), AR = clgr((—00,0]) U clgr([0,00)). Both intervals are
closed in R, which means their closures are equivalent to there compactifications
= R = ((—00,0] U 3]0, >0); meaning SR \ R has at most two components.

Let D = [1,00) and E = (—o0, —1], by the same argument used to show (1) in
(a), Bl1, )\ [1,00) A1, 00)\[1, 50) and B(—o0, 0]\ (~00, 0] = F(~o0, 1]\ (~c0, 1]

[1,00) and (—oo,—1] are disjoint closed sets (in R ) and R is normal; thus,
81, 00) and B(—o0, —1] are disjoint = 3[1,00) \ [1,00) and B(—o0, —1] \ (—o0, —1]
are disjoint = R has exactly two components. (I

Now we will investigate the space Sw. We'll see that this space can be conve-
niently described as the space of all ultrafilters on w with a certain topology. First,
let’s recall the definition and a few facts about filters and ultrafilters.

Definition. A collection F of subsets of a set X is called a filter on X if:

(i) Whenever Fy, Fs, ..., F, € F, then (_, F; € F;
(ii) f Fe Fand FFC G C X, then G € F;

(i) 0 ¢ F.

In other words, a filter on X is a collection of nonempty subsets of X which is
closed under supersets and finite intersections.

Also, a filter F on X is called an ultrafilter if F is not properly contained in any
other filter on X. A trivial example of an ultrafilter on X is the collection of all
subsets of X containing a fixed element z in X . Ultrafilters like this are called fized
ultrafilters. A filter F is said to be free if NF = ). The Axiom of Choice is needed
to show the existence of free ultrafilters. A standard Zorn’s Lemma argument shows
that any filter on X is contained in an ultrafilter, so applying this to any free filter,
e.g., to the filter of co-finite subsets of an infinite set X, gets you a free ultrafilter
on X.

Theorem 24. Let F be a filter on X. Then the following are equivalent:

(a) F is an ultrafilter.
(b)) IfGC X and GNF # 0 for every F € F, then G € F.
(¢) For ever G C X, eitherG € F or X\ G € F.

Proof.
(i) (a) = (b).

Proof. Suppose F is an ultrafilter and G C X such that GN F # 0 for
every F € F. Let F/ ={F': F' D (GNF) for some F € F}.

Note:G C F’ because X € F and G D X NG, and F C F' because
F>(FNG)VFeF

(isnotin F' forif Fe F, FNG # () = if F' € F', then F’ contains a
nonempty set.

If F{,F},...F! € F' choose Fy,Fs,...F, € F such that F/ D F;NG. It
follows that

N FL D Ny (FiNG) = (N F)NG.

Because F is a filter, N\, F; € F = N, F! € F'.
If HC X and F' € F' such that H D F’, then H D F' D FNG for
some FFe F,= H € F'.
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= Fisafiterand FCF =F=F = G c F.

(i) (b) = ()

Proof. Suppose G C X. If G and X \ G are each not in F, then there is
E e Fand F € Fsuch that ENG=FN(X\G)=0== (ENF)NG =
(ENF)N(X\G)=0= (ENF)NX =0 = F is not a filter. O

(iii) (¢) = (b).

Proof. By contrapositive, if F is not an ultrafilter, there is G C X and an
ultrafilter 7/ O F such that G € F’'. This means X\G ¢ F' = X\ G ¢ F.
O

Theorem 25. Let p € fw \ w, and let
Fp={UnNw:U is a nbhd of p}.

Then:

(i) Fp is a free ultrafilter on w
(i) p#q=Fp # Ty
(1i1) If F is a free ultrafilter on w, then there is a unique p € pw\ 3 with F, = F.
Proof.
(1)Fp is a filter on w:
- Since w is dense in Bw by corollary 2, U Nw # @ for any neighborhood U of p.
Thus 0 ¢ F,
- If Fy, F> € Fp, let U; be neighborhoods of p such that F; = U; Nw for i =1,2.
Then U; NU; is also a neighborhood of p and thus F; N Fy = (U1 NU2) Nw € F)
-If F e F,and F C G Cw, let U be a neighborhood of p such that F' = U Nw.
Then U U G is a neighborhood of p and G = (UUG)Nw € F,
Fp is an ultrafilter:
-fGCwand GNF # 0 for all F € F, and G ¢ F,, then for every F' € F),

F¢gGandso FN(w\G)#0. Thus p € ™ n mﬁw, but by theorem 20, this
set is empty. Thus, by theorem 24, F,, is an ultrafilter

Fp is free:

- If x € w then since fw is T5, there exists an open U containing p such that
x¢U. Then p ¢ UNw € F, and thus NF = ()

(ii) If p # ¢ then since fw is Th, there exist disjoint open sets U and V with p € U
and g € V. Then UNw € F, and VNw € F, would imply (UNw)N(VNw) =0 € F,.
Similarly, V Nw € Fy and U Nw ¢ Fy so Fp, # Fy

(iii) If F is a free ultrafilter on w, let 7/ = {F C Bw : F € F}. Then F' has
the f.i.p. since F is a filter and so by compactness of Sw, NF’ # (). Choose some
p € NF'. Then for every open U containing p and F' € F, UNF # () since p € F.
Thus (UNw)NF =UNF #{ for every F' € F and so by theorem 24, U Nw € F.
Thus F, C F and so since F,, is an ultrafilter, F, = F. O

Theorem 26.
(i) If A C w, then 4™ =AU{pefw\w: A€ F,}
(i) For each A C w, A% s clopen in fw
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(i1i) The collection {Zﬁw : A Cw} forms a base for fw.

Proof.

(1) Clearlyﬁﬁwﬂw =A Let B={pefw\w:AecF,}. If pec Bthen A€ F,
so for any neighborhood U of p, UNA = (UNw)NA € F,. Thus B C a%
Conversely, if p € (fw \ w) \ B then there exists a neighborhood U of p such that
(UNw)NA =0 and thus p ¢ A% and so ZBW\A C B. It follows that A7 = AUB

(if) If A C w then A and w\ A are both closed in w and so A% and w \ A are
disjoint by theorem 20. Given any p € Sw \ 8, F, is an ultrafilter by theorem 25
and so either A € F, or w\ A € F, by theorem 24. Thus p € a7 or pPE W\ Aﬁw
so A% Uw\A’Bw = fw

(iii) If U C Pw is open and p € U, by regularity there exists an open set V' such
that pe VCV CU. Let A=V Nw. Thenpe A =V c U. O

Now define a space as follows. The set for the space is
wU{F : Fis a free ultrafilter on w}.
Then for each A C w, define
A=AU{F:AeF}.
It is easy to check that, for any A, B C w, we have AN B = AN B. It follows that
{A:AcCuw}
is a base for a topology on the space.

Theorem 27. Define X = wU {F :F is a free ultrafilter on w} and define the
basic open sets as A = AU{F: A€ F}. Then this space X is homeomorphic to
Bw.
Proof. Define ¢ : X — pw by ¢|, = id, and o(F) = p where p € fw \w
with F = 7.

By Theorem 25, ¢ is well-defined and a bijection. By Theorem 26, {clg,(A) :
Acw} = {AU{pefw~w:AecF,}}isa basis for fw.

Now, o !(clg,(4) = AU {F, : AeF} = AU {F : AeF} =
WA U{F : AeF}) = AU {p: AeF,}. So pisahomeomorphism. O

We now explore some topological properties of fw. By compactness, every infi-
nite subset of w has a limit point in Sw, and said limit point must of course be in
Bw \ w, but we’ll see we do not have sequential convergence:

Theorem 28. No non-trivial sequence in w converges to a point of fw.
Proof. Let {a; : i € w} be a non-trivial sequence in w.
i. If A = {a; : i € w} is infinite, we then can choose a subsequence {a}};c.
such that a; = aj if i =j.
Let ap, af, ab, ... = c¢o, do, 1, di, ...
Let C = {Co, C1, C2, } and D = {do, d17 dg, }
So CND =, which implies that CND = @. Therefore {c¢; };c., and {d; }icw
cannot coverge to the same point. So {a;};c., cannot converge.
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ii. If A={a;:i € w} is finite, then because {a;};c,, is non-trivial, there must
bean o, v € w, with & # v such that {i:a; =a}and {j:a; =~}
is infinite. Then {a};c., and {7};c. are two subsequences converging to
different points, hence {a;} does not converge. O

Of course, the “interesting” points of Sw are the points of the remainder fw \ w,
which is often denoted by w*. Note that w*, being closed in fw, is also a compact
space. For each infinite A C w, let A* = 4™ A w*. Then by Theorem 26(ii),(iii),
the collection

{A* : A is an infinite subset of w}

is a clopen base for w*.

Lemma 29. Let A, B C w. Then:
(1) A* n B* = (A N B)%
(2) A* N B* = 0 < AN DB is finite;
(38) A* C B* iff A~ B is finite.

Proof.

(1) Wel, F € A* N B* <= AceFandBeF < AN B = F <
Fe (AN B)*.

(2) <=: Well, A* N B* is finite implies that AN B C w, so
(ANB)* = ANB ~w = 0.
= (by contrapositive) If AN B is not finite, then A N B is infinite. So
(AN B) N (Bw~w) # 0 by compactness. So (ANB)* = (AN B) ~w # 0.

(3) A*C B* iff A~ B is finite.
Claim: If 8 C w, then w* \ 0% = (w~ f)*.

ClHfFew ,thenfeForw~f € F. If F € w*\ (% then 5 ¢ F,
and so w N\ € F, implying F € (w \ 8)*. Sow* \ f* C (w~f)*.

I Fe(w~p), thenw~ 8 € F. So 8 & F, and hence F ¢ 3*. Then
F € w* \ (3%, since F has to be in w*. Then (w~ ) C w*~\ f* So
wt N B = (wNp)r O

Now from the claim, (A* \ B*) =
From (1), A*N(w~ B)* = (AN
Now A* C B* <= A"\ B" =
is finite. (from (2)). O

Definition. For A, B C w, we say that:

(1) A and B are almost disjoint if AN B is finite;
(2) A is almost included in B if A\ B is finite.

Of course, any disjoint family of subsets of w is countable, but:

Lemma 30. There is a pairwise almost disjoint family A of subsets of w of cardi-
nality c.
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Proof. 1t suffices to find such a family of subsets of Q. For each x € R, choose
a sequence {¢y nlnew Of rationals converging to z. Let Ay = {¢zn}tnecw and let
A={A, :x € R}. Tt is easy to check that A has the desired properties. O

Corollary 31. There is a family of c-many disjoint open subsets of w*; in partic-
ular, w* is not separable.

Proof. Let A be as in Lemma 30. Then {A* : A € A} is a ¢-sized pairwise disjoint
collection of open subsets of w*. O

Now we want to see a very strange property of Sw: it contains no nontrivial
convergent sequences at all. First, recall that a subset D of a space X is relatively
discrete if the subspace topology on D is the discrete topology. (Equivalently, D
being relatively discrete means that no point of D is a limit point of D; this should
be compared with the concept of D being closed discrete, which means no point of
the whole space X is a limit point of D.)

Lemma 32. If D is a countable infinite relatively discrete subset of a regqular
space, then there is a family of disjoint open sets {Uy : D € D} with d € Uy for
each d € D.

Proof. Let K = {k;}ico C X be relatively discrete. For each i € w define let
U; C X be an open set such that U; N K = {k;}. For each i € wlet V; C X be
open such that k; € V; C V; C U;; this is possible since X is regular. Let Wy = V.
For each i > 0 in w, let W; = Vi\U,_.,V;

i<i Vi The family {W; : i € w} satisfy the
conclusion of the lemma. OJ

Now our “no convergent sequences in Sw” result follows quite easily from:

Theorem 33. If D C fw is countably infinite and relatively discrete, then D ~ 3D.

Proof. Let {Ug : d € D} be a family as in Lemma 32. Let f : D — [0,1]
be continuous. Note: since D is discrete, any function is continuous. Let A =
Ugep (UsNw) and define a function f*: A — [0,1] as follows: if n € Uy define
f*(n) = f(d); this is well defined since the family {Uy : d € w} is a collection of
disjoint sets, and every i € A is in a Uy for some d. Since A ~ A, there is an
extension ' : A — [0,1] of f*. For each d € w d € Uy Nw, this implies that D C A4,
and therefore D C A. Note: If d € w then f* = f(d) on a dense subset of Uy.
Therefore F' | Ug = f(d). In particular F(d) = f(d) for all d € w. Therefore f |5
extends f to a continuous function on D. By corollary 13, D ~ 3D.[]

Corollary 34. fw contains no nontrivial convergent sequence.

Proof. Suppose towards a contradiction that D = {x; : i € w} is a nontrivial
convergent sequence in fw converging to the point p. Then {z; : i € o} would be
a relatively discrete countably infinite set whose closure is {p} contrary to the fact
that the closure is homeomorphic to SD. .

Lemma 35. FEvery infinite Hausdorff space contains an infinite relatively discrete
subset.

Proof. Let X be an infinite Hausdorff space. Without loss of generality, assume X
has no isolated points, and so every nonempty open subset of X is infinite. Choose
xo # xy € X. Since X is Hausdorff, let Uy, Uj C X be disjoint and open with
xo € Uy and x, € U} respectively. Inductively, for w > i > 0 since U/_; # (), it is
infinite, so choose x; # «; € U/_; and disjoint open U;, U/ C U/_, with z; € U; and
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x} € U] respectively. Let Y = {z; : i < w}. Then since {U; : i < w} is a pairwise
disjoint collection of open sets, Y is relatively discrete. ([l

The following says that closed subsets of Sw are either small (finite) or very big
(cardinality 2°).

Theorem 36. Fvery infinite closed subset of fw (or w*) contains a copy of fw.
Proof. This theorem follows from Theorem 33 and Lemma 35. U

Lemma 37. If Ay, A1, Ao, ... are infinite subsets of w and A,+1 C* A, for all
n € w, then there is an infinite A C w such that A C* A,, for alln € w.

Proof. First, let us see that C* is transitive. Suppose A C* B and B C* C, then
A\ C C [A\ B]U[B\ C] which is finite, and so A C* C. Next, let us see that
N, A; is infinite for every n < w. An\ ﬂ?;olAi C Uz;_ol [A,, \ A4;] which is finite
by transitivity of C*, and so N}, A; is infinite for every n < w. To finish off the
lemma, Let 29 € Ag. By induction, for n > 0, [N, A;] \ {z; : i < n} # 0 by above,
so pick @, € [N Al \ {z; : i <n}. Let A= {z, : n <w}, then A is infinite and
for every n < w, A\ A,, C {z; : i < n} which is finite and hence A C* A,, for every
n < w. ]

Remark. An A satisfying the conclusion of Lemma 37 is sometimes called a
pseudo-intersection of the A,,’s.

Theorem 38. FEvery non-empty Ggs-set in w* has non-empty interior.

Proof. Let Uy, Uy, Us,... be open sets in w* s.t. [,c,, Un # 0. Let p € (,,c., Un.
Let A§ be a basic open set such that p € Af C Uy. Then p € A NU;. Let
AT C AjNU,y. If Af, AT, ..., A} have been defined let Ay, be a basic open set such

that p € A, C (ﬂAf [(YUn+1. Then A5 D A7 2 ---. So, Ag 2 Ay D* ---.

i=1
By Lemma 37, there is an infinite A C w such that for all n € wA C* A,,. Therefore
(Vn € w)(A* C A%), hence A* CNU,. O

Definition. A point p in a space X is called a P — point if every Gs-set con-
taining p is a neighborhood of p. (Equivalently, the intersection of countably many
neighborhoods of p is again a neighborhood of p.)

Theorem 39. Assume the Continuum Hypothesis (CH). Then w* has a P-point.
Proof. Assuming CH, 2¢ = w;. Let {A,}a<w, be an enumeration of all infinite
Ay C w. Let B, = w\ A,. Define a collection of basic open sets {C*},<., as
follows:

Let Cj = Aj. Assuming C} has been defined for all 8 < a such that Ng<oCj #
0, let C;; be a basic open set such that C; C A% N (Ng<aC}) if this set is nonempty
or C C B, N (Np<aC}) otherwise. Note that since A, U By = w, one of these is
always possible.

{C*}a<w, is a decreasing sequence of basic open sets and since these sets are
clopen, there is a point p € Ny<y, Ck. If there is a collection of open sets {U; C
w*|p € U;}ticw, choose a(i) such that p € AZ(i) C U, for every i < w. It follows
that p € C7 ;) for every i <w. Then if v = sup, {a(i)}, p € CF C NicuCy;) C
Ni<wUs, 80 Ni<,U; is a neighborhood of p and p is a P-point. 0

Lemma 40. FEvery infinite compact Ty space has a non-P-point.
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Proof. Let X be a space as in the hypothesis. Then by Lemma 35 there exists a
relatively discrete subset Y = {z,, : n < w} of X. Now, Ny X \{zn} = X\Y isa
G's-set. Since X is compact and Y is relatively discrete, there exists z € Y\ Y. And
sox € X \'Y but x is not in the interior of X \ Y, and thus is not a P — point. O

Definition. A space X is said to be homogeneous if for any x,y € X, there is a
homeomorphism A : X — X such that h(z) = y.

Theorem 41. Assume CH. Then w* is not homogeneous.

Proof. Immediate from Theorem 39 and Lemma 40. O

Lemma 42. Suppose X, Y C pw and XNY = w. Then X X Y is not
countably compact.

Proof. Look at N = {(n,n) :n €w}. Now, X x Y C fw X fw. If N has a limit
point, then that point will be on the diagonal, (since the diagonal in a Ty-space is
closed). But (n,n) are isolated points. [

Definition. If X C R, then to say that X is a Bernstein set means that if K is
an uncountable closed set in R, then X and R\ X meet K.

Lemma 42.1. If H C R is uncountable and closed, then |H| = 2%

Proof. Let U = {U C H} such that U is relatively open and countable in H. Being
a subset of R, H has a countable basis and so there exists V a countable subset of U
such that UV = UUY. It follows that U = UV is countable and open in H; therefore,
H\ (UU) is a closed uncountable subset of R with no countable neighborhoods (and
thus, no isolated points). Let K = H \ (UlA).

Note, that if K contains a nondegenerate interval in R, then | K| = 2¥, so presume
that K contains no such interval; hence, K has a base of clopen sets. Let U(())
be a bounded clopen set in K and build a Cantor Tree {U(0)},ec2<« of nonempty
relatively clopen sets in K such that Vo € 2<%,

U(c™0)uU(c"1) = U(o)
U(c™0)nU(e"1) = 0

If f €29 NuewU(f [n) # 0 because {U(f I,) : n € w} is a decreasing collection
of nonempty closed (in K and R) and bounded sets in R, thus we can choose
zf € MpeuU(f n). {zf: f €2¥} C K and has a one-to-one correspondence with
2% therefore |K| = 2%. O

Lemma 42.2. There are 2* many closed uncountable subsets of R

Proof. R has a countable base, hence |7| = 2%, where 7 is the topology on R.
Because each open set corresponds to a single closed set, the collection of closed
subsets of R also has cardinality 2¢.

We know there are at least 2 uncountable closed subsets because [{[0,a] : a >
0} = 2v. O
Theorem 42.3. There is a Bernstein set
Proof. Let {Hy}aeaw denote the collection of all closed uncountable subsets of R.
Inductively, choose o, Yo € Ho \ Ug<a{zs,ys} such that z, # y, (we know that

two such points exist because H, has size 2¥ and Ug<o{x3, yg} has size less than
20 ). Let X = {xq}acoe and Y = {y4}ac2w. By definition, X NY = ), and if
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«a € 2%, then both X and Y meet H,; thus, Y C R\ X and both X and R\ X
meet every uncountable closed subset of R. (I

Corollary 42.4. R contains a non-measurable set.

Proof. Let B be a Bernstein set and let C = BN [0,1]. Recall that if A C [0,1],
then the outer measure of A is defined as

AA) =inf({\U) : ACU, U is open in [0, 1]}).

If U is open and C C U, then [0,1] \ U misses C; thus, because [0, 1] is closed, and
C' is a closed subset of a Bernstein set and [0,1], [0,1] \ U is countable meaning
AU) =1.

Similarly, [0,1] \ C is the subset of a Bernstein set (R \ B) and [0,1] so if U is
open and contains [0, 1]\ C, A(U) = 1.

It follows that C' and [0, 1]\ C are disjoint subsets of [0, 1] and A(C)+A([0, 1]\C) =
2 > A([0,1]), therefore, C' is not measurable. O

The Michael line X is the real line R with the irrationals isolated, and rationals
having their usual Euclidean neighborhoods.

Example 42.5. Let X be the Michael line, and let P be the irrationals with the
usual Euclidean topology. Then X is a paracompact Hausdorff space whose product
with the separable (complete) metric space P is not normal.

Proof. Tt is easy to see that X is Hausdorff, that it has a base of clopen sets,
and that these two facts imply X is regular. Thus, to show X is paracompact, it
suffices (by a result in first year topology) to show that every open cover U of X
has a refinement V = J,,.,, Vn, where each V, is locally finite. Given U, there are
countably many members, say V7, Vs, ... such that Q C UnEw\{O} V,. For n > 0,
let V,, = {Vi.}, for let Vo = {{z} : @ € R\ U,;c\ (0} Vor- It is easy to check that
each V), is locally finite, and that V = J,,,, Vn refines U. So X is paracompact.

To see that X x P is not normal, let H = {(z,z) : € P} and K = Q x P. Tt is
straightforward to check that H and K are disjoint closed sets in X x IP. Suppose
U is an open set containing H. We’ll show that U N K # (), thus proving X x P is
not normal.

The proof uses the fact that P (with the usual topology) is Baire (being com-
pletely metrizable). For each x € P, there is some n, € w such that {z} x (z —
1/ng,x + 1/n;) C U. For each n, let A, = {x € P : n, = n}. By the Baire
property, there are an integer k and an interval (a,b) such that Ay is dense in
(a,b). Choose ¢ € (a,b) N Q and p € (a,b) NP with |¢ — p| < 1/k. There are
pn € Ag with p, — ¢ and |p, — p| < 1/k for each n. Then the point (p,,p) is
in {pn} x (pn — 1/k,pn + 1/k) C U for each n, while (p,,p) — (¢,p) € K. Thus
UNK # 0. O

Example 42.6. There is a reqular Lindeloff space X, and a separable Baire metric
space M, such that X x M 1is not normal.
Proof. Let B be a Bernstein subset of R. Define X to be the real numbers with
points of B isolated and all other points having usual neighborhoods.

Claim 1. X is regular Lindelof.

Proof of Claim 1. X is regular, because B is dense in X and thus the set
{(a,b) :a < b, a,b € B} U{{b}:b e B} provides a base of clopen sets for X.
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To show that X is Lindelof, let & be an open cover of X. If z € X \ B, let
U, € U that contains = and let O, be a Euclidean open neighborhood of x such
that O, C U,. U{O, : x € X \ B} is open in the Euclidean sense, so we can choose
A, a countable subset of {O, : z € X \ B}, such that UA = U{O, : z € X \ B}. UA
is an open set that contains X \ B, therefore R\ UA is a closed subset of R as well
as a subset of B. R\ UA must be countable because no uncountable closed subset
of R can be contained in B. Thus, {{b} : b € R\ UA} is a countable collection and
is in fact a collection of open sets (recall that {b} is open in X if b € B). So we
have that AU {{b} : b € R\ UA} is countable open refinement of U covering X.

Claim 2. X x B, with B having the Fuclidean topology, is not normal

Proof of Claim 2. The proof of this claim is similar to the proof that the Michael
line crossed with the irrationals is not normal. All that must be shown is that B
with Euclidean topology is a Baire space. See Theorem 70 for the proof of this. [

Definition. A subset A of the irrationals P is said to be concentrated about the
rationals Q if every open superset of Q contains all but countably many points of

A.

Lemma 42.7. Assume the Continuum Hypothesis. Then there is an uncountable
subset A of the irrationals P which is concentrated about the rationals Q.

Lemma 42.8. Let A be an uncountable subset of the P which is concentrated about
Q, and let X = QU A with points of A isolated. Then X x P is not normal.

Proof. Let H = {(a,a)la € A} and K = Q x P. Let U be an open set containing
H. We show U N K # (). For every a € A, choose an n, € w such that {a} x (a —
i,aJr i) CU. Let Ay = {a € Aln, = k} C w, and fix a k € w such that A
is uncountable. Since A is concentrated Ay has a limit point in Q, for if not there
would be an open set about Q missing uncountably many points in A. Choose
q € Q and a,, € A such that a,, — ¢. Then there is some p € P in (¢ — %,q + %)

and for such a p, (¢,p) € UN K. Thus X x P is not normal. O

Corollary 42.9. Assume the Continuum Hypothesis. Then there is a regular
Lindelof space X whose product with the irrationals is not normal.

Proof. Let X be the space of Lemma 42.8, which by Lemma 42.7 exists assuming
CH. It is easy to check that X is a regular Lindeldf space. O

Lemma 43.

(a) There is a subset X of w* such that X and w*\ X meet every infinte closed
subset of wk.
(b) If X is as in (a), then w U X is countably compact.

Proof.

(a) Note that {A*|A C w} is a base for w* of cardinality 2* and so there are at
most 22° = 2¢ many open subsets of w*. Thus if H = { Infinite closed subsets of
w*}, we may enumerate H = {Hq }a< for some x < 2°.

Choose distinct zg,yo € Hy. Proceeding inductively, assume {zg,ys3}s<a are
all distinct and z,ys € Hg for every 0 < «. By theorem 36, |H,| = 2° and
since |Ug<a{z3,ys}| < 2¢ we may choose distinct zq, Yo € Ho \Ug<a{zs,ys}. Let
X ={z0}a<r and Y = {ys}ta<wk- Then Y C w*\ X and for every a < k, X N H,
and Y N H, are nonempty.
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(b) If Y C X is infinite then there is some countably infinite relatively discrete
Z C Y by lemma 35. Z is infinite and closed and thus uncountable by theorem 36.
Thus Z' = Z \ Z is also closed and infinite and so X N Z’ # (). For any p € X N 7,
p is a limit point of Z and thus also a limit point of Y in X. O

Theorem 44. There are countably compact spaces X, Y C fw such that XNY = w
and hence X XY is not countably compact.

Proof. Immediate from lemma 42 and lemma 43. (I

Theorem 45. If X,,, n € w, are sequentially compact, so is e, X,.

Proof. This follows immediately from Theorem 47 since w < w; < t. g

Definition. Let a be an ordinal. A sequence Ag, # < a, of distinct infinite
subsets of w is called a (decreasing) tower of length a if § < v < « implies A, C* Ag.
If an infinite set A has the property that A C* Ag for every § < «, we call A a
pseudo-intersection of the tower {Ag : § < a}. We then define t to be least cardinal
k such that there is a tower of length « with no infinite pseudo-intersection.

Obviously, t < ¢. It follows from Lemma 37 that t > w;.

Theorem 46. Assume Martin’s Axiom. Then t = ¢

Proof. Assume Martin’s Axiom. It has been shown in Lemma 37 that t > w.
Clearly t < ¢. We will show that t = ¢, by showing that any tower of length x € ¢
has a pseudo-intersection.

Suppose k € ¢ is an infinite ordinal. Then MA(k). Let A; D* Ay D* --- is a
tower of length k. Let P = {(¢, F') : ¢ is a finite sequence of distinct elements in w,
F C k is finite}. Define a relation < on P in the following manner. For any pair of
elements (¢, F'), (d,G) € P we say (¢, F) < (d, G) iff the following three properties
are satisfied:
(i) ¢ extends d
(i) GCF
(iii) If i € (dom €) \ (dom d) then ¢; € A, for all a € G.

Claim: (P,<) is a ccc partially ordered set. Antisymmetry and reflexivity of <
are clear. To show transitivity: Suppose (¢, F) < (¢, F') < (¢, F"). Note: ¢
extends ¢’ and F O F”. Suppose i € (dom ¢) \ (dom ¢”’). If i € dom ¢ then
since (¢, F') < (¢”, F") we have that ¢; € A, for all a € F”. If i ¢ dom @ then
since (¢, F) < (¢, F’), we have that ¢; € A, for all « € F/ DO F”. Hence < is
transitive and a partial order. To show that it’s cce, suppose {(Cq, Fi)taca 1s an
uncountable collection of elements from P. Since there are only a countable many
finite sequences of w, it follows that there is a 3,7 € £ such that 3 # v and ¢g = ¢,.
The element (¢g, Fg U F) is an element in P which is less than both (¢,, F,) and
(€s, F). It follows that the uncountable collection can’t be an anti-chain.

Define the following families of subsets of P. For each i € w, let D; = {(¢, F) : i €
dom ¢}. For each a € &, let V, = {(¢,F) : a € F}. We will show that each
of these is dense. Let (¢,F) € P, and let « € k. Then (¢, F U {a}) € V, and
(¢, FU{a}) < (¢, F). Tt follows that for every « € k V, is dense. Let (¢, F) € P
and i € w. If i ¢ dom € then extend ¢ be choosing distinct elements from the infinite
set (Jyep Aa, call such an extension €. Then (¢, F) < (¢, F) and (¢, F) € D;. It
follows that for all i € w, D; is dense. Note: the collection of all D;’s and V,’s is
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a collection of < xk many dense sets. Let F be a filter in (P, <) which intersection
each of them.

Note: If (¢, F),(d,G) € F then either ¢ is an extension of d or d is an extension
of ¢ for the following reason; Since F is a filter there is an element (z, K') which
is less than both... hence the sequence Z extends both d and ¢, so one must be
an initial segment of the other. Define a sequence as follows: For each i € w let
(¢, F) € D;NF and define x; to be the i*" term in €. Such a sequence is well-defined
by the previous remark.

Claim: {z; : i € w} is a pseudo-intersection of the tower. This set is clearly infinite,
since each finite sequence consisted of distinct elements in w. We will show that for
any a € K the sequence {z;} is eventually in A,. Let a € k. Let (b,G) € V, N F.
Let N = |dom b|. Let (¢,F) € Dyy1 NF. Let (a,K) be an element less than
both (¢, F) and (b, G). Then for any i > N i € dom @\ dom b so ¢; € A, for all
v € G. In particular, since a € G, ¢; € A,. It follows that the tail of {z;} is in
Aq. So {x;} is almost contained in each member in the tower, hence the tower has
a pseudo-intersection.

It follows that t # x. Thus t =c¢. O
The following is a strengthening of Theorem 45.

Theorem 47. The product of fewer than t-many sequentially compact spaces is
sequentially compact, and the product of t-many sequentially compact spaces is at
least countably compact.

Proof. Let k < t. For i < w let x; = (2;0) € Ma<xXo. By sequential compactness
of Xy there is some infinite Ay C w such that (2;0)ica, — Yo for some yo in Xo.
Similarly by sequential compactness of X7, there is some infinite A7 C Ag such that
(z41)ica, — w1 for some y; in X7. Consequentially, (x;0)ica, — Yo as well.

Proceeding by transfinite induction, assume Ag has been defined for all 8 <
a < k such that A, C* Ag when § < v < a and (zi3)ica, — yg € Xpg (and
consequentially, (7;5)ica, — ys). If a = y+1 then since A, is infinite, by sequential
compactness of X, there is an infinite A, C A, such that (z;q)ica, — Yo for some
Yo € Xo. If a < tis alimit ordinal then by definition there is some infinite A C* Ag
for every 8 < a and by sequential compactness of X, there is an infinite A, C A
such that (2;4)ica, — Yo for some y, € X,. This defines A, for all « < .

If k < t then as above, there is some A C* A, for all « < k. Thus if y = (ya),
(xi)ica — y and so I1, <. X, is sequentially compact. If K = t, let O be a basic open
neighborhood of y. Then O = Il,crOqn X Ilogrp X, for some open neighborhood
Oy C X, of y, and finite FF C k. Then sup F' < t and so there is an infinite
A C w such that (Zjn)ica — Yo for all @« < sup F. Thus O contains some (in
fact, infinitely many) x; and so y is a limit point of {x;|i < w}. Thus Iy« X, is
countably compact. (I

In particular, since t > wq, the product of wi-many sequentially compact spaces is
always countably compact. The following related problem is a well-known unsolved
problem (the “Scarborough-Stone problem”):

Problem. Is the product of any family of regular sequentially compact spaces
countably compact?

The regular assumption is in there because there is known to be a collection of
Hausdorff sequentially compact spaces whose product is not countably compact.
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Definition. A subset F of a space X is called a zero-set in X if F = g=1(0)
for some continuous g : X — R . (It is equivalent to say, instead of F = g~1(0),
that F' = g=1(C) for some closed C' C R.) The complement of a zero-set is called
a cozero-set.

Remark. In a perfectly normal space, every closed set is a zero-set (by a theorem
from first-year topology—see Theorem 42 in my MH 7500 theorem list).

Lemma 48.

(a) Each point of a completely regular space has a neighborhood base of zero-sets
and an open neighborhood base of co-zero sets;

(b) Every zero-set F in X is closed and a reqular Gs set;

(¢) In a normal space, the zero-sets are precisely the closed Gy sets.

Proof. (a) Suppose X is completely regular and z € X. For every closed set C' such
that = ¢ C, let f.: X — [0, 1] be continuous such that f.(z) =0 and f.(C) C {1}.
We will show the collection Z = {f1([-1/2,1/2]) : © ¢ C closed } is a base
at x. Let V be open and z € V. Let K = X \ 'V, then 2 € f'((—1/2,1/2) C
FH([=1/2,1/2)). Sinee £ (=1/2,1/2)0(X\V) € fi(=1/2,1/2)n (1) = 0,
it follows that = € f5'([~1/2,1/2]) C V. This also shows that {f5'((—1/2,1/2)) :
x ¢ C closed } is an open neighborhood base of co-zero sets.

(b) Suppose F is a zero set. Let f : X — R such that f~1(0) = F. For each
i € wlet Uy = f~1((—1/i,1/i)). Clearly F C N,c, Ui € e, Ui- To show
the other inclusion, suppose ¢ F. Then f(x) > 0 and there is an ¢ such that
x ¢ fH[-1/i,1/i]) 2 U; 2 U;. Thus e, Ui € Nyeo, Ui € F.

(¢) By (b), every zero-set is closed and Gs. Suppose X is normal, and F' is closed
Gs. Say F' = (),c,, Un, where U, is open. Let f, : X — [0,1] be continuous such
that F C f,1(0) and X \ U,, C f,;1(1). Let f = X,ewfn/2". Then f is continuous
and it is easy to check that F' = f=1(0). So F is a zero-set. O

1EW

In the following results when relevant, we always assume X C 5X.

Lemma 49

(a) If F,G and zero-sets, so is F UG

(b) If F,, is a zero-set for each n € w, then F = NyeuFy is a zero-set;

(¢c) If F is a zero-set in X andY C X, then FNY is a zero-set in'Y;

(d) If F and G are disjoint zero-sets, then there is a continuous f : X — [0,1]

with F = f~1(0) and G = f~1(1);

(e) Disjoint zero-sets in X have disjoint closures in 5X.

Proof. Observe that if F' is a zero-set in X then we can assume that there is an
f: X — R such that F = f~1(0) and that f(X) C [0,¢) for any ¢ > 0.

(a) If F = f~1(0) and G = g~ *(0) where f,g: X — R are continuous, then fg
is continuous on X and F UG = (fg)~1(0)

(b) Assume f,, : X — R is continuous with f,(X) C [0,27™) for every n € w
and F,, = f,1(0) for every n € w, then f = _ f, exists and is continuous on
X and Npeo By = f71(0).

(c) Let f be continuous such that F' = f~1(0). Thenif Y C X, fly : Y — R is
continuous and FNY = (fly)~1(0)

(d) Let f,g: X — R be continuous with F' = f~1(0) and G = g~(0). Define
h = ﬁ, then since F'N G = (), h is defined everywhere on X and is continuous.

new
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It is also clear that h(x) = 0 iff x € F and h(z) =1 iff v € G, so F = h=1(0) and
G = h~1(1). (SORRY for not writing up your function James)

(e) Let F,G be disjoint zero-sets in X and h be as in (d). Then there exists
H : 3X — R extending h and so F C H~!(0) and G C H~'(1), thus e ¢
H-10)NnH-1(1)=H Y0)nH (1) =0. O

Definition. A z-filter in X is a collection F of zero-sets satisfying:

(i) 0 ¢ F;
(11) Fi,Fh e F=FNF, eF,;
(iii) If F € F and G is a zero-set containing F', then G € F.

A maximal z-filter is called a z-ultrafilter.

Theorem 50. Let X be a completely regular space, and for each p € X*, let
Fp={FCX:F isazero setinX(mdpEFﬁX},

Then:

(a) Fp is a z-ultrafilter in X ;

(b) If F is a zero set in X, then X~ Fu {pe X*:FeF,};

(¢) The collection {SX \Fﬁx : F'is a zero set in X} is a base for the topology
of BX;

(d) For each cozero set U in X, let

Ex(U)=UU{pe X" :3IF € F,(F CU)},

then Ex(U) = X \ (X \ U)BX, and {ExzU : U C X, U is cozero} forms
a base for BX.

(e) For a cozero subset U of X, Ex U is the largest open subset of BX whose
intersection with X equals U.

Proof. (a) First check that F,, is a z-filter in X. It is clear that conditions (i) and
(iii) are satisfied. To see (ii) is satisfied, let Fy, Fy € F,. By 49(b) F is a zero-set in
X. Suppose p & F1 N FQﬁX, then by 48(a) let Z be a zero-set neighborhood of p in

BX with ZNFy N FggX ={. By 49(C) ZN X is a nonempty zero-set in X and we
have ZNXNFINFy = (ZNF)N(ZNFy) = 0 each of which are zero sets in X by
49(b). However, p € Z N FlﬂX NnzZnN FgﬁX, a contradiction and so p € F} N FQBX
hence Fy N Fy is in F, and F,, is a z-filter. Now to see that 7, is maximal, let F
be filter with F, C F and G € F. Let U be open in X with p € U and by 48(a)
let F’ be a zero-set neighborhood of p contained in U. Then F = F'NX # 0 is
a zero-set in X and is clearly in F, and soisin F. So ) # FNG C UNG, i.e.
pE G and G e Fp. Hence G C F,, and F), is a z-ultrafilter on X.

) F =FU{peBX\X:peF "} =FU{pepX\X :FeF}

———8X

(d) Let U be cozero, and let U’ = X \ X \ T If pe Ex(U) (p ¢ X), then

there is F' € F, such that F' C U. X \ Uis a zero set (because U is cozero), thus F'

———BX
X ﬂX\Uﬁ = (). Hence,

and X \ U are disjoint zero sets in X, which means F'
pelU'. . Ex(U)CU".

If p € U’ then there is F’, a zero set neighborhood of p in 8X such that F’ c U’
(By Theorem 48). Let F' = F' N X; hence, F' is a zero set in X (by Theorem 48)
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and F*" contains p because F' = F' N X is dense in Intgx(X) and p € Intgx (X).
Lastly, FC XNU' c X\ X\U C U, thus p € Ex(U). .. U' C Ex(U)
S Ex(U)=U"
58X . . =BX . .
Because {X\X \U = :Uis cozero in X} = {BX\F =~ : F is a zero-set in X}
it follows from part (c) that this forms a base for 5X.

An alternative proof for part (d) not requiring cozero property of U
(ie Ex(U) = X \ (X \X) VU(U open in X ).

(d) Again, let U = X \ (X\U)BX. If p € U’, then there is F, a zero
neighborhood of p such that FF C U’. Let F/ = F N X, then F’ is a zero-set in X,
and

FcXnUcX\(X\U)cU.
Because p € Intgx (F) and F” is dense in Intgx (F), ¥ contains p, which means
F' € F, -.U CExU).
If p € Ex(U), there is F' € F, such that FF C U. Let f : X — [0,1] such that
f710)=F. X\U is closed in X and f(z) > 0Vz € X \ U, thus glb(f(X \U)) >0

— BX
= glb(mp (X \U ")) = glb(f(X\U)) > 0 =mr({p}),
which means p ¢ X\UBX =pelU'. - Ex(U)cCU".
S Ex(U)=U".
(e) If U is a cozero subset of X and V is an open subset of X such that V' 2 ExU
then by part d, V 2 X \ (X \U) . Taking complements, X \V C X\ U

and so since SX \ V is closed, BX \ V 5 X \ U. Thus there exists some z € X \ U
such that x ¢ X \V andsox € V. Thus VNX #U. O

Definition. A continuum is a compact connected Hausdorff space. A continuum
is indecomposable if it cannot be written as the union of two proper subcontinua.

Remark. Many topologists include the adjective “metrizable” in the definition
of a continuum. The Knaster continuum, or buckethandle continuum, constructed
from the Cantor set by joining certain pairs of points with semicircles, is an example
of an indecomposable continuum in the plane.

Theorem 51.A4 continuum is indecomposable if and only if every proper subcon-
tinuum is nowhere dense.

Proof. First, show the if direction by contraposition. Assume X is a decomposable
continuum and that X = H U K where H and K are proper subcontinua of X.
Then ) # X \ K C H, hence H is not nowhere dense in X. Now to show the only
if direction, by way of contradiction, assume H C X is a proper subcontinuum of
X with int(H) # (). Since X is indecomposable, X \ int(H) is not connected, so let
X \int(H) = M UN where M and N are mutually separated. Note that each M
and N are closed and so HUM and HUN are closed and X = (HUM)U(HUN).
Look at each connected component of M in X \int(H). By the ”To the Boundary”
theorem, each of these components intersect bd(int(H)) C H and so H U M is
the union of connected subsets each having nonempty intersection with H which
is connected and so H U M is connected, hence a subcontinuum of X. Similarly,
H U N is a subcontinuum of X, a contradiction, hence every subcontinuum is
nowhere dense. ]
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Let H be the half-line [0, 00). By Theorem 23, H* = SH\ H is a continuum. Our
goal now is to prove that it is indecomposable.

Lemma 52. Let O be open in H such that 0 ¢ O and H \ O is unbounded. Then
there are a,, b, € H with ag < by < a1 < by < as < ... such that O C | ap,by).

Proof. This is clear if O is bounded, so assume that O is unbounded. Let ay = 0,
29 € O such that zy > ag. Pick cg € H\ O such that ¢y > max{zg,1}. Since ¢y €
H \ O there is an open interval (by,a;) such that cq € (bg,a;) C H\ O. Proceeding
inductively, choose z, € O with 2, > a,, ¢, € H\ O with ¢, > max{z,,n + 1},
and by, a,1 € H\ O with ¢, € (by,a,11) CH\ O. Then O C |J an,by). O

nEw(

nEw(

Lemma 53. Let K be a proper subcontinuum of H*. Then there are a,, b, € H
with a, < b, < apy1 for all n such that:

(a) If O = Upew(@n,by), then K C Ex O;
(b) IfU ={ACw: K Cclga(U,calan,bn])}, then U is an ultrafilter on w.

Proof. (a). If O = U (an,by) then K CEx O. Let x € H* \ K and U,V open in
new

BHsuch that K CU,z€VandUNV =0. Let U = UNHand V' = VNH.
Now V' is dense in V, so W'BH = V’@H, which implies WﬁH NH* # 0, and hence
V' is unbounded in H.

Now V C SH ~\ UBH, so V' CH~ WH, which implies H ~\ WH is unbounded in H.
WLOG assume O ¢ U. By Lemma 52, there exists af, < b, < a} < ... such that
U' c U (al,,b)). Set O = U (a),,b)). Then U C Ex (O) (by lemma 50e.), and

new new

hence K C Ex (O).

(b). If A C w, the define Cy = Un € Alay,by]. Then show U = {A Cw:
K C @ﬁH} is an ultrafilter.
(i.) @ € U This is clear.

(ii.) U is closed under supersets. This is also clear.

(iii.) U is closed under intersections.
Suppose A and B are elements of U. Since (ANB)U(ANB) = A, then

H BH . .
K C CA\Bﬁ UCung . So K must be in one or the other since C4p

and Canp are closed and disjoint. (Therefore C’A\BﬁH N CAmBﬁH =0. K
is connected, so K is in exactly one of them.)

If K ¢ Cap, then K ¢ Cpg, becuase C4p, and Cp are closed disjoint,
hence B ¢ U, a contradiction. So therefore K C Can B'BH, and therefore
ANBelU.

(iv.) U is an ultrafilter.

If A Cw, then K C C’iAﬁH U C’w\AﬁH = 6%1. Because C4 and C,._4 are
closed disjoint, then CT;ﬁH NC, ABH

= (. So K is in exactly one, because
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K is connected, so for every A C w either A € U or w~ A € U. Hence U is
an ultrafilter.

Theorem 54. H* is indecompossable.

Proof. To show H* is indecompossable it will be shown that each proper subcon-
tinuum of H* has empty interior.

Suppose that K is a proper subcontinuum of H*. Recall from Theorem 52 that
it may be supposed for each i € w that a;,b; € H such that a; < b; < a;41 and
O = Ujeu(ai, b;) is a cozero set in H such that K C Ex(0O). For each A C w, let
Ca = Ujealas, b;]. From Theorem 53, it is known that Y = {A Cw : K C ﬁgH}
is a free ultra filter on w.

Because O = Ujey[ai, bs] is closed in H, o™ is essentially SO; because K C
Exz(0)\O c 0" and Ez(0)\ O is open in H*, it follows that Inty-(K) = Inty- K).
Therefore we may restrict our focus to SO and view K as a subcontinuum of O

It will be shown that if the interior of K is not empty, then SO is not regular,
and thus not 75 and compact.

Suppose that Intg(K) # () and let p € Intg-. Let Q = [\ Ints-(K). 0" is
closed in 30 and Q is closed in O, therefore, Q is closed in 30 and p ¢ Q. Choose
U and V to be sets open in 8O such that p € U and Q C V.

Let A= {i cw:UnN]a;b;] # 0}.

Claim 1: A is unbounded. UNH C Cy = Ex(U) C fC4. p € U C BC4
= C4 NH* # () = C4 is unbounded in H = A is unbounded in w. O

Claim 2: There is B C w such that B ¢ Y and BN A is infinite. Let A’ and
B be two infinite sets that partition A. A’ UB = A € U and U is an ultrafilter,
which means A’ € U or B € U. Without loss of generality, assume A’ € U. Because
A'NB=0, B¢U, hence, B C w such that B ¢ U and BN A = A is infinite. [

Let B be as described in Claim 2. Because U is an u.f. and B¢ U, w\ B € U

S KCOphp =KNnCs " =0
= 05"N0" c O\ K C Q. Foreach i € B, UNla;,b] # 0 = UnNCp is

unbounded = U N 036005* is a nonempty subset of Q = UNQ # O = UNV # ().
O

Let I be the unit interval [0, 1], and let M = w x I, where w has the discrete
topology (so, M is homeomorphic to a topological sum of countably many unit
intervals). Note that M is homeomorphic to a closed subspace of H. It follows that
OM and M* = M\ M are homeomorphic to subspaces of SH and H*, respectively.

Now let u be a free ultrafilter on w, and let

I, = AxI"
A€u

Theorem 55. Let u be an ultrafilter on w, and let I, = ﬂ mﬁM, then:
Acu
(a) I, is connected;
(b) Every proper subcontinuum K of H" is contained in a subcontinuum of H
homeomorphic to 1, for some ultrafilter u.
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Proof. (a) Suppose not. Then I, = H U K for some non-empty, closed, disjoint
subsets H and K of M. Now let O; and O e disjoint open sets in SM such that
H C O;and K C O3, and look at O "M and O, N M.

Claim: A; = {n:0; N ({n} xI) # 0} € u.

— M

If Ay € u, then w \ A € u, since v is an ultrafilter, and I, C (w~ A1) X ]Iﬁ .
Also Oy MM C A; xLso O COxM " c i xT™" So A, xT'" N I, #0,
which implies A; € w. Similarly Ay = {n:0s N ({n} xI) # 0} € wu.
Let A3 = A1 N Ay. For each n € Az, pick <n, 2, > € ({n}xI)~ (0O1UO3). Take

ﬂ {<n, z, >}iIZHA. This is non-empty, so pick x € ﬂ {<n, z, >}£IZHA.
Acu; ACAs A€cu; ACAs
Then z € I, \ (O1 UO2), which is a contradiction, since I, is a subset of O; U Os.
So I, is connected.

(b.) Let K be a proper subcontinuum of H*. Let a,, b, be as in Lemma 53, and u
- B/M
as in Lemma 53b. Then by Lemma 53b, K C m U [an, bn) ~ T,. O

A€uneA

Definition. Let (z,)ne. be a sequence of points in a space X, and let u be a
free ultrafilter on w. We say that a point p in X is a u-limit of (xp,)ne, if for every
neighborhood N of p, we have

{n:z, € N} €u.

In this case, we write p = u — lim,, x,,.

Theorem 56. Let X be a compact Hausdorff space, and let u be an ultrafilter on
w. Then every sequence (Tp)ncw 1 X has a unique u-limit in X.

Proof. Equivalently let s : w — X be a sequence, we need to show that s has a
unique u-limit in X. Now, suppose X has no u-limit. Then for every z € X, let
U, be an open set such that z € U, and s~ }(U,) € u. Then X \ [s7(u)] =
s7H(US) € u. So {Uy,}zex is an open cover of compact space X. So let {V;}Y, be
the finite subcover. So since ViUV, U...UVy =X, then VF¥NVsiN...NVG = 0.
So = s7HVENVEN...NVE) = s~HVE)Ns (V) N...Ns™H(VE) € u, which
is a contradiction. So s has a u-limit in X.

For uniqueness, suppose z; and zo are both w-limits of s in X. Since X is
Ts, let Uy and Uy be open, Uy N Uy = () with 2y € Uy, 29 € Us. Now ) =
sTH UL NU,) = s71(U1) Ns™1(Us) and since both s71(U;) and s~ (Us) are in u,
so is their intersection, so @ € u, a contradiction. Hence the u-limit is unique. [

Some facts on I,,...

Now that we know that {7, : u is an ultra filter in w}is the collection of all cut
points of I, define the following order on I,: @, < y,, if and only if {n: z, < y,} €
u. It follows that

Az = {fu <N, Tn >neu€ M}v

is dense in I, and its relative topology is the order topology (as defined above).
Interestingly, no countable sequence in Az can limit to 1, =< n,1 >, cq.
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Theorem 57. For a sequence < T, >pe, of points in 1, let ¥ =< (n,2,) >new
be the corresponding sequence in M, and for an ultrafilter u on w, let Z, be the
u-limit of © in M. Then Z, € I, and T, is a cut point of I, if and only if
{new:0<z, <1} €u.

Proof. Let A € w and T, € O, open. Since A’ = {n : (n,z,) € O} € u, there is

some i € AN A" and so (i,2;) € ON{i} xI C Ax1I ie., &, € AX ™. This is
true for all A € u, hence ¥, € I. Let

M
I[’/U. = OAEU[UnGA{n} X [van)]s C Hu

and

AM
HZ = mAEu[UneA{n} X (l‘n, 1]] C Hu

To see that I/, UT/ = I, assume by way of contradiction that p € I,, and not in

I/, UI’. Then there is some V open with p € V and VN(I,,UI") = (). From this there
M M

is some A € u such that V 1 (Unealn} x [0,20)] U Unea{n} x (@n 1 ]]”9 =0
Since [Unea{n} x [0,2,)]U[Upea{n} x (z,,1]] is dense in A x I, VNAx T ™ =0,
ie. p ¢ 1,, a contradiction. To see that these sets are mutually separated (save for
Zy), let p € I, be distinct from Z,. Let O be open with p € O, O 'ﬁM =0,
and let A={ne€w:0N{n} xI+# 0} €wu Then for each n € A there are some
x), and x! such that z], < z, < z/) and ON{n} x 1 C {n} x ([0,2]) U («,1]).

Note that since M is normal and O’ = Upeca{n} x [0,2/,] and Upeca{n} x [z,,1] are

disjoint closed sets in Ml they have disjoint closures in /M and hence @BM NI = 0.
Similarly, WBM NI, = () where O” is defined in a similar way to O’. From this
=78M | =7 AM o ——BM  ——BM ..

O NO""" =0 and it is clear that O C O’ UO”" . So p is in one and only
one. Assume p € @BM, then p € O\WﬁM which is open and misses I/, and p € I,
Similarly, if p € 07" then p € I/ and not a limit point of I'. Finally, we shall show
that both I/, and I!/ are both nonempty if and only if A = {n:0 <z, < 1} € w.
Let A € u. Then it is clear that the u-limit of < (n,0) >,e.€ I}, and the u-limit
of < (n,1) >neu€ If;, hence both are nonempty. Now for the other direction,
assume by way of contradiction that A ¢ u. Then since u is an ultrafilter, either
A ={n:0=uz,} or A” = {n:z, =1} is in u. Without loss, assume A’ € u.
Then I, C Uyear{n} x 0 = 0. O

Reminder: when we talk about a compactification aX of X, we continue to
assume that X C aX and that the map a: X — aX is the identity on X.

Definition. A completely regular space X is Cech complete if X is a Gs-set in
some compactification aX of X (equivalently, o X \ X is an F,-set in aX).

Remark: Every locally compact completely regular space is Cech complete, since
locally compact spaces are open in any compactification. The irrationals are G
in the one point compactification of the reals, so they are Cech complete. We will
soon see that in fact any completely metrizable space is Cech complete.

Lemma 58. If aX and vX are compactifications of X, and f : aX — vX is a
continuous function with f|x = idx, then f~1(yX \ X) = aX \ X.

Proof. f~1(yvX\X) C aX\X is clear since f|x = idx. Given x € X, suppose there
is some y € f~1(x) with y € aX \ X. By Ty, there are disjoint open U,V C aX
with x € U and y € V. Then there is an open W C vX such that X "W =X NU
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but for any '’ € VN X, 2/ € U and so &’ ¢ W, contradicting the continuity of f.
Thus for any x € X, f~!(z) = z. O

Theorem 59. If f: X — Y is continuous onto, then TFAFE

(a) f is closed.
(b) If y €Y and U is open in X such that f~1(y) C U, then there is V open
in'Y such thaty € V and f~1(V) CU.

Proof. (b) — (a): Let C be closed in X. If y ¢ f(C), then f~1(y) c X\ C,
which is open, and by our assumption there is V open in Y such that y € V and
V) c X\C=Vnf(C)=0. Thus Y \ f(C) is open in Y meaning f(C) is
closed in Y.

(a) — (b): Suppose f is closed. Let y € Y and let U be an open set in X such
that f~1(y) C U. Thus X \ U is closed in X meaning f(X \ U) is closed in Y and

y & f(X\U).
Let V be open in Y such that y € V and VN f(X \U) = 0. Thus f~(y) C
vy cu. 0

Definition. A continuous mapping f : X — Y is called a perfect mapping if f
is closed, onto, and f~1(y) is compact for every y € Y.

Theorem 60. If f : X — Y is perfect, then f~*(K) is compact when K is compact.

Proof. Let U be an open cover of f~1(K). If y € K, then f~!(y) is compact and
we can choose U, to be a finite open subcover of f~1(y) from U. f~!(y) C UU, and
[ is closed, so we can choose V,, open in Y such that y € V,, and f~1(V,) C Ul,,.
Because {V(y) : y € K} covers K and K is compact, we can choose y1, %2, ..., Yn
such that {V,,,V,,,..., V. }. Let U’ ={U e U : U € U,, for some i =1,2,...,n}.
U’ is a finite subset of U and if z € f~(K), then f(z) € K = f(z) € V,, for some
i=1,2,...n=>z€ f1(V,) C U, CUU;thus U covers f~(K).

. f7Y(K) is compact. O

Some notes on perfect maps...

Perfect maps preserve paracompactness in both directions. In fact if f : X — Y
is closed, then Y is paracompact if X is paracompact. To go the forward direction,
a result of Michael is used, which states a regular space is paracompact iff every
open cover has a closure-preserving closed refinement.

For the reverse direction, suppose U is an open cover of X. If y € Y we can
choose V,,, a neighborhood of y , such that f=*(V,) C U, and U, C U is finite.
Applying paracompactness of Y, we see that there is a locally finite open cover of
V of Y such that if V € V, then f~!(V) is contained in the union of a finite subset
UWV) of U. Then {f~*(V)NU :V €V, and U € U(V)} is a locally finite open
refinement of U.

Theorem 61. The following are equivalent for a completely regular space X :

(a) X is Cech complete;

(b) X is a Gs-set in fX;

(c) X is a Gs-set in every compactification of X ;

(d) X is a Gs-set in every completely reqular space in which it is densely embed-
ded.

Proof. (d) — (¢) — (b) — (a) is obvious
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(a) — (b): If X is G in some compactification X, let X = N;,U; where each
U, is open in aX. If 8X is the Stone-Cech compactification of X, then there is a
map f : X — aX such that f|x =idx. Let V; = f~1(U;). Then V; is open in
BX and X C V; for every ¢. If b € 8X \ X then f(b) € aX \ X by Lemma 58 and
so there is some k such that f(b) € Ug. Thus b € Vi, and so b & N;<,V;. Thus
X =N;<,V; and so X is Gy in BX.

(b) — (c): If X is Gs in BX, let X = N;<,U; where each U; is open in X. If
aX is any other compactification of X, then there is a map f : X — «aX such
that flx =idx. Let V; = aX \ f(6X \ U;). Then V; is open since X is compact
Ty, and X C V; since f(BX \ U;) C aX \ X by Lemma 58. If a € aX \ X, then
a = f(b) for some b € X \ X by surjectivity of f and Lemma 58. Thus there
is some k such that b ¢ Uy, and so a € f(8X \ Ux) and a € N;<,V; C Vi. Thus
X =nN;<,V; and so X is G5 in aX.

(¢) — (d): Let X C Y be dense and Y be completely regular. Then Y has a
compactification C and considering X C Y C C, C is also a compactification of X.
Thus there are open sets U; in C such that X = N;.,U;. Letting V; =Y NU;, V;
isopenin Y and N, V; =Y N (N ,U;)) =Y NX = X. O

Theorem 62. The following are equivalent for a completely regular space X :

(a) X is Cech complete;

(b) There is a sequence Uy, U1, Ua, ... of open covers of X such that: whenever
F is a filter of closed sets such that for each n there is some F, € F with
F, C U for some U € Uy, then (F # 0.

Proof. (a)=(b). Let X be be Cech complete. Then X is G in some compactifica-
tion aX. Let X = ﬂ U; where U; C aX is open. Let U; be a cover of X such

1EW
that for every U € U;, U C Us.
If F is such a filter, then by compactness of X, there exists p € ﬂ 7 Note
FeF
pE EQX C Ui, so p € X, which implies p € (| F.

(b)=(a). By contraposition, assume X is not Cech complete, and for every i € w
let U; be an open cover of X. For every i € w and U € U; let U’ C X be open
such that U'NX = U. For every i € w let V; = Uyey, U, then by assumption there
exists p € Nie Vi \ X. Look at F = F, U{C C X : C is closed and C contains a
member of F, }, a filter of closed sets on X. Fix i € w, then since p € V;, there exists
U; € U; such that p € U]. Since 3X is completely regular, p has a neighborhood
basis of zero-sets, and so there exists a zero set F/ C X such that p € F] C U/
and so, F; = F/NX C U; and F; € F. So, for every i € w there is some F' € F such
that for some U € U; F C U, but NF C NF, = 0. Hence, no sequence of covers as
in (b) exist for X.

Exercise 1. The Sorgenfrey line is not Cech complete.

Proof. Let S denote the Sorgenfrey line and U; be an open cover of S for every
1 € w. We claim there are points p € S and a; € S and open sets U; € U; such that
[a;,p) C U; for every i € w, which may be found as follows:

Pick any Uy € Up. Since Uy is open there are ag, by € S such that [ag, by) C Up.
Proceeding inductively, if i € w and a;, b; have been defined, since U; 1 covers S,
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there is some U;11 € U;41 such that (a;,b;) N U;11 is nonempty and open. Choose
@i+1,bi+1 such that [a;41,b,41) C (a;,b;)NU;11. This defines a; and b; for all i € w.
Since {[a;, bi] | i € w} is a nested collection, there is some p € N;ew[as, b;]. It follows
that [a;, p) is a nonempty subset of U; for all i € w.

Let F = {closed C C S| C D [z,p) for some z < p € S}. Then F is a filter of
closed sets satisfying the property of Theorem 62, but NF C Ny<plz,p) = 0. Thus,
by Theorem 62, S is not Cech complete. ([l

Excercise II. The tangent disk space is Cech complete.

Proof. Let X denote the tangent disk space and U be a cover of X by basic open
sets and U; = U for each i € w. Let F be a filter of closed sets such that for every
n € w there is some F,, € F with F,, € U,, € U,,. There are two cases:

- If there is some G € F such that G NR = (), then for every FF' € F, FNG is a
nonempty bounded (and thus compact) subset of R?. Thus NF # 0.

- If not, then for every F € F, FNR # (. Since Fy C Uy, Fo NR = {p} and
since FNFy € F, FNR D {p} as well. Thus p € NF. O

Theorem 63. Suppose X is metrizable. Then X is Cech complete iff X is com-
pletely metrizable.

Proof: (=) Suppose X is Cech complete. Then X is a dense subset of a completely
metrizable space X. By 61(d) a Cech complete space is G4 in any completely regular
space it’s densely embedded in. So X is Gy in X, hence X is complete.

(<) Suppose X is completely metrizable. For any n € w let U,, be an open cover of
X by sets of diameter < 1/n. Suppose Fis a filter of closed sets such that for any
n € w, 3F, € F such that F,, C U € U,, for some U in U,,. Let G,, = N;<, F;. Then
Gop 2 Gy O --- is a decreasing sequence of closed sets and diameter of G,, — 0. So
Mpew Gn # 0. In fact there is a p € X such that {p} = NG, = NF,,. We will show
that for every F' € F that p € F. Suppose that there is an F' € F such that p ¢ F.
Since p € G, and the diameters of the G} s approach 0, there is an m € w such
that G,, N F = . But both G,, and F are in F. O

Corollary 64. Let X be completely metrizable, and A C X. Then A is completely
metrizable iff A is G5 in X.

Proof:  (+) Done in Math 7500. (=) Suppose A C X is completely metrizable.
Then A is dense in A. Therefore it’s G5 in A, and since every closed subset is Gs,
it follows that A is G5 in X. So A is G5 in X. O

Theorem 65 (a) If X is closed or a G5 subspace of a Cech complete space Y, then
X is Cech complete.

Proof: Suppose X is Gs in Y. Since Y is Cech complete, Y is G5 in Y. Thus
X is G5 in clgy (X). Hence X is Cech complete. Suppose X is closed in Y. There
exists open sets {U,; }icw of BY, such that Y = (U;. Then (U; Nclgy (X)) = X
so X is G5 in clgy (X). So X is Cech complete.

Theorem 65. (b) If X,, is Cech complete for each n € w, then ¢, X, is Cech
complete.

Proof. Let Y,, be a compactification of X,, for each n. Then there are open sets
Un,; CY, for each i € w such that N;c,Un; = X,,. Also, I1,,¢.Y,, is a compactifica-
tion of M,e, X,. Let m; : I,e, Yy, — Y; be the it" projection and V,,; = 7,1 (U,;).
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Then V,,; is open and Nie,Vii = penYr X X X s Yy = 7, 1(X,). Thus

n

NijewVij = HpewXp 50 e Xy, is Cech complete. [l
Theorem 66. w“! is not Cech Complete.

Proof. It will be shown that w“? as a subset of the compact space (w + 1)** is not
G, and therefore not Cech complete.

Suppose that U; C (w4 1)“* is open for each i € w. Pick f € N;e,U; and for
each i € w let B; be a basic open set such that f € B; C U;.

For each i € w, let a; denote the least upper bound of the support of B;. The
support for a basic open set is finite, thus «; < w for each i € w and v = sup({q; :
i € w}) <wp. Let G C (w+ 1)¥* to which g belongs if and only if g, = f, for
each a < v. G C Nye,B; and G contains the point h, where h, = f, if @ < 7
and hg = w if 3 > ~. Because a coordinate of h has value w, h ¢ w“'; hence,
NicwBi C Nie,U; and N;ewB; is not a subset of w*! (that is N;c,Us # w?).

O

Theorem 67. FEvery Cech complete space is a Baire space.

Proof. The proof of Theorem 66 follows from 61, 67, and 71(a) each of which is
proved independently of Theorem 66. If X is Cech complete, then X is a G
subspace of 5X and X (by 61) and X is dense in X by definition. 5X is compact
(and thus countably compact) so by 67, SX is Baire. It follows from 71(a) that X
is Baire. (I

Remark re Theorem 62: There is no ”decreasing sequence version” (as there is for
complete metric spaces) of condition 62(b) that is equivalent to Cech completeness.
To see this, note that if there were, then any completely regular countably compact
space would be Cech complete (since in a countably compact space, every decreasing
sequence of closed sets has non-empty intersection). But the countably compact
space we encountered in Lemma 43(a) is not Cech complete:

Theorem 68 Let X be a subspace of w* such that X and w*~ X meet every infinite
closed subset of w*. Then X is completely reqular and countably compact but not
Cech complete.

Proof. X is countably compact by earlier problems. Now if X were countable, then
X C w* sow*~ X contains a basic open set A* But Ax is closed infinite. Similarly
w* . X is also uncountable, a contradiction.

If X is Gs in w*, then X = [, Us, U; open in w*. So w* N\ Uj is a closed set
missing X, so it is finite. But |J,. w*\U; = w*\[U; = w*~\ X is countable,
a contradiction. O

P1EW

Theorem 69 Fvery reqular countably compact space is Baire.

Proof: Let X be a regular countably compact space, and {U,};<. be a collection
of dense open sets. Suppose U is an arbitrary non-empty open set. We will show
that there is a point in U N (U;. Let Vj be a non-empty open set such that
Vo € Vo C (UpNU); this is possible since X is regular. If V; has been defined for
all i < n, let V,, be an open non-empty set such that V;, CV,, C (U, N'V,,_1). Note:
since V; C U; and V; C U for each i € w, it follows that (\V; € NU; N U. Also,
Vo 2 Vi D Vo D--- is a decreasing chain of non-empty closed sets in a countably
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compact space, so (V; # 0. Let v € V; C U N U;. We have shown that (U,
is dense in X. Hence X is Baire. (]

There are separable metrizable spaces that are Baire but not Cech complete
(equivalently, not completely metrizable):

Theorem 70. Let B C R be a Bernstein set. B is Baire and not completely
metrizable.

Proof. Let B C R be a Bernstein set. B is not completely metrizable,

To show B is Baire, suppose U, is a dense open subset of B for each n € w. Let
I be an open interval in R. If n € w, let U], be open in R such that U} N B = Uy;
B C U/, thus U, is dense in R. Pick open sets Vy and V; such that Vo NV, =0
and Vo U Vi C I NUS. Inductively, if o : m — 0,1 and V, is defined, choose open
sets Vong and Vioag such that Vong N Voay = 0 and Vong U Vony C VL NUL.

U{nVy;, : f :w — {0,1}} is an uncountable closed subset of I N (N;e,U;), and
therefore both sets meet B; hence (I N B) N (NpewUn) = I N BN (Npe,U,,) # 0.
Thus Nypew Uy is dense in B. O

Theorem 71.
(a) If D C X is a dense G set and X is Baire, then D is Baire.
(b) If X has a dense Baire subspace, then X is Baire.

Proof. Part (a): Let D = N;c,U; be dense Gj in the Baire space X. Suppose
{W;}icw be a collection of dense open subsets of D and A is a nonempty open
subset of D. Let {V;}iec. be a collection of sets open in X such that V; N D = W,,
for each 7 € w and let B be an open subset of X such that BN D = A.

For each i € w, V; is an open set containing a dense subset of a dense subspace
of X, thus U; NV} is a dense open set in X. Hence, Q = N;ec,(U; N'V;) is dense in
X, and there is

p€ BN (Nicw(UiNVi)) = BN DN (NicwVi) = AN (NicwWi)

Part (b): The proof of (b) is similar to that of (a). Let D be a dense Baire
subspace of X. Choose {W,}.e,, first (where W; is dense open in X), and then let
V; = DN W,. Tt follows that {V;};c, is dense open in D, hence N;e,V; is dense in
D. D is dense in X, thus if B is open and nonempty in X, then D N B is open
and nonempty in B, which means N;c,,V; meets D N B. N;jc, Vi C Nie, W; and
BN D C B, thus N;c, W; meets B. O

Example 72. There is a subspace X C R which is Baire but has a close (hence
non-Gs) non-Baire subspace.

Example: Let C be the Cantor set, let I = [0, 1]. Note: I\ C is Baire by theorem
7la. Let E be the collection of endpoints of the intervals that generate C. Consider
X = (I\C)UE. Then X is Baire since I \ C is a dense Baire subspace of X. E
is closed in X since E¢ = (I \ C) is open. Each point of E is a limit point. E is
a countable union of singletons (which are no-where dense sets). Hence E is not
Baire. (]

Theorem 73. If X is Baire and Y is Baire and second-countable, then X x Y is
Bajire
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Proof. Let {O;}icw be a collection of dense open sets in X x Y. Let {B;};e, be a
basis for Y. Then the sets U;; = [[,(O; N (X x Bj)) are dense open in X: open
since [], is an open projection; it is dense sinceif U C X, U x B; is open in X x Y
so (U x Bj)N0O; #0.

Since X is Baire, there exists zg € ﬂ Uij. Define V; = {y|(zo,y) € O;} is

1,jEw

dense open in Y. It is open since if y € V;, then (xg,y) € O;, so there exists a
basic open set with (xg,y) € U x V' C O; which implies y € V C V;. It is dense
since if B; is basic open then since zg € U;;, there exists (zo,y) € O; N (X x Bjy)
so y € V; N B;. Thus there exists yo € (), Vi which implies (zo,%0) € (10;. O

1EW

Theorem 74. If X is Baire, and Y is reqular and countably compact or Cech
complete, then X XY is Baire.

Proof. (for countably compact) Let O, n € w be dense open in X x Y. We need
to show that the intersection of O,,’s is dense.

Let U x V be a basic open set in X x Y. Since X is Baire, U is Baire. Let {U,}
be a maximal disjoint collection of subsets of U such that for each « there exists
an open V,, with V, C V and U, x Vi, C Oy.

Claim: |J, U, is dense in U. Suppose not: Then there exists W C U, W open,
such that WN|JU, = 0. But then W x V is a nonempty open set such that
W x VNOg # 0. and choosing (x,y) € (W x V) N Oy, then there exists an open
W,V such that V, C V, (z,y)]inW, x V,,, and W, x V,, C Oy. But W, contradicts
the maximality of U,’s v/

Now for every a let {Uag}s be a maximal disjoint collection of open subsets
of U, such that for each [ there exists an open V,g such that V,3 C V, and
Uap x Vo C O1. Note: UUag is dense open in U, and U Uq,p is dense open in

B a,B
U. For each o, (let {Uyp,}, be a maximal disjoint collection of open subsets of

Uap such that ..., Vo3, C V... continue on in this way...
Now, assume we have defined all U’s and V'’s. Let W,, = U Uao, ary...;om -

QQ, A1,y...y Qp
Then W, is dense open in U. U is Baire, so there exists x € ﬂnew Wi. Sox € Uy,
and z € Uyg,a, , and ... ie. x is in some infinite sequence ag, a1, aq,... with
2z € Ung,a1,as,....a, TOr all n. We also have Vo oy a0....,a, sSuch that Uag.ar,a0,....0, X
Vao,ar,0m,an C On and Vi aq.a0,..0n C Vag,ar,as,....an, 50 Y is countably com-
pact, so there exists y € [ Vao,a1,0,....an - Therefore z,y € N O0,N{UxV).
O

new new

Let X be a space. Define a two-person infinite game on X, called the Choquet
game and denoted Ch(X), as follows. There are two players, Empty (E) and
Nonempty (NE). In the first round, E chooses a nonempty open set Uy, and NE then
chooses a nonempty open subset Vg of Up. In the n*" round, E chooses a nonempty
open subset U,, of V,,_1, and NE responds with a nonempty open V,, C U,,. There
is a round for every n € w. A play of the game results in a decreasing sequence

Up2Vo2U12V1i2U22 ...
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of nonempty open sets. We say that NE wins the game if (), ., U, # 0 (note that
MNhew Un = Npeco Va, since the sequence is decreasing). Otherwise E wins, i.e., E
wins if () . U, =0

ncw

A strategy for player E is a function o from finite decreasing sequences of
nonempty open sets (including the empty sequence) of the form

(Uo, Vo, U, Vi, ..., U, Vi)
to the collection of all nonempty open sets such that, for each n € w,
a((Uo, Vo, U1, Vi,...,Upn, Vi) C Vi
Such a strategy o is called a winning strategy for E if whenever
Uo, Vo, U, V1, Us, . ..
is an infinite decreasing sequence of open sets such that Uy = o (@) and
Uni1=0({(Uo, Vo, U1, Vi,...,Un, V)

for each n € w, then
defined analogously.

Obviously, E and NE cannot both have a winning strategy. But it is possible
that neither does; in such a case, we say the game is undetermined.

U, = 0. A strategy and winning strategy for NE is

new

Theorem 75. A space X is a Baire space if and only if E has no wining strategy

in Ch(X).

Proof. (<) Suppose X is not Baire. Let {U;};c. be a family of open dense subsets

of X such that m U; is not dense. Let W be an open, set such that WnN ﬂ U, = 0.
€W i€w

Have E choose W, = W. Let W; be an open set such that W, C Uy N Vg (W
having been chosen by NE). If V; has been chosen for i € {0, 1,...,n} choose W,, 1
open such that W41 C V,, NU,,.

Then (\W; C (Ui and N, Wi €Wy = W. Hence
is a Wirfning strateegy for E.

(=) Suppose X is Baire, and o is a strategy for E. We’ll show that o can be
defeated.

Let Uy be E’s first choice using . Then let {U,}, be a maximal collection of
disjoint open subsets of Uy such that, for each «, there is an open subset V, of
Uy such that U, = o(Up,V,). Suppose apa..., is some sequence of ordinals,
and Uygay..a; as well as Vyga,..a; have been defined for each i < n. Then let
{Uapay...ana o be a maximal disjoint collection of open subsets of Uyga, ..o, Such
that, for each «, there is some open subset Vioa,...ana Of Ungay...a,, Such that

Uaoal.“ana = U(U@) Va07 UOL(] ) Va()A,Oél PR Uaoal.“an b Vaoalu.ana)

Claim. For each n,

W; = 0. So this

1EW

W, = U{UT : T is a sequence of length n}

is dense in Uy.
We prove the claim by induction. Clear for n = 0. Suppose true for n. Let
O be any open subset of Uy, Then by the inductive hypothesis, O N W,, # 0, so
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V=0NUsas..a,_, 70 for some sequence ag, ay,...cen—1 of length n. Suppose V
misses Wiy41. Then V NUqas...0n_1a = O for every a. But then taking

U= U(U(D7 Vaoa Uam Voeo,ala ey Uaoal...an—wv)v

we get a contradiction to maximality of the collection {Unqay .0, 10 fa- This proves
the claim.

Since X is Baire, so is Uy, so we can find = € ,,c,, Wn. Since x € Wy =, Ua
and the U,’s are disjoint, there is a unique o with € U,,. Then since x € W3 and
{Uapa }o is pairwise disjoint, there is a unique ay with & € U,ya,. Continuing in
this way, we see that there is a unique sequence ag, o, ... such that € Uyyay...a,,
for each n. But then

U(Z)7 VOto7 Uozoa VOtoOél ) Ua0a1 b) Va0a1a27 e

is a play of the game with E using ¢ in which F loses. So ¢ is not a winning
strategy. (I

Theorem 76. If X is either Cech complete, or reqular and countably compact,
then NE has a winning strategy in Ch(X).

Proof. If X is regular, countably compact, then: If U, has been chosen by E let NE
pick some open V,, with V,, C U,,. Then (V,, is non-empty and sois (\V,, = (Uny.

If X is Cech complete, let U; be a sequence of open covers as in Theorem 62. If
E chooses U, since U,, is an open cover, then there exists U € U,, with UNU,, # (.
Let NE choose V,, such that V,, C UNU,. Let F = {C C X|C is closed, V, C
C for some n}. Then F is a filter of closed sets and for each n there exists V,, € F
with V,, C U € Uy,. So N F # 0 by Theorem 62, and F C (V. = (\Vn s0
NV, # 0.0

Theorem 77. If B is a Bernstein subset of the real line, then the game Ch(B) is
undetermined.

Proof. Since B is Bernstein, B is Baire and hence E has no winning strategy. It will
be shown that a winning strategy for NFE implies that there is a winning strategy
for E in the game Ch(R\ B), which contradicts the fact that R\ B is also a Bernstein
set and hence Baire (having no winning strategy).

For ease, C will refer to the set R\ B, and using the result of Theorem (?777)
proved independently of 70, it will be assumed that players restrict their choice to
sets of the form (a,b) N B or (a,b) \ B (where a,b € R and a < b), which forms a
base for B and C' = R\ B, respectively.

Suppose that v is a winning strategy for NE in Ch(B). Let Sy = (ag,bg) N
B, and denote 7(Sp) by To = (co,dp) N B. In a game for Ch(C), let o be
a strategy for E defined in the following manner: o(@) = Uy = (co, COJQFdO) \
B; if Uy, Vo,Uy, Vi,...U, is a sequence of play in Ch(C) determined by o, and
So,To,S1,T1, .. .50, Ty is a sequence of play in Ch(B) determined by 7 such that
T% = (Civdi) N B and Uz = (Ci7 ngdl) \ B and Si-i—l = (ai+1ybi+1) \ ‘/i; then if Vn =
(an+1,bn+1)\ B is an open subset of U, let Sp+1 = (an+1,bn+1)\Vy and let Tp, 11 =




7560 THEOREMS WITH PROOFS 33

(Cn+1, dn+1) = ’Y(So, To, . Sn, Tn, Sn+1) and define O'(UQ, Vo, Ul, Vl, ceey Un, Vn) as
(Cnsr, 2515081 )\ B,

It follows that if Up,Vp,... is a sequence of play in Ch(C) determined by o
then there is Sp, Tp, ... a sequence of play in Ch(B) determined by ~ such that
T; = (¢i,d;) \ U; and S;11 = (ajt1,bi+1) \ Vi. Because it is supposed that v is a
winning strategy for NE, N;c,T; # 0. However, since

diam(Ti4+1) < diam(Si+1) = diam(V;) < diam(U;) = %dz’am(Ti),

lim diam(T;) =0

1— 00
and therefore N;c,T; = {b} for some b € B; furthermore, because the prior inter-
section is a singleton, N;ey (¢, d;) = NicwT;. Of course NicwU; C Nicw(cs, d;) \ B,
which means N;e,,U; = 0; thus o is a winning strategy for £ in Ch(C). O

It is sometimes useful to know that one may assume a player is choosing from
a certain base B for X. Let Ch(X,B) denote the game in which both players
always choose a member of B. The next theorem implies that the game Ch(X, B)
is equivalent to the original game Ch(X) in the sense that a player has a winning
strategy in one game iff he/she has one in the other.

Theorem 78. Let B and C be bases for X. E has a winning strategy in Ch(X,B)
iff he has one in Ch(X,C).

Proof: Let o® be a winning strategy for E in Ch(X, B). We will define a winning
strategy for E in Ch(X,C). Let U} denote ¢®()). Choose an open set Uy = o () €
C contained in Uj. Suppose Vj € C is any NE’s response to Uy. Let Vj € B non-
empty such that Vj C V. Choose U; = o¢(Up, Vp) as a nonempty set in C contained
in U] = oB(U}, V). Suppose Uy, Us, ..., U, and V1, Vs, ..., V,,_1 have been defined.
Let V,, be any response by NE U,,. Let V! € B such that V] C V,,. Choose a basic
open set U,41 € C contained in the open set U, = o5(U}, V{,...,U,, V), and
let o¢(Uo, Vo, U1, Vi, ..., Upn, V). Then NU; € NU! and it follows that o€ is a
winning strategy for E in Ch(X,C). The other implication is shown similarly. O

Definition. A space X is said to be Choquet if NE has a winning strategy in
the game Ch(X).

Clearly, Choquet spaces are Baire. Sometimes Choquet spaces are called “weakly
a-favorable”. This terminology stems in part from the fact that in the literature
the players are sometimes denoted 3 and « instead of E and NE.

Theorem 79. The product of Choquet spaces is Choquet.

Proof. Let {X,}aex each be a family of Choquet spaces and let X = moexX,.
We will show that NE has a winning strategy in Ch(X, B) where B is the typical
product base for X.

For each a € ), let 0, be a winning strategy for NE in Ch(X,). Suppose U° is
the first choice for E in Ch(X, B). Let F° be the support of U° and for each o € F°
let V¥ = 0, (U2), where US = 7, (U?), and let V° be the corresponding basic open
set in X with support F°. Continue in this manner, so that if < U°, V°, ... U™ >
is a play in Ch(X, B) and F' is the support of U?, then for each a € F7\ (U;<; F?),
define V* as NE’s response to < U, V..., U? > in Ch(X,) using o,; this is a well
defined play, for if i < n, then F* C F*! (since U+l C U?), thus for each o € F™
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there is a unique j < n such that a € F7 \ (U;<;F?). Let V™ be the corresponding
basic open set in X with support F™ and let o(U°, VO, ..., U") = V™.

To show that ¢ is a winning strategy for NE, suppose that < U°, VY ... > isa
sequence of play determined by o. Let F = U;,F?, where F? is the support for
U’ (and subsequently V). If a € F, then there is j € w such that o € FJ\ U;; F*
and thus < UJ, VJ UJT! ... > is a sequence of play determined by o, which
means that ﬂiZjVé # 0; because for each i < j, V! = Ul = X,, it follows that
Nicw Ve = (Nic; Xa) N (Ni>; Vi) # 0. Furthermore, if o € A\ F, then V! = X, for
each i € w, and N;e,, Vi = X, # 0.

Since {V'};c., is a decreasing collection of basic open sets in X, we have that

NicwV" = Taexr(Micu V) # 0

Corollary 80. The product of Cech complete spaces is Baire.

Proof. By Theorem 76, a Cech complete space is Choquet, thus a product of Cech
complete spaces is a product of Choquet spaces, which is Choquet by the previous
theorem. A Choquet space is Baire, hence a product of Cech complete spaces is
Baire. O

Remark. Note that by Theorem 65(b) and Example 66, while a countable prod-
uct of Cvech complete spaces is always Cech complete, an uncountable product need
not be Cech complete. But Corollary 80 says it will still be Baire.

It’s time we saw an example of Baire spaces X and Y whose product is not
Baire. By various results above, neither X nor Y can be Cech complete, regular
countably compact, or 2"%-countable Baire. But we will presently see that there
are (necessarily non-separable) metrizable Baire spaces X and Y such that X x Y
is not Baire. The example is a nice application of stationary sets.

First let’s fix some notation. The spaces are going to be subspaces of w{, where
the set w; of countable ordinals is given the discrete topology. So points in wf
are functions from w to wi, or, equivalently, infinite sequences (in order type w)
of countable ordinals. Let w™“ denote the set of all finite sequences of countable
ordinals. If 0 € w, let

[cl={f€ewf:0C [}

Note that ¢ C f simply means that the infinite sequence f extends the finite
sequence o. It is easy to check that

B={[o]:0€wr®}

is a base for w¥. Also, for each f € w¥, the collection {[f [ n] : n € w} is a local
base at the point f.

For f € wy, let f* = sup{f(n) : n € w}. Of course, f* is a countable ordinal.
For A Cwy, let A* ={fewy: f*ec A}

Theorem 81.
(a) If A C wy is uncountable, then A* is dense in wy.
(b) If A and B are uncountable disjoint subsets of wi, then A* x B* is not
Baire.
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Proof. Part (a):

Suppose [o] is a basic open set. Let S be the support for [o] (i.e. S C w is finite
and 0 : S — wy). Let @ = max(c(S)). A is uncountable so there is § € A such
that 8 > «a; let f : w — wy such that f [s= 0o and f(y) = if v € w1 \ S. Thus
o C f,and f* = 8, which means f € [o] N A*.

Part (b):

Claim: Foreachi € w,if U; = {(f, g) € w{ xwf : max(f(i),g(i)) < min(f*,g*)},
then U; is open and dense in wf x w{.

To show this, suppose that (f,g) € U;, and pick j,k € w such that f(j) >
max(f(i),g(i)) and g(k) > max(f(i),g(9)). [f li+;] X [g Ti+s] contains (f,g) and
i (f,g") is also in [f 1oy % [f Tivkl, then £/(5) = £(0)s f/( + ) = FGi + ),
g’ (i) = g(i) and ¢'(i + k) = g(i + k), thus maz(f'(i),q' (7)) < min(f' (i +7),9' (i +
k) <min(f™,9") = (f'.g') € Ui = [f li+;] x [9 li+x] C Ui = U is open.

U, is dense for if o,y € wi*, then there is i € dom(c) Ndom(v) and there is o >
max(o(i),v(i)). Choosing f, g € w¥ such that f and g extend o and =, respectively,
by mapping all other elements in w; to «, it follows that (f,g) € [o] x [y] N U;;
meaning U; is dense in w{ x wf.

Continuing with the proof of (b). For each i € w, let V; = U; N (A* x B*), where
U, is as defined in the claim. U; is open in w{ X wy, meaning A* x B* is dense in U;
and V; is open in A* x B*. U, is dense in w$ xw{ meaning that V; is dense in A* x B*;
hence V; is dense open in A* x B* for each i € w. N;e,,V; = 0, for if (f, g) € A* x B*,
then f* # g* (since A*, B* disjoint), and assuming that f* < g¢* it follows that
there is i € w such that f* < ¢(i), hence max(f (i), g(i)) = g(i) ¥ g* = max(f*, g%),
which means (f,g9) ¢ Vi = (f,9) ¢ NjeuV; (a similar argument holds in the case
that f* > g*). O

Lemma 82. Let U be dense open in wy. For each o € wy*, choose an extension
ou of o such that [oy] CU. Then

Cy = {(5 S w1|V0 S 5<W(O'U € (5<w)}
is a club.
Proof. Let 8 be a limit point of Cy, ¢ € <, and @ = maxX,cdaom(o){o(n)}.
Note that @ < 8 and since 3 is a limit point and («, ] is open, there is some
v € Cy N(a,B]. Then 0 € v<¥ and v € Cy so oy € v<¥ C B<¥. Thus g € Cy
and Cy is closed.

Define a map f : wi — wi by £() = SUpyenee {MaXy ctomon {00 (0)}}. By
Thrm 44 from MATH 7550, D' = {a|Vy < a(f(y) < @)} is a club. Thus D =
{a € D'|a is a limit ordinal} is a club as well. If « € D and o € a<* then
Max,cdom(o)io(n)} =B < B+1<aso f(B+1) <a Thuso € (f+1)<“ and
MaX,edom(op)iov(n)} < f(B+1) < aso oy € < and o € Cy. Thus Cy is
closed and contains an unbounded set D, so Cy is a club. ([

Theorem 83. Let A be a stationary subset of wy. Then A* is Baire.
Proof. Let V; C A* be dense open and U; C w{ be open such that V; = U; N A* for
every i € w. Let [o] be a basic open set in w$. Note that Cy, is a club for every i € w
by Lemma 82 and so N;¢,,Cy, is a club as well. Choose a d € N;c,Cy,NAN{a € w;|a
is a limit ordinal} such that o € §<“. Choose an increasing sequence {«; }ie., such
that a; — J, and define a sequence {f;}ic,, as follows:

Take fo € 6<% such that fy extends oy, and ay € range(fo). Inductively, if
fi € 6<“ has been defined for all i < n, (fn—1)v, € 0<% and a; < § so choose
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fn € 0<% extending (fn—1)v, such that o; € range(f,). Note each f, extends
compatibly and so defines a function f = Upecwfn € 0 C w¢ and thus f* < 4.
Since f extends o and each (f;)v,,, i € w, f € [0] NNic,U;. Also by construction,
< f*so f*=6¢€ A Thus f € [o]NA* NN, Ui = ([o] N A*) N (N Vi) # 0.
Thus A* is Baire. O

Theorem 84. There is a collection M = {X, nla < wi,n < w} of subsets of wy
such that

(1) For eachn € w, Xon N Xgn =0 if a #f;

(i1) For each a < w1, w1 \ UnewXa n s countable.
Proof. For every a < wy let f, : &« — w be a one-to-one function. Define X, , =

{p>alfp(a) =n}. Ifa# B, XanNXgn ={p>aplfpla) = f(B8) =n} =10
since each f, is one-to-one. If & < wi, UpewXan D wi \ (a + 1) since for every
p>a, fp(a) =m for some m € w.

Remark. M is called an Ulam matriz for wi.

Corollary 85. There is an uncountable pairwise-disjoint collection of stationary
subsets of w1.

Proof. For every a < w; there is some n, such that X, ,_ is stationary, for if not
there is a club C), such that C,, N X,,, = 0 for every n € w and if C' = Ny, Ch,
C C w1\ UpewXq,n is countable. Thus there is an uncountable A C wy and a fixed
n € w such that n, = n for every a € A. Thus {X, ,|a € A} is an uncountable
collection of disjoint stationary subsets of wy. O

Corollary 86. There are metrizable Baire spaces X and Y such that X XY is not
Bajire.

Proof. This follows immediately from Theorems 81(b) and 83, and Corollary 85. [

Corollary. There is no countably additive measure p on {subsets of wi} such that
u({a}) =0 for every o € wy and p(wy) = 1.

Proof. Suppose p is such a measure. Then for every a < w; there is some n, such
that p(Xa,n,) > 0. Thus there is some uncountable A C wy and n € w such that
w(Xa,n >0 for every o € A. But {X, n|a € A} is a pairwise disjoint collection, so
p(wr) # 1. u

If X is a topological space, let C(X) denote the set of all continuous real-valued
functions on X. The compact-open topology on C(X) is denoted by Cj(X) and
is defined as follows. Let K C X, K compact, and let U be open in R. Let
[K, U ={feC(X): f(K) CU}. Then

B= {ﬂ [K;,U;] : K; compact in X, U; open in R}
i<n
is a base for Cy(X). (Alternatively, we could say that the [K,U]’s form a subbase
for the topology—a subbase is a collection of sets such that the set of all finite
intersections from the collection is a base.)

Let f € C(X), K compact in X, and € > 0. Let

B(f, K,e) = {g € C(X) : Vo € K(|f(x) — g(z)| <€)}
and let
C={B(f,K,e): f € C(X), K compact in X, e > 0}.
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Theorem 87. The two bases B and C are equivalent bases for Cr(X).

Proof. We first show that C is a base. Let g € B(f, K, e) and set § = supzink|f(x))—
g(z)| < e Well, B(g, K, §) C B(f, K,¢)sinceif h € B(g, K,e—0) then forall 2 € K,
|h(z) — f(x) < |h(x) —g(h)| + |g9(x) — f(z)] <e—F+J =€ SoCis abase. v

Suppose that f € m[Ki,Ui] € B;ie. that Vi <n, Vo € K;, f(z) € U;. Let
i<n
K = ﬂ K;. This is compact since is a finite union of compact sets. Now, for
i<n

each i <n let ¢; > 0 such that for all z € K, we have (f(z) —¢;, f(z)+€) C U,
(We can do this because of Lebesgue’s Theorem.) Let € = min;<p{€;}.

Claim: B(f,K,e€) C ()[K;,Ui].

i<n

If g € B(f, K,¢) then for every z € K, |g(z) — f(z)| < e. Let ¢ < n and suppose
x € K;. Then |g(z) — f(z)| < € < ¢;. Therefore, for all 4, g(x) € (f(z) — e, f(x)+
€;) C U;. Hence g € [K;,U;] for all 4. So g € ﬂ [K;,Us].v

i<n

Now suppose f € B(f, K,e). Note: f(K) is compact. Then for all z € K let
U, = (f(z) =%, f(z)+5). Let V, be an open set such that z € V,, C Vx C Ux
(since R is regular). So {V, }zeck is an open cover of f(K). Let {Vi,, Viy, ..., Vu, }
be a finite subcover. Note also that f~'(V,,)NK C K and that f1(Vx) is closed,
so therefore so is the intersection. Then K; = f~}(V,, N K is compact and

UKi = K.

 Claim: N[K;, Uy,] € B(f, K, ).

Suppose g € ([K;,Uyz,]. Then let z € K, and i < n such that x € K;. Then
F(&) — fe)l < ¢ and lg(x) — f(zo)] < e. Now f(K;) C Vi, C Uy, = (f(ai) -
5, f(xi)+%). From the triangle inequality we have | f(x) —g(x)| < |f(z)— f(z:)|+

[f(zi) —g(x)] <§+5 =€ O

Corollary 88. Let X be compact. If f,g € C(X), let d(f,g9) = supzex|f(z)—
g(x)|. Then d is a metric on C(X) which generates the compact-open topology.
Hence C(X) is completely metrizable.

Proof. Well, By(f,e) = {g : d(f,9) <e} = {g : sup|f(z) —g(z)| <€} =
B(f,K,¢). Every B(f,K,¢e) C B(f,X,¢). v And the rest is clear... O

A mapping f : X — Y is said to be compact-covering if whenever K is a compact
subset of Y, there is a compact L C X with f(L) = K.

If ¢ : Y — X is continuous, there is a natural induced mapping ¢, : Cp(X) —
Ci(Y) defined by ¢4(f) = f o q.

Theorem 89: Let g : Y — X be continuous and onto, and ¢4 : Crx(X) — Ci(Y)
the induced map.

(a) ¢q is continuous and one-to-one

(b) If ¢ is a quotient map, the ¢q(Cr(X)) is closed in Cy(Y);
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(c) If q is compact covering, then ¢4 is a homeomorphic embedding of Ci(X)
into Cr,(Y)

Proof.

(a) For one-to-one: Let f,g € Ci(X) such that f # g. So, there exists x € X
such that f(x) # g(x) which implies that since there exists y € Y such that ¢(y) =«
(because q is onto) that (f o ¢)(y) # (9 0 ¢)(y), and hence ¢4(f) # dq(y).

For continuity: Let f € Cr(X). Examine the basic open set B(foq, K, €). Since
q is continuous, ¢(K) is compact in X, so let g € B(f,q(K),¢). If y € K, then

q(y) € ¢(K) and so |f(q(y)) — g(a(y))| < e So|gq(f)(y) — q(9)(y)| < € so0
bq(g) € B(f oq, K,e€) and hence ¢, is continuous.

(b) Let g € Ci(Y) \ ¢4(Cr(X)). Since ¢ is quotient, if there is an f that makes
the diagram commute, then g € ¢4(Cx(X)). Suppose for every distinct y,y" € Y if
q(y) = q(v) then g(y) = g(y') then define f: X — R by f(z) = g(y) where
g(y) € ¢ (z). Then foq)(y) = flqy)) = g(y). So there exists y,4’' € Y such
that g(y) # g(y') but q(y) = q(y/). Look at B(g, {y,y'}, “2720) then if

) = g(w)] < M50 and |7(y') — g(y)] < 22U So f(y) # f(y), and
hence f & ¢q4(Cx(X)) which implies B(g, {y,y'}, W) C Cr(Y) N 0q(Cr(X)).
This set is open, so ¢q(Cr(X)) is closed.

(c) From earlier, ¢, is continuous, and one-to-one. So is sufficient to show it is
open.

Let g € ¢q(B(f, K, €)) then there exists ¢’ € B(f, K,¢) such that g = ¢’ og. So
there exists K’ C Y such that K’ is compact and ¢(K') = K. Let h € B(g, K',e —
8) N ¢g(Cr(X)) (where § = supzex{|f(z) — g(x)|}.) This implies that there exists
h' € Cr(X) such that h =h'ogq

Let x € K. (Note: there exists y € K’ such that ¢(y) = z.)

50 [f(@) W (@) < |f@)—g @I +g'@)—H (@) = |(2)—g @) +g()~h()| <
superc{|f(@) — g/ (@)} +e—5 = e

Soh' € B(f,K,e¢), and hence h € ¢,(B(f, K,€)).s0 B(g, K',e—6)N¢,(Cr(X)) C
0o(B(J, K, 0)). 0

Recall that a space X is said to be o-compact if X is a union of countably many
of its compact subsets.

Lemma 90. Let X be a locally compact Hausdorff o-compact space. Then there are
compact subsets {K;}ico, of X such that K; C K7\, for eachi € w, and X = |J K.
Furthermore, every compact subset C of X is contained in a K; for some j € w.

Proof. Let {C;} be a countable family of compact subsets of X such that X = |J C;.
We will define the desired family of compact sets as follows. Let Ky = Cy. For
each © € Ky let U, be an open neighborhood of  whose closure is compact. Then
{Us}zek, is an open cover of X. Note: K is compact, let {Usy,Uszyy..., Uz, }
be finite subcover. Set Uy = ;o Uz, = Uj—qUs,- Then Up is compact (being
the finite union of compact sets) and Ky C Ug. Define K3 = C; U Uy. It follows
that Ko C KY. If Ko, K1, Ka,..., K, have been defined so that K; C K7, for

all i € {0,1,...,n — 1}, then following a similar procedure as above let U, be a
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compact set such that K, C U?. Define K,,+; = C,,+1UU,,. Continue by induction.
Since C; C K; for all i € w, we have that X = |JC; C |J K;. Furthermore, for each
i € w, K; C K7 ;. Suppose C' C X is compact. Then {K?};c., is an open cover
of C. Let {K?,K7,...,K{ } be a finite subcover. Set N =max{ig,%1,...,im}-

O

Then O = "y K¢, = K§ C Kx.

Arhangelskii’s Theorem: If X is a compact, Ty, first countable space then
X has cardinality | X| < 2¢.

Proof. Pick g € X, and let Xg = {z0}. Now, for each x € X, let {b(z,n)}necw

be a countable base at x. Suppose o < w; and we have constructed closed sets X3
for all 8 < «, that satisfy for all 3 <y < a:

i X5 <X,
i [Xp| <2v
To define X,:

CASE 1: a a limit ordinal -
Let X, = U Xg. Then, by following lemma, |X,| < 2¢.
B<a

Lemma. If X is a first countable, Ty space, and Y C X, with |Y| < 2%, then
Y| <2v.
Proof of Lemma. For all p € Y, since X is first countable, there exists a
sequence {y2} € Y such that p is the limit of the y£’s. Now, the function that
sends p — (yP) maps Y one-to-one into Y. But [Y¥| < (2¥)* = 2¥. O

CASE 2: « a successor ordinal, i.e. a = -+ 1 for some ~.

Then X, is defined. To define X, 41, let Uy, = {b(z,n) : z € X, n € w}.
(Note: |[U,| < 2¢, since X, is.
So U, has < 2 many countable open subsets. For each countable V C U, such
that X, C UV, pick if possible a point z, € X ~ |JV. Then let

Xo = Xyp1 = Xy U{z,:VCU,y, V|<w, and X, C UV, X \V #0}
Let X, = U X,. Now this is the union of < ¢ many sets < wj, thus
a<w
| X, | < 2v.

Cram 1: X, is closed.

Suppose x is a limit point of X,,,. Then there exists z,, € X, such that z,, — z,
by first countability. Now z,, € X, , an < wi. Let a > o, for all n, o < wyq, then
for all n, x, € X4, and X, closed implies that z € X, C X, .

Cramm 2: X, = X

Suppose p € X \ X,,,. For all x € X,,,, choose n, such that p € b(z,n,). Now
the b(x,n,) ’s cover X,,,. X, is Lindelof, so countably many must cover X,,,. But
this implies that there exists a countable Y C X,,, such that V = {b(y, ny) @ Y€
Y} covers X, .
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Forye Y, lety € KXoy, ay <wi. Let a <wy such that ay, < a forall y € Y.
Then V is a countable subset of {b(z,n) : = € X, n € w}, and X ~JV # 0.
(since p e X N\ V).

Therefore there exists zy, € Xoy1 N UV. But UV 2 X,,, a contradiction. So
X, = X. O

The character, x(x,X), at = is the least cardinal of a base at x in X, and
xX(X) = suprexx(z,X). The Lindelof degree, L(X), of a space X is the least
cardinal k such that every open cover of X has a subcover of cardinality less than
or equal to k. By a similar proof, we can get:

Theorem. |X| < 2x(X)LX)
Corollary. If X is compact Ty and 15° countable, then | X| < w or |X| =2 .

Proof. Suppose |X| > w. Proceeding inductively, assume open sets U, has been
defined for all ¢ € 2<" such that Uyno N Upni = 0, Uyno U U C Uy, and U,
is uncountable. If ¢ € 27, define U,n~o and U,n:1 as follows: since U, is compact,
T, and uncountable, there is some point py such that every neighborhood of pg
in U, is uncountable. Since X is first countable, py has a local neighborhood
base {B,|n < w}. Since U, is uncountable, there is some k such that U, \ By is
uncountable, so similarly since U, \ By, is compact, T5 and uncountable, there is some
p1 € U, \ By, such that every neighborhood of p; is uncountable. By T there are
open sets Uyng and U,n1 such that p; € Uyn; and U,n; is uncountable for ¢ = 0, 1,
and Uyno NUyn1 = 0 and Uyno U Uyan € Uy This defines U, for every o € 2<¢
and choosing x5 € Np<, Uy, for every f €29, 2¢ = [{zy|f € 2¥}| < |X]. O

Definition. Let {X, : @ < k} be a pairwise-disjoint collection of topological
spaces, and let X = (J,., Xo. Define a topology on X by declaring U C X to
be open iff U N X, is open in X, for every a < x. X with this topology is called
the topological sum of the X,’s, and we write X = Gy4<xX,. Note that each X,
is both closed and open in the topological sum X, and X, as a subspace of X has
the same topology as X, by itself.

Often one also considers a topological sum of a collection {X, : @ < k} of not
necessarily disjoint spaces by replacing each X, with a space X/, homeomorphic to
X, in such a way that the collection {X/, : o < K} is pairwise-disjoint and then
take the topological sum of the X/,’s. One convenient way to do this is to replace
Xo with {a} x X,.

Lemma 91. Let X be a locally compact o-compact Hausdorff space, let {Kptnew
be as in Lemma 90, and letY = @peu{n}x K,. Defineq:Y — X by q((n,z)) = x.
Then q is continuous, onto, quotient and compact covering.
Proof. First off, ¢ is clearly onto. So let us now see that it is continuous. Let
U C X be open, then U N K; is open in K; for each i, and

¢ U)={(n,z) €Y :2 €U} =Upe{(i,x) ;2 € K;NU}

which is open in Y. Now, let us see that ¢ is a quotient map, suppose U C X
and ¢ 1(U) = V is open in Y. For every z € U there is some n € w such that
x € int(Ky,), then (n,z) € VN({n}xint(K,)) and so z € m,(VN({n}xint(K,))) C
U and hence U is open. Finally, to see that ¢ is compact covering, let K C X be
compact, then there exists n € w such that K C K,, and so {n} x K is compact in
Y and ¢({n} x K) = K.
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Lemma 92. If Y = ®o<xc Yy then Cx (V) 2 o< Ck (Ya)

Proof. Define ¢ : OK(Y) - Ha<)<,OK(Y(x) by ¢(f) = (f I Yoz)a<n and

Y Mok Cr (Yo) = Cr(Y) by ¥((fa)a<w)(y) = fa(y). Then ¢ and ¢ are inverses.
To see that ¢ is continuous, let U = Nyerm, t(B,) where F C & is finite and B, =
MNi<ng [Kai’ Uai] C CK(YQ). Claim: If f € ¢_1(U> then f € NacFi<ng [Kai7 Uai] =
V C ¢~ 1(U). Proof: Since f € ¢~1(U) then for every a € F and i < ng, f(Kai) =
f I Ko(Kai) C Uy and so f € V. Now let g € V, then for every @ € F and
i < ng g | Ka(Kai) = 9(Kai) C Uy and so ¢(g) € U. Now, to see that v is
continuous, let U = M;<,[K;, U;] be open in Cx(Y). Claim: If ¥((fa)a<s) € U
then (fo)a<wx € Nacrm™ H(Ni<n[Kai, Ui]) C =1 (U) where K,; = K;NY, and F =
{a: Y,NK; # ( for some i < n} (note: F is finite). Proof: If f = ¥ ((fo)a<x) the for
every i, € F, fo(Koi) = f | Ya(Kai) = f(Kai) C f(K;) C U, and s0 (fo)a<w €
NacrT™ HNicn[Kai, Ui]): If (ga)a<n € Nacrm H(Nicn[Kai, Ui]), then for every i,
Y((9a)a<n)(Ki) = Uacrga(Kar) C U; and 50 ¥((ga)a<x) € Nicn[Ks, Uil O

Theorem 93. If X is locally compact Hausdorff and o-compact, then Ck(X) is
completely metrizable.

Proof. Follows from Theorem 89, Lemma 90, Lemma 91, Lemma 92, taking
Y = @icoK; where {K;};c. is as in Lemma 90 and the fact that a countable
product of completely metrizable spaces is completely metrizable and closed sub-
sets of completely metrizable spaces are completely metrizable. (I

Theorem 94. If X is a paracompact locally compact Hausdorff space, then X is a
topological sum of o-compact spaces.

Proof. Since X is paracompact and locally compact, there exists a locally finite
cover U of open sets with compact closures. Note that for each U € U, U meets
finitely other members of U. For every U € U define C(U) = {V € U : V and U
are linked by a finite chain in U}. Clearly UC(U) is open. Also, UC(U) is closed
since if z € X \ UC(U), then there is some U’ € U disjoint from every member in
C(U) such that z € U’ € X \ UC(U). Each UC(U) = Uyecu)V each of which is
compact. Also, each C(U) is countable for if you look at the minimum length of
linked chains to elements from U, each level is finite, so X is the union of disjoint
clopen subsets, each of which is o-compact. (Il

Corollary 95. Let X be a locally compact Hausdoff space. If X is paracompact,
then Cr(X) is a product of completely metrizable spaces, hence is Choquet.

Proof. Suppose X is a paracompact locally compact Hausdorff space. By Theorem
94, X is a topological sum of locally compact o-compact spaces, and then it follows
from Lemma 92 and Theorem 93 that C%(X) is homeomorphic to a product of
completely metrizable spaces. Such a product is Choquet by Theorem 79. 0

Remark. Soon will get a converse to Corollary 95, i.e., for a locally compact
Hausdorff space X, C(X) is Choquet iff X is paracompact.

Recall that a collection {H,, : @ € k} of subsets of a space X is called a discrete
collection if each point of X has a neighborhood which meets at most one member
of the collection. We will also say that {H, : a € k} has a discrete open expansion
if there are open sets O,, a < k, such that O, D H, and {O, : « € k} is a discrete
collection.
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Definition. We define the games G, (X) and G% (X) played on a space
X as follows. There are two players, K and L. In the n'* round, K chooses a
compact subset K,, of X, and L responds with a compact subset L, of X such
that K, N L, = 0. We say that K wins the game Gk (X) (resp., G% (X)) if
{Ly : n € w} is a discrete collection (resp., has a discrete open expansion).

For example, if X = R, K has an easy winning strategy: she chooses K, =
[~Zn, Tn], where z,, is > n and large enough so that [—z,,z,] D U;.,, Li = 0. A
similar idea shows that K has a winning strategy in any locally compact o-compact
Hausdorff space.

Recall that in normal spaces, countable discrete collections of closed sets have
discrete open expansions. Hence, for normal spaces X, the two games are equiva-
lent. Gk r(X) seems simpler and more natural than G ;(X). The next theorem
is the reason for the interest in the latter. First, a useful lemma.

Lemma 96. Let X be completely regular, K and L disjoint compact sets, f,g €
C(X), and €,6 > 0. Then B(f,K,e)N B(g,L,0) # 0.

Proof. Because K and L are closed and disjoint, and because zero sets form a
base for X (because X completely regular), for each k € K there is a zero-set
neighborhood Mj, of k such that My N L = (. K is compact, so there is a finite
cover of K by such zero-set neighborhoods, and since the union of finitely many
zero-sets is a zero set, there is a zero set neighborhood of K that misses L; call
one such zero-set neighborhood M. M is closed and M N L = @, hence for each
l € L there is a zero set neighborhood N; of [ such that IN; misses M similarly,
because L is compact, a zero-set neighborhood of L can be formed from the union
of a finite number of elements in {N;};cr. Call one such zero-set neighborhood
N; it follows that M misses N, K C M and L C N. M and N are disjoint zero
sets, hence there is s : X — [0,1] such that s is continuous, s~*(0) = M, and
s71(1) = N. Let h: X — R be defined as h = (1 —s)f + (s)g. h is the composition
of functions in C(X), thus h is in C(X). If k € K C M, then s(k) = 0, which
means h(k) = (1 —0)f(k) + (0)g(k) = f(k) and h € B(f, K,¢); similarly, if | € L,
then s(I) =1 and h(l) = (1-1)f(1) + (1)g(I) = g(I), meaning h € B(g, L, ). Thus,
B(f,K,e)N B(g,L,d) # 0. O

Theorem 97 Let X be completely regular.
(a) If Cyx(X) is Baire, then L has no winning strategy in G%L(X);
(b) If Cx(X) is Choquet, then K has a winning strategy in G2 (X).

Proof of (a). Suppose L has a winning strategy, we will construct a strategy for E
in Choquest game on C(X).

E’s first move: Chooses Cj(X)

NE chooses B( fo, Ko, €0). Now have Lo be L’s response to Ky in G(I)(,L(X) using
the winning strategy.

E replies: B(fo, Ko,€0) N B(Cy, Lo, %) where Cy is constant 0.

Now NE: B(f1,K1,€1) and let Ly be L’s response to sequence (Ko, Lo, K1) in
G, (X)

E Plays: B(f1,K1,e1) N B(Cy, Ly, %) where C is constant 1.

NE plays: B(fg, KQ, 62). .
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Claim: E wins over NE )

Suppose f € ﬂ B(fla Ki7 Ei) N B(CivL'La g)

1EW

then f(L;) C (i — %,i+ 3)

If L played by a winning strategy then {L;};c., does not have a discrete open
expansion, so f(L;) CV; = (i — %,i + %) which implies that L; C f~1(V;). Now
{Vi}iew is a discrete collection of open sets in R, and hence {f~1(V;)};e. is discrete
in X. Contradiction.

Proof of (b). This is similar to (a), except that now NE is playing by a winning
strategy, and we use this to find a winning strategy for K in G% |, (X).

Let E’s first move be Cj(X), and let

NE’s reply using a winning strategy be B(fo, Ko, €). Then K’s first move in
G%,L(X) is Ko.

Let Ly be L’s response.

E replies: B(fo, Ko, ¢€0) N B(co, Lo, %) where ¢ is constant 0.

Now NE plays B(f1, K1, €1) using his winning strategy, and then K plays K; as
his next move. Let Ly be L’s response to sequence (Ko, Lo, K1) in G%,L(X).

Let E plays B(f1, K1,€e1) N B(ey, Ly, %) where ¢; is constant 1.

NE, using his winning strategy, plays B(fa, K2, €2). ...

This process defines a strategy for K in G% ;(X). We claim that it is win-
ning. Since NE was playing by a winning strategy, there is f € ﬂ B(fi, K, e;) N

1EW
1

Bl(c;, Ly, 5) Then, as in (a), we see that the L;’s have a discrete open expansion,
so K wins. 0

It’s an open question whether or not the converses of 97(a) and (b) hold. We
will show that they do hold in case X is locally compact. First, a result which says
that the two games are the equivalent in this case.

Theorem 98. Suppose X is locally compact Ty. Then L has a winning strategy
in Gg,r(X) iff L has a winning strategy in G% 1 (X).

Proof: Let o be a winning strategy for L in G% (X). We will construct a winning
strategy p for L in Gk 1 (X). Let K¢ be any opening choice for K in Gk, (X). Let
Lo = 0(Ky). For each x € Ly choose a neighborhood U, of x with compact closure
that missed K. Then the U.s form an open cover. Let Uy be the union of a finite
subcover of the Uls. Then Ly C Uy open, and Uy is compact and misses K. Define
L) = Uy and set u(Kg) = Li). Suppose Ko, Lo, L'0, Ky, Ly, L}, ..., K, Ly, L, have
been defined. Let K41 be any response by K in G (X) to L!,. Let Lyt =
o(Ko,Lo,K1,L1,...,K,, Ly, Kn+1). As above let U, 41 be an open set such that
Lyp+1 C Upy1, Upyq is compact and ﬁﬂU?:Ol K; = (. Define L], |, = Uny1, and
set u(Ko, Ly, K1,L'1,..., Ky41) = L}, ;. Continue inductively. Then since L has a
winning strategy in G (X)) it follows that {L;} have no discrete open expansion;
but {L;} contains an open expansion of {L;} and hence it’s not discrete. So p is a
winning strategy for L in Gg (X). O
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NOTICE: I use the following terminology in the next theorem. If ¢ is a strategy for
K in the game G (X), and Kq,L1,..., Ky, Ly, K41 is a sequence of compact
sets in X, then this sequence is called a valid sequence of play determined
by o (or rather ¢ — VSOP) if K1 = o((}) and for each i < n, L; misses K; and
Ki+1 = O’(I(l7 L17 ey KzaLz)

Theorem 99. If X is locally compact and Hausdorff, then the following are equiv-
alent:

(a) K has a winning strategy in Gk r(X);

(b) K has a winning strategy in G% (X);

(c) Cr(X) is Choquet;

(d) Cr(X) is homeomorphic to a product of completely metrizable spaces;

(e) X is paracompact.

Proof. The implications (e) = (d) = (¢) = (b) = (a) are fairly straight forward.
((e) = (d)) Recall that a paracompact, locally compact space is the sum of a
countable union of o-compact spaces; thus Cy(X) is homeomorphic to a product
of completely metrizable spaces (by 95). ((d) = (¢)) The product of completely
metrizable spaces is completely metrizable, and thus Choquet. ((¢) = (b)) This is
a result of Theorem 97 (b).
Lastly, the implication (a) = (e) will be shown.
Let U be an open cover of X with sets having compact closures. Suppose that
o is a winning strategy for K in Gk (X).
(1) If Q is a compact subset of X let U(Q) be a finite cover of @ from U;
2 HVcU,let V' ={V\W:V €V, and W is a finite subset of V}.
(3) If v C U,V is called o* — closed means that
(i) Vev=UulV)cV, and
(i) if Ly, La,...,L, € V* and Ky,Lq,...,Kp, Ly, Kpt1 is 0 — VSOP,
then U (K,+1) C V.
Fact 1: If V C U is infinite, then there is a o* — closed set V' C U such that
YV and |[V|=V|.
To show this, let Vo = V and note that Vj has cardinality less than V. Let
Vi = VWU (U{U(V) :V eV}
U{U(Km+1) : E'Ll,LQ, ceey Lm € VO and Kl,Ll, ceey Kn, Ln, Km+1 1S 0 — VSOP}
Inductively, if V), is defined, if
Vsl = Vo UUUNV):V eV,
U{M(Km+1) : E|L17L2’ ceey L, eV, and K17L1, - 7Kn, Ln, Km—i—l 1S 0 — VSOP}
Let V' = U;e, Vi, in each step of the inductive definition, |V,y1| = V.|, thus
V| = |V|. V'is o* — closed, for if V € V', then V € V), for some n € w and
UV € Vpy1 C V' and if Ly,...L,, is a sequence of compact sets in V' and

Ky, Ly,..., Ky, Ly, K11 is 0 —VSOP, then there is n € w such that Ly,...,L,, €
V, and hence K,,11 C V1 C V. O

Fact 2. If V is o*-closed, UV is clopen. o
Proof. UV is clearly open. We show it is closed. Let 2 € UV \ UV. Choose
a compact neighborhood N of z. Let Ky = o(0). By property ii) of o*-closed

subcovers, U(Kp) C V and by property i), V. C UV for any V € U(Ky). Thus
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WU(Kp) C UV and so ¢ € UU(Ky). There is some Vy € V so that Vo N (IV \
UU(KQ)) 75 (D Let LO = Vo \ UU(K()). Then Lo € V*, LQﬂKO = @ and LoﬁN 75 (Z)

Continue in this fashion, with K playing by the winning strategy with n'” choice
K, and L responding with an L,, € V* such that L, N K, = 0 and L, "N # @ for
every n € w. Then since N is compact, {L,, | n € w} is not discrete, contradicting

K’s strategy.

Fact 3. If V is 0*-closed and |V| = k > w, then there is a collection {V—a | @ < K}
such that

(a) V = Ua<x;

(b) each Va is o*-closed;

(c) a <=V, C Vg
(d) Val <ol + w;
(e) o a limit ordinal = V, = Ug<a V3.

Proof. Let V = {V,, | @ < k}. Let Vs be any countable o*-closed collection with
Vo € V. Inductively, suppose V3 is defined for all § < a. If « is a limit ordinal, let
Vo = Ug<a V3. If o=y +1, let V, be a 0*-closed collection containing containing
V, U{V,}. Then {V —a | a < k} satisfies (a) - (e).

Fact 4. If V is o*-closed, there is a locally finite open refinement of V covering
uy.

Proof. By induction on |V|. If V| < w, UV = U{V | V € V} is o-compact and
thus Lindelof and thus paracompact. If [V| = k > w and this fact holds for all
collections of cardinality < &, let V = Uy<x Vo as in 3. By induction, each V, has
a locally finite open refinement W,,. By 2, UV,41 \ UV, is clopen and each = € UV
is in exactly one UVyy1 \ UVy. Let W, = {W\ UV, | W € W4y1}. Then W) is a
locally finite cover of UW! = UV, 1 \ UV,. Thus W = Wy U Uy« W, is a locally
finite open refinement of V. If x € UV there is some least « so that =z € UV,,. By
3(e), o cannot be a limit ordinal, so if & = v+ 1, z € UW,,.. Thus, W is a locally
finite open refinement of ¥V and UW = UV.

Thus U has a locally finite open refinement covering U4 = X and so X is
paracompact. ([

Remark. It is not known if (b) and (c) are equivalent for all completely regular
spaces.

Theorem 100. Suppose X is locally compact, then Cy(X) is completely metrizable
iff X is o-compact.

Proof.  Suppose Ci(X) is completely metrizable. By theorem 99, X is para-
compact. So X is the topological sum of o-compact spaces X = @, .. Xa-
So Crp(X) = Jlaer Cr(Xa). Since [],c, Cr(Xa) is metrizable it follows that
|Ck(Xa)| <1 for all but countably many . Hence x < w. So X is the topologi-
cal sum of countably many o-compact spaces, hence it’s o-compact. The converse
follows from theorem 93. (]

Now we will go on to show that for locally compact spaces X, Cj(X) is Baire iff L
has no winning strategy in G% (X). But what we really would like is an internal
property of X, not a game-theoretic property, such that X has this property iff
Cr(X) is Baire. To that end, we make the following definition.
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Definition. A collection £ of non-empty subsets of X is said to mowve off the
compact sets if for every compact subset K of X, there is some L € £ with KNL = (.
The space X is said to have the Moving Off Property (MOP) iff every collection £
of compact sets which moves off the compact sets contains an infinite subcollection
which has a discrete open expansion.

Remark. Note that any compact space has the MOP because no collection of
non-empty compact sets moves off the compact sets. More generally:

Theorem 101. If X is Ty, paracompact, and locally compact, then X has the
MOP.

Proof. If X is compact, then X has MOP.

Suppose that X is not compact and that £ moves off compact sets in X. X is T,
locally compact, and paracompact so X can be expressed as the sum of o —compact
spaces (Theorem 94). Let X = @®,ea X, where X, is c—compact.

Notice that if L € £, then L is compact and the set of o € A such that X,NL # ()
is finite; hence, if L € £, let A(L) be a finite subset of A such that L C Uyen(z)Xa-

Pick Ly € £ and let X° = Ugen(rg)Xa. X is the finite sum of o—compact
spaces and is therefore o—compact. From results of Theorem 90, {C?};c., can be
chosen to be an increasing sequence of compact subsets of X° such that

(i) UiewC? = X°,

(i) C? c Int(CZQH).
Without loss of generality we can assume that (iii) Ly C Int(CJ); this follows
because a sequence with properties (i) and (ii) will have a least term that whose
interior contains Ly, and the subsequence formed by dropping prior terms and
renumbering will have property (iii).

Continuing inductively, if n € w and L; and C? are each defined for each i <
n, then let L,y; € L such that L,,; misses UiSnC’fL (possible since £ moves
off compact sets). Let X"t = Uaea(r)Xo and let {C’i”“}i@ be an increasing
sequence of compact sets such that

(i) Uien Pt = X111

K3
(ii) ot ¢ 1'7”Lt((]'i"_~_+117 and
(i) Lnys C Int(CTHD).

Claim: £’ = {L;};ec. discrete. Notice that Ly C Int(C{) and if n > 0, then
L, C Int(C?) \ U;«,C¥_1; thus, £’ is pairwise disjoint. To show L’ is closure
preserving, first note that if * ¢ U;c,X*, then z is not in the closure of UL’
because Uje, X' = U{ X, : a € Uje, A(L;)} is clopen in X. If x € X/, then there is
m,n € w such that z € Int(C™), thus z € Int(U;<,C) and misses the closure of
UjsnL;. It follows that there is an open neighborhood of = that intersects at most
one element in {Lg, L1,..., Ly}

- L is discrete. O

We will soon see that the MOP is equivalent to L having no winning strategy in

KL (X). First, it will be useful to get a result about pseudocompact spaces with
the MOP. Recall that X is pseudocompact if every continuous real-valued function
on X is bounded.

Lemma 102. Let X be a completely regular space. Then X is pseudocompact if
and only if every discrete collection of open sets of X is finite.
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Proof. Assume there exists D an infinite discrete collection of open subsets of X.
WLOG D is countable.

For every D; € D let X; € D;. Let f; : X; — R be such that f;(z;) = i and
f(X ~N Dl) cO.

Look at f =3 fi:

if € X \UD, then f;(x) = 0 for all i. which implies f(z) =0 if x € D; for
some 7 then f;(x) =0 for all j # 4, and hence f(z) = f;(x).

f is unbounded (obviously)

For continuity: obviously for z € |JD and = & |J,,, D; = Uiew Di So suppose
x € D; \ D;. Then there exists a U, C X, open, such that U, only meets D;. Let
V' C R be open. Since f; is continuous, there exists U, C X such that f;(U.) C V.
IfyeU,NU, andif Y ¢ D;, theny & D; for all j #4,s0 f(y) =0€ V. If y € D;,
then since y € UL, f(y) = fi(y) € Vandso f(U,NU,) CV.

For the other direction:

Claim: If there exists f :— R that is continuous and unbounded, then there
exists an infinite discrete collection of open sets.

Suppose f : X — [0,00) is unbounded. Let yo,y1,¥2,... be an increasing un-
bounded set and for each i € w, let y; € f(X). Then let Vj = (yo — 1,y0 +
ylgyo), Vl — (yl _ ylgy()’yl + 92591), Vn — (yn _ yn;gn—l’yn + W)

Then if i # j, V; NV; =0. So {f~'(Vi) : i € w} is a collection of non empty
open sets. Let € X, and consider f(z). There is an open set U C R such that
f(x) € U and U meets at most one V; Then z € f~1(U) and f~1(U) meets at most
one f~1(V;). O.

Theorem 103. Suppose X is completely regular, psuedocompact and has MOP.
Then X is compact

Proof.  Every collection of compact sets which moves off compact sets has an
infinite subcollection with a discrete open expansion. By theorem 102, no infinite
collection of open sets is discrete. So no collection of compact sets moves off. Let
L ={{z}:z € X}. There must be a compact K such that K N{z} # 0. The only
such K must be X. So X is compact. (]

Theorem 104 The following are equivalent for a completely reqular space X

(a) X has the MOP

(b) Whenever {£;}ic. is a sequence of compact sets each of which moves off
the compact sets, then there are L; € £; suh that {L;};c. has a discrete
open expanstion

(c) L has no winning strategy in G% 1 (X)

Proof. (a) = (b):

Choose {x;}ic., that has a discrete open expansion and let £ = {{z,}U
Ujen{li : n€wand L; € L;}}.

Claim: £ move off compact sets:

Suppose C' is compact. Choose n € w such that x, ¢ C' and for each i < n we
can choose L; € L; such that L; N C' = (). This implies {z,} UJ,;~,, Li € £ and
misses C. Therefore £ moves off compact sets. v/ B
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Now pick {L'};c, C £ with a discrete open expansion. Let L™ = {x,;)} U
U L; with n(i) € w. Note: i # ¢’ implies n(i) # n(i’) therefore we can find
J<n(i)
1o < 11 <idg < ...<such that n(ip) <n(i1) <...<
Then pick L, € £, such that L, C L*. We can do this since n(ix) > k Then
{Ly}rew has a discrete open expansion since {£%} does.

(¢) = (a) Suppose X does not have MOP. Then there exists a collection £
of compact sets which moves off compact sets but no infinite subcollection has a
discrete open expansion. L wins by playing L,, € L for all n.

(b)=(c) Let o be a strategy for L. Note that {L : L = o(Kj) for some Ky}
is moving off, so by (b) there is an infinite subcollection which is discrete, i.e.,
there is some (K3"”, L$" )new such that Lg™ = o(K§) and Ly = {L5" }new
is discrete, and hence moves off. For ¢ > 0, continuing on this way for each
7 € W we can get (K7™ LT"™)mew such that LT ™ = o(KJ™ Ly, .. KT'™)
and L, = {L[mm}m@d is discrete, and moves off. For every 7 € w<%, £, moves
off, so by (b) for each 7 there is some m, € w such that £ = {L;Z:;T’} has
a discrete open expansion. Let mg = m = 0, so L§m°> € L. Then there
exists m; € w such that LT™"™7 € L etc. So we get a collection £' =
{Lyme>, Lymemz pymememe> Y [ corresponding to a play for L using strat-
egy o, but £’ has a discrete expansion, hence L loses this play, and so o is not a
winning strategy for L. O

Lemma 105. Let T be the space {00} U (w X w) where points of w X w are isolated
and basic neighborhoods of oo have the form {co}N((w\n) X w) where n € w. Then
T does not have MOP.

Proof. For each i € w define £; = {{(i,n)} : n € w}. Since each element is
a singleton, each is clearly compact. The L;’s move off since any compact set
cannot contain an infinite number of elements from one column. For every i € w
let L; = {(i,n;)} € L;, then {L;};e, is not discrete because every neighborhood
of 0o contains infinitely many columns, and hence infinitely many L;’s. Thus, by
Theorem 104, T' does not have MOP. ([

Theorem 106. Suppose X is reqular and first countable. If X has the MOP, then
X is locally compact.

Proof. Suppose X has the MOP and X is not locally compact. Let p € X such
that no neighborhood of p is compact and let {B;};c. be a local base at p.

Note that a closed subset of X has the MOP as a subspace, hence B; has MOP
for each ¢ € w.

Let n(0) = 0. For each i € w, if n(i) is defined, let £; = {{x}}wem, thus £;
moves off compact sets in % % is closed in X and therefore has the MOP,
so D; = {x; }jew may chosen to be an infinite discrete subset of £; that does not
contain p.

Since D; is closed in %, D; isclosed in X and p ¢ D;, hence there is n(i+1) € ()
such that B, 41y N D; = 0.
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Notice that p is the only limit point of U;c,, D;, and if U is an open set containing
p, then there is n € w such that U;>,D; C U. It follows that {p} U (UicuD;) is a
closed subset of X and therefore has the MOP.

Define h : T'— X such that h(i,j) = =] and h(oo) = p. It follows that h is
a homeomorphsm; however, this would mean that T has the MOP, which is not
possible. O

Theorem 107.  The following are equivalent for a paracompact first-countable
Hausdorff space X.

(a) Cr(X) is Baire;

(b) Cx(X) is Choquet.

(¢) X is locally compact.

Proof. (b) — (a) follows from theorem 75. (¢) — (b) follows from theorem 99.
Assume Cy(X) is Baire. By theorem 97(a) is follows that L has no winning strategy
in G% 1,(X). By theorem 104, this implies that X has the MOP. By theorem 106
we get X is locally compact. ([

Definition. A subspace Y of a space X is said to be first category in X if Y is
contained in the union of countably many nowhere dense subsets of X. X is said
to be first category in itself if X is the union of countably many of its nowhere
dense subsets, or, equivalently, there is a countable collection of dense open sets in
X whose intersection is empty. A set Y is second category in X if Y is not first
category in X, and X is second category in itself if X is not first category in itself.
Note that X is second category in itself iff the intersection of countably many dense
open subsets of X is always nonempty. Thus every Baire space is second category
in itself.

Recall that a space X is said to be homogeneous if for any two points z,y € X,
there is a homeomorphism h : X — X such that h(z) = y.

Theorem 108: If X is homogeneous and second category in itself, then X is Baire.

Proof. Suppose X is not Baire. Then there exists a dense open collection
{Up }new such that (U, is not dense. Then there exists an open O # () such that
ONMNyew Un = 0. Now ONU, is dense open in O for all n, but (ONU,) = 0,
hence O is first category in itself.

Let {O4 }o be a maximal disjoint collection of open sets such that for all «, there
exists Oqn, n € w dense open in O, such that (), Oar = 0.

Claim: |J, O, is dense open in X: Suppose not, then let y € X \|J, Oq. Let
x € O. Now there exists a homeomorphism h : X — X such that h(z) = y. So
there exists O’ C O with € O’, such that h(O) C X \ |, Oa. Well, h(O') is

open and misses all O,’s, and h(O’'NU,) us dense in h(O'). Also, ﬂ o' nU,) =

h(ﬂ O'NnU,) = h(0) = 0 since h is a homeomorphism. [J.

Definition. A topological group is a triple (G, T,-), where (G, -) is a group, and
T is a topology on the set G such that the mapping from G x G to G defined by
(g,h) — g-h~!is continuous.

Theorem 109. Ci(X) is a topological group under addition.
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Proof. Clearly, Ci(X) is a group with identity element the constant function 0. Let
¢ : Op(X) x Cp(X) — Cp(X) by (g,h) — g — h. If (9,h) € ¢~ (B(f, K,¢)), then
\f(a:) (g—h)(z )|<efor everyxeK. Let 6 = maxzex{|f(z) — (¢ — h)(x)|} <e
If (¢, h’) € B(g, %) x B(h, 52) then for every z € K, |g(z) — ¢'(2)], |h(z) —
() (@) = (g" = 1) ()] < [f(2) = (9 = h)(2)| +
(g — h)(x ) (¢ — W)(@)] < |f(@) — (g~ W)(@)] + |g(x) — ¢ ()] + [h(x) — K (2)] <

0+ <2 5 + 2‘5 = ¢ and so ¢ is continuous. O

Lemma 110. In the definition of topological group, it is equivalent to replace the
condition that the map (g,h) — g - h™! is continuous with the condition that the
two maps (g,h) — g-h and h — h~! are continuous.
Proof. =: If ¢ : (g,h) — g-h~! is continuous, then if i : G — G x G by g — (e, g),
1 = ¢oi is continuous and ¥ (h) = ¢(e,h) = h=1. Thus ¢ o (idg x 1) is continuous
and ¢ o (idg x ¥)(g,h) = ¢(g,h™) =g h.

<: If ¢:(g,h) — g-hand ¢ : h — h™! are continuous, then ¢ o (idg x ¥) is
continuous and ¢ o (idg x ¥)(g,h) = ¢(g,h™ 1) =g-h~L. O

Theorem 111. Ewvery topological group is homogeneous.

Proof. Let G be a topological group and ¢ : G x G — G be multiplication. For any
g€ G, iy G— GxGby h— (g,h) is continuous, so ¢, = ¢ o i, is continuous.
Note ¢4(h) = g-h and so ¢4 0 ¢pg-1 = ¢pg-1 0 ¢y = idg. Thus for any g € G, ¢,
is a homeomorphism. Let z,y € G. Then h = ¢, 0 ¢,-1 is a homeomorphism and
h(z) =y-2~! 2 =y. Thus G is homogeneous. O

Corollary 112. C,(X) is homogeneous.

Theorem 113. The following are equivalent for a locally compact Hausdorff space
X:

(a) Crx(X) is Baire;

(b) X has the MOP;

(¢) L has no winning strategy in G% 1 (X);

(d) L has no winning strategy in G, (X).

Proof. (¢) <= (d) by Theorem 98

(b) <= (c) by Theorem 104 (noting that locally compact Hausdorff implies
completely regular)

(a) = (c) by Theorem 97

We will show that (d) = (a) by showing that if L has no winning strategy in
Gg,r(X) then Cy(X) is second category in itself. It then follows from Corollary
112 and Theorem 108 that C%(X) is Baire.

Consider a play of Gk (X) as follows: K chooses some compact Ky. Let Ay
be compact with int(Ag) D Ky. Consider B(fo, Ag,1) where fy is the constant
function 0. We will show that B(fo, Ao, 1) is Baire by showing E has no winning
strategy in Ch(B(fo, Ao,1)). Suppose E plays B(f}, K{,€,) C B(fo,Ao,1). Note
that Kj D Ap. Let Cp be compact with int(Cy) D K and let L respond with
Lo = Co \ int(Ap)

In the next round, K chooses some compact K;. Let A; be compact with
int(Ay) D K1 U Cp. Let NE play B(f1,A1,e1) C B(f, K}, €)) with e; < 1 and
f1(Ay \ int(Co)) C (—3,3)- Such a function exists since B(f§, Kj,€,) N B(fo, Aq\
int(Cy), 1) # 0 by Lemma 96. E responds with some B(f{, K{,€;) C B(f1, K1, €1).
Let C; be compact with int(C1) D K} and let L respond with L1 = C; \ int(4;).
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Continue this process. In the end, NE has played
B(fo, Ao, 1) D B(fl,Al, 61) D) B(fg, A27 62) D...

so that fn (A4, \ int(Cp—1)) C (—5r, 5=) and &, < min{=%*, L}, Since L has no
winning strategy, there is some collection of plays for K in Gk 1, (X) so that {L;}ic
is not discrete. We will define a function h : X — R so that h € NpewB(fr, An, €n)-
It follows that F lost the corresponding play of Ch(B(fy, Ao, 1)).

Fix k € w. {fn]a, | » € w} is uniformly convergent on Ay, since for any = € Ay,
and n > m >k, B(fn, An,€n) C B(fm, Am,€em) and A, D Ay D Ap = |fu(z) —
fm(2)] < €, < 5=. Thus {fu]a, | n € w} converges to some continuous hy : A — R.
Note that hk(Ak\int(Ck_l)) - (*2;6%1, Z’V%l) since fk(Ak\int(Ok_l)) - (*#, 2%)
and |fy(z) — fo(z)| < 5 for all z € Aj, and m > k. Note also that k' > k =
hirla, = hi by definition. Thus Uge,hi is a continuous function from Uge,, A to
R. Define h : X — R by hlu, 4, = Ukewhi and h(z) =0 for all x ¢ U, Ag.

Clearly h is continuous on Uge, Ag. If ¢ € Ure, Ag and € > 0, let m be such that
2% < €. There exists an open O containing = such that O N (Upey, Ln U A, = (. For
any ¢’ € O, if @' & Uge, Ak, h(z’) = 0. If not, 2’ € Ay \ int(Ck_1) for some k > m.
Thus h(z') = hi(2') < == < 5% < e. Thus h is continuous. Note that for any
n € wand i > n, fi € B(fn, An,€,) and so for any x € A, |fi(z) — fo(x)] < €.
Since h = lim; o0 fi, |P(x)— fr(x)] < esoh € B(fn, An,2€,) C B(fn—1,An—1,€n-1)
for any n € w. Thus h € NpewB(fn, An, €n), as was to be shown. O

Remark. It is an unsolved problem whether or not (a) and (b) in Theorem 113
are equivalent for all completely regular spaces X (we saw earlier that (a) implies
(b) always holds). In fact, we do not know of any property P of a space X such
that X has P iff C(X) is Baire (ditto for Choquet).



