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Chapter 1

An Introduction to Interest
and Mortality

1.1 Life and Death

The premise that must be remembered in this course is that money is effected
by interest rates. The basic subject of this course can be summarized in two
sentences. We will consider the value now of a payment made in the future
by investigating the question; "how much is it worth to us now, to be given
$1 t years from now?” We then add the stipulation that the payment is made
contingent upon a certain event occurring, and then examine the question.

A fundamental issue in the insurance business is to be able to estimate
when an accident will occur, a stock crashes, or when an insured passes. It
is common practice in the study of insurance from an actuarial stand-point
to lump these things together. We are interested in the probability (the
percentage of time) that a life aged = expires or dies within ¢ years. Often
this is softened by referring to a life aged = as decrementing within t years.
From the insured’s side, we wish to know the probability that a life aged x
lives or survives at least t years.

If a company has been selling a policy, they will periodically review the
rates. In this case, they have some experience about lives aged = (say female
drivers 21 years old, driving a Nissan Pathfinder). If our company’s experi-
ence is ample, we can estimate with some degree of certainty the portion of
lives aged x that will decrement (get into an accident). If our company’s ex-
perience is inadequate or the policy has not been offered before, as actuaries,
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we may seek data from the actuaries at a company selling a similar product.
A third option is to develop an educated guess as to a mathematical model
(formula) for the probabilities - a few standard models will be given later.

The careful student has noted that our data set is finite but as is the
often the case, we will assume that mortality is continuous. That is, we
assume that a life age x may expire at any positive time ¢ (not just at year’s
end say), and yet the chance of anyone expiring at the exact time t is zero.
Insurance policies are not payable at the moment of decrement though, so
the companies often will not be concerned with the exact time of decrement
only the chance of decrement within a given year (or month).

The curtate-future-life of a life age x is the whole number of years com-
pleted before death. Using this, the chance of a life age 30 having curtate-
future-life 3, say, may not be zero. In summary, we will assume that we have
a continuous model of mortality though often we will limit consideration to
discrete (yearly, monthly) times.

The probability that a life aged x survives at least ¢ years is denoted
by p.. In building our data table we start with a given population, and
watch its development over time. The only way for a member to leave the
population is through decrement and, no new members can be added to the
population. We refer to members of the population as lives, and /¢; is the
number of lives aged t. Then, the probability that a life aged x lives ¢ or
more additional years is just

ly
tPx = f?
provided we have the numbers ¢, ¢,,, at our fingers.
We represent the generic or average life aged = by (z). The probability
that (z) decrements before ¢ years is denoted by ;q,. That is, the probability

that a life aged = does not survive t years is ;q,. By elementary reasoning

o 1.

An important special case of the symbolism ;p, and ;q, is the case when
t = 1. In this case, the 1 is not written, so

px = the probability (x) survives at least one year,

and
¢, = the probability (z) dies before the first year is up.
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Also, the number of lives aged = that decrement within ¢ years is denoted
by .d,, and thus

tdx = gx - g:ert

is the number of lives aged x that do not make it at least £ more years. Since
Gr+t¢ 18 the percentage of (x + t) that die with the next year,

d:p+t = €x+t z+t
is the number of lives aged = + t that die before reaching age x + ¢ + 1. So,

D q _ d:z;+t
tlr Y+t gx

is the probability that a life aged = lives to be x + t but dies before age
r+t+ 1

The Illustrative Life Table I is a widely known and referenced mortality
table. It was derived using certain assumptions on mortality using census
data for the U.S.

1.2 Introduction to Interest

In the case of money placed into a savings account at your local bank, your
money is affected positively by the interest the bank affords and negatively
by the inflation rate. Of course, if 2 is the given interest rate per period, then
$1 now will be worth 1 + + dollars one period hence. A point of departure
is whether or not the interest computation for periods 2,3, ... involves the
interest earned in previous periods.

Simple interest is said to apply if the interest computation is only applied
to the original sum of money invested (note that borrowing money can be
viewed as an investment by the lender). For example, under simple interest,
an amount P, accumulates to P + P1 = P(1 + 1) at the end of one period,
and accumulates to P1+ P(1+1) = P(1+ 2:) at the end of two periods, and
so on. At the end of n periods, P accumulates to P(1 + nz).

In this course, we will eschew simple interest in favor of the common
practice of using compound interest. For compound interest, the interest
computation at the end of a given period involves the interest already accrued
or earned in previous periods as part of the balance.
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When the interest conversion period is a year and : is the interest rate
for the year, ¢ is called the effective rate of interest. The effective rate is an
annual rate of interest. Under compound interest, P dollars today is worth

P(1+2)" =Pl +)" P +P(1+2)"

n periods hence. The factor 1 + ¢ is called the accumulation factor in that
multiplying a balance P by (1 + )™ allows us to accumulate P forward in
time n years (with cumulative interest).

From the retrospective point of view, to find the value of P in order to
have $1 n years later, solve

P1+4)"=1.

That is, P = (1 +2)~™ = v must be invested at present in order to have $1
available n years hence, where v = (1 4 1)~'. The quantity v = (1 +1)7! is
called the discount factor and is used in bringing money backwards in time:
In order to have @ dollars, ¢ years from now, we must invest Qv now.

Sometimes it is convenient to adopt an interest conversion period other
than a year (a month say) as is the case with most conventional loans, and
we may wish refer to the effective rate of interest for a given conversion
period. By a nominal interest rate convertible m times a year, we mean an
annual rate 7 for which the interest 7/m is applied each m!™. It is a routine
manipulation, given the nominal rate j, to switch to the effective rate j/m
for the m*"*. However, we still will regard the standard conversion period to
be 1 year in our discussions.

Exercises :

1.1 Using the ILT I, calculate 25p40, 20620, 40P20, 50G0, Pa1, 235,20 Pso-

1.2 Using the ILT I, calculate the probabilities that

(a) (20) dies when they are 30.

(b) a1 year old lives to age 21.
) a 12 year old dies in their 20’s.
)

(c

(d) a person age 47 dies within a year.
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1.3 If the interest rate is + = .06 per year, how long will it take for an
amount of money to double under interest compounding with rate 27
Give an equation which answers this question for general 1.
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Chapter 2

The Theory of Interest

2.1 Introduction to Interest

We will assume that we are given an effective rate » which is an annual rate.
A nominal interest rate j refers to an annual interest rate where interest cal-
culation or conversion is done more frequently than once a year (but is still
compounded). It has been my experience that whenever you are quoted an
interest rate, you assume that it is a nominal rate, converted monthly. For
example, the interest rate usually quoted for an automobile loan or other
conventional loans with monthly payments (while credit cards compute in-
terest on a daily basis). We use the phrase interest is compounded to replace
"interest is converted under compounding of interest”.

When the annual rate j is given as a nominal rate compounded mtly,
what is meant is that interest is compounded at the rate L, every m* of the
year. (The effective rate for each m is then £.) So, at the end of k£ number
of m'’s of a year, P accumulates to P(1+ -)* by the formula for compound
interest.

We say that a nominal rate j is equivalent to the effective rate ¢ if over
any number of years, 1 dollar accumulates to the same amount under each
plan for interest computation. Assume that 7 is a nominal rate with mly
compounding. If 7 is equivalent to an effective rate 2, then

J
1 = (14 =)™,
+1 (+m)

Solving for 7, we have
7=m[(142)Y™ —1].

9
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Conversely, if 7 = m[(1 +1)"/™ — 1], then j satisfies 1 +1 = (1 + L)™ and $1
accumulates to 5

1 + t — 1+ o Tnt7

(40 =0+ 2)
after ¢ years under each form of interest conversion. So, m[(1 + 1)¥/™ — 1]
compounded m!"ly is equivalent to 2.

The symbol :(™ represents the nominal interest rate m/[(142)"/™—1] (with

compounding every m' of the year) that is equivalent to +. This results in
the relational formulas

1= (1+%)m— 1 and o™ =m[¥1+2—1].

We’ve seen that if you start with P dollars and apply the effective rate
2, the balance at the end of n years is P(1 + 2)”. Conversely, if you have
Q) dollars n years after a deposit of P dollars, then P(1 4 2)" = @, so that
P = ﬁ@ = V"(Q), where v = 1%2 We call v = 1%2 the discount factor
corresponding to 2. To reiterate, in order to have P dollars n years from now,
you must invest " P today. Just as the accumulation factor 1+ allows us to
move money forward, the discount factor v = %ﬂ allows us to draw money
back in time; () dollars today was worth v"() at the time exactly n years
ago.

The number § = lim,, ., 2™ has meaning as the interest rate assuming
continuous compounding corresponding to the effective rate ». We call § the

force of interest. By L'Hospital’s Rule, «(™ = A1 verges to
1/m S

d=1In(l+1) =—Inv.

It follows that the accumulation factor is then

14+21= 66,
and therefore the balance of a loan (or the accumulation of savings), ¢ years
after the initial loan (or deposit) of amount P - assuming no adjustments
have been made - is

Pe’ = P(1+1),

which we interpret as correct even when ¢ is not a whole number.
Conversely, the discount factor is

v=e ",
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so an amount P, t years forward from now is worth Pe~% at present.
Observe, we now have that :™ = m[e?/™ — 1]. If we define a function
f(z) = x[e%/® — 1], then

)
flx)=¢e"(1—- =) —1.
T
Reasonable bounds on 2 insure that § < 1. The Maclaurin series for e~/

is ) \
o-Gyry g0 107 1o°
x 222 3lad
Since g < 1, the Maclaurin series above has absolutely monotonically de-
creasing, alternating terms and so e~ (/%) > 1 — %. Hence, 1 > e@®/*)(1 — %)
and consequently f'(x) < 0. That is, the :(™’s are monotonically decreasing
as m increases.

We have established
toa=M>@ 50> >5>0.

Although most loans and savings plans are formulated using an effective
or nominal rate plan, an analogous practice is not uncommon in the issuing
of bonds, that of paying the interest up front. When borrowing P dollars,
the bank may offer take a percentage d at the beginning of an interest cycle
(in lieu of collecting interest at the end), so that at the end of 1 year, the
remaining debt is P; d is called the effective rate of discount and is an annual
rate.

For example, on August 7%, 2003, a U.S. EE Patriot Bond sold for $25
and matures to $50; that is, the government borrows $50 from you less a
50% discount, in order to pay you back $50 at the maturity date.

The effective rate ¢ associated with d can be found in terms of d as follows
(in the EE Patriot Bond example, 2 = 2.66%): Using the accumulation factor
1+2,

(1+2)(1—d)P =P,
from which we obtain
1 ?

(14:)(1—-d)=1 and Z:Td_l and dzl—y:1+z.

So, d is the ratio of the interest earned in 1 year to the balance after 1 year
(as defined in some books).
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The nominal rate of discount d™ is an annual rate such that a discount
rate of d%) is applied at the beginning of each m* of the year. It follows
that if 2 is the effective rate for d™, then

L) 4
(1+W)(1 - 7) =1,

and so, for example,
d™ =m[l — Y™,

In a manner analogous to obtaining {, we obtain
d=dV <d® <d® < ... <35,

and
5= lim d™.

m—00

2.2 Annuities-Certain

A regular annuity or annuity-certain is any timed series of payments in which
the payments are certain to be paid. Examples include payments on your
financed automobile, mobile home, or house, as well as the paying off of
credit card balances. The term ”certain” refers to the legal obligation rather
than a force of will. If you cease making payments, the lender will recoup the
outstanding balance in some other way and/or write it off as a loss, marking
the debt "paid”. There is another type of annuity, called a life-annuity, that
will be considered in Chapter 3, but at this point there will be no confusion
if we refer to an annuity-certain as simply an annuity.

While, conceivably, the payments can occur at various times we will stick
to consideration of the standard annuities where the payments are equal and
are made at equal increments. In order to evaluate these payments, as we've
learned, we must pick a set point in time in which to calculate payments.
The term "present time” refers to the arranged time in which the payment
schedule goes into effect (which is not necessarily the time the payments
start).

We will now cover the standard annuities. Most of the standard annuities
are level, meaning that the payments are equal, and in all, the scheduled
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time between payments is the same. We refer to an annuity as discrete is the
payments are made either annually or at some other fixed points in time.

Annuity-Immediate

In this situation it is assumed that a series of payments is made in unit
amount ( $1) at the end of every period (or year) and that ¢ is the effective
rate for that period (or year). The "immediate” modifier conveys that the
payments are to be made at the end of the period (or year), perhaps contrary
to a direct reading of the word immediate. Also, it is common to assume
that payments cease at some point, say n periods (or years).

The present value of a payment is the value of the payment when dis-
counted back to the present. For example, the present value to the first
payment is v. The present value of the second payment is v?, and so on.
Reasonably, the present value of an annuity is the sum of the present values
of all of the payments. The present value of an annuity-immediate payable
for n years is therefore v + 12 + - -+ + ™.

The symbol ag| represents the present value of an annuity-immediate
payable in unit amount for n years in which the frequency of payments co-
incides with the interest conversion period. Thus,

1—-v" 1 -

)=

1—v 1

tn=v+ V4V =l ) =

Again,

1—-v"

aﬁ|zy—|—y2—|—...+yn: ;

Note: If payments are P instead of $1 in our annuity-immediate, then
the present value of the annuity, i.e., the present value of all payments, is
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Pag). What this means is that the certainty of payments in amount P made
according to the schedule described is worth Pap presently.

For example, suppose you wish to purchase a car and you learn that after
the down payment (if any), taxes and fees the cost will be $18,731. You
are told that you can be financed at the annual rate of 5.99% for 5 years.
Having lived in this world for some time, you realize you are to make monthly
payments in some amount P to pay off your vehicle. What may not be clear
until you read the fine print is that the quoted 5.99% is a nominal rate,
convertible (or, to be compounded) monthly. So the effective rate 2 for each
month is 1 = % and the number of payments is n = 60. The present value
of payments must equal the loan amount. So,

$18,731 = Pags; and P = $362.04.

¢ $18.731
a

| (please

This payment is about a half-penny over the true amoun

excuse the ”=" above) so the final payment is usually adjusted to make things
even.

Annuity-Due

In this situation it is assumed that a series of payments is made in unit
amount ( $1) at the beginning of every period (or year) and that z is the
effective rate for that period (or year). The word "due” conveys that pay-
ments are made at the beginning of the year. Again, it is often assumed that
payments cease after some fixed number of years, and we will let n be the
number of years (=payments).

The present value of an annuity-due payable for n years in unit amount
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is denoted by dz|, and as above we find that

| — v v = =
ol 1—v d

As before, if the payments are P instead of $1 in our annuity-immediate,
then the present value of the annuity is Pdg.

For example, suppose you wish to lease a car for 3 years and that after
the capital reduction (if any), taxes and fees the cost will be $18,731. You
are quoted an interest rate of 5.99% for your lease which you interpret to
be a nominal rate convertible monthly. If you are told that the payments
are P = $355.00 per month, payable in advance (as is the convention with
leases). What is the residual value of the car in 3 years? That is, what will
be the purchase price left to you in case you wish to buy the vehicle when
the lease runs out?

The present value of your payments is P dgzg = $11,729.20 (to the nearest
penny). This leaves $7,001.80 unpaid in present dollars. Of course, your
lease terminates 3 years forward from the present, so at the time of the lease-
expiration, the residual payment will be $7,001.80(1 + 229236 = $8 376.42
to the nearest penny. This assumes that no funny business is being waged.

Annuities Payable m'*ly

Another set of standard annuities arises when $1 is paid per annum but
in installments of % every m!" of the year. The payments are to last a fixed
number of years, say n. Given the effective annual rate 2, we calculate the
nominal rate (™.

As in the case of annual payments, the payments may occur at the be-
ginning or end of the payment period. An annuity-immediate payable m‘"ly
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is such an annuity where payments are made at the end of each m' of a year
(again there is often a finite number of years for payments to be made, and
we will consider this case and denote this number by n). Using the formula
for a geometric sum again we can obtain a closed form for the present value
of all payments payable for n years:

1 1 1 1 1 1 — yrm/m
QW — S Umoy Z 2 me 8y —em/m —z/l/m( v

al m m m m m 1 —yplt/m 7

and therefore, after a little algebra,

In words, the present value of an annuity-immediate payable m'ly in

annual unit amount for n years is ag'n) = 11(_7,’1’; . If the payments are P per
year instead of $1, then the present value of payments is Pa(ﬁm) = Pll;;’: .

The standard annuity-due payable m™ly is an annuity with payments of
L per m' of the year, with payments occurring at the beginning of each
m'™". Assuming the payments are to be made for n years, the present value
of payments is denoted by ag‘n) and as above can written in closed form:

'-(m) . 1 — I/n

Note: If P is the annual payment made under an annuity-due payable
mtly for n years (so the m'ly payments are %), then the present value is

Paﬁr).

The annuity-immediate payable monthly is the most frequently encoun-
tered annuity for us. The car purchase and lease examples are rightfully
annuities payable monthly. We can illustrate how a car or home purchase
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uses the concepts of an annuity-immediate payable monthly with another
example:

Suppose you (including your parents perhaps) wish to buy a house off
campus with the amount to be financed of $123,789, on a 30 mortgage at
an effective rate of 6.125%. This leads to an equivalent nominal rate of
112) = 5.595% and a discount factor of v = .942285. If P be the total of all
payments made in a year (without adjusting for interest), then the present
value of all payments must match the loan amount; i.e.,

(12) 1 — V3O
Pag) = P—q5— = $123,780,
Therefore, P = $1§?93é;f§9 = $8,853.36 (they always round up), and so

your monthly payments to pay off the house are w or $737.78. By the
way, the amount $737.78 is called your P41 payment. There are two other
amounts that are often required to be payed to your mortgage company: if
your loan-to-value ratio is more than 80%, then you must pay PMI (mortgage
insurance) which may be around $100 per month; also, they usually want you
to escrow taxes and home insurance, which in Auburn will run you another
$100 per month. While PMI is money lost to you, escrowing taxes and
insurance are just easy ways for you to pay those bills.

Although we’ve found out whether or not we can swing the mortgage there
are other aspects of the loan that prove interesting. Suppose we want to sell
the house in t years. How much will we still owe the mortgage company?
This is a good time to go over the Prospective and Retrospective Methods of
evaluation.

Sitting at time ¢ (in years), immediately after any payment for year ¢, we
may look forward (there-by adopting a prospective view):

We know that we have some outstanding balance on the loan, call the
outstanding balance B;. Most loans are configured according to the Fquiva-
lence Principle; that is, the assumption that our future payments pay off the
remaining balance. We assume we have such a loan. (I have never seen a
loan that wasn’t based on the Equivalence Principle, but I have seen several
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loans emphasize that they are based on the Equivalence Principle). Hence,

the present value of all payments made subsequent to year t, Pa%P must
equal B;:
(12)y (12) 11—t
Bt = (B()/(Iﬁl )aml = Boﬁ

For example, when t = 5, 1;’::5 is roughly 93%, and so (regardless of

what house you are buying) you have paid off 7% of your loan. Couple that
with a real estate growth rate in Auburn sometimes in the 5% — 10% per
year range, you are likely to see a cash equity of over 30% of your original
purchase price after 5 years.

In contrast to a prospective approach, at time ¢, we can look back to
evaluate our progress on the loan. This is called a retrospective method of
evaluation. We might address the question, "what is our outstanding balance
after ¢ years?”, immediately following the last of the payments for year t,
retrospectively. To do this we need some standard terminology.

The symbol a in the annuity symbols az|, dx, a(ﬁT), and dﬁm) refers to the
present value of payments. Each of the standard annuity symbols refers to
a n-year term annuity. Instead of valuing the payments at present, we can
also value the payments at a future time; specifically, at the end of n years,
after the last payment has been made.

For the n-year term annuity-immediate,

e ]
the sum of the payments viewed n years past the present is
(I4)"—=1 (1+2)"—1

L (L) o (L) = l+1-1 ?

This sum is called the accumulated value of payments of an annuity-immediate
and is denoted by s7. Note also, from general reasoning, that

S| = (1 + z)”am.

Similarly,
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and (1+) )
m +Zn_ m n _(m
%‘):T and s(ﬁ‘):(l—l—z) a(m),
and (14) )
S%‘):W and s(ﬁl):(l—l—z) a,%').

Back to a retrospective evaluation of a loan with scheduled payments at
the end of each m". We start with a loan amount of By = Pa%”) (in general),

and make mt payments in ¢ years, of P/m at the end of each m'. At the
end of year t, after the payments for the ¢ year have been completed, the
accumulated value of all payments to year t is

P ng)

d
and the accumulated original loan value is

(1+2)'Pal.

7l
Therefore, we still owe

(T4t =" = ((1+2)"—1)

’L(m) ’

By = (1+1)'Pal) — Psi = P

7l
at time ¢, which can be rewritten as,

1 — n—t
B,=P—" = pa™

z(m) n—t|’

as obtained by the prospective evaluation.

Deferred Annuities, Perpetuities, Continuous and Increasing/Decreasing
Annuities

A perpetuity is an annuity for which payments never cease. In the con-
ventional notation the symbol oo replaces the symbol n. Then

) 1
U = lim am = -,
n—oo VA

. L 1
ey = lim Gy = 7,

S§
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1
a(ln) = lim a(,m) = —
ool nooo ™ o (m)’
and
A(m) . (m)
el = 0, Gl = oy

Just as we may consider interest to be compounded continuously, we are
able to consider an n-year term annuity, payable continuously in unit annual
amount. Interpreting this concept, if ap is the present values of annuity
payments, where the bar conveys continuity, then

. 1 "
am = lim E}ZZ‘I—e—R‘S = e Odt.
m 0

m—00

Alternately, one could define,

1 — pm 1 —pm n
ap = lim o™ = lim v v :/ e Odt.
0

m—oo ™ m—oo Z(m) (5

Of course this is the same as lim,,_, ag‘n) The perpetuity payable continu-
ously in unit annual amount is

o 1
E@| = / eiétdt = —.
0 )

A deferred annuity refers to an annuity where the payments are postponed
or deferred until some future time. The fact that an annuity has been deferred
m years is conveyed by having the symbol m| appear in the lower left of an
annuity symbol. For example, the n-year term, k-year deferred annuity-due
in annual unit amount has present value

k| Orl

while the present value of a k-year deferred perpetuity payable in m'’s in

annual unit amount is written as

Do you see that the present value of a k-year deferred annuity is just v* times
the present value of the annuity where the payments begin at present? E.g.,

Wn) = V), KOs = VA KAy =V ag”
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for just a few examples.

As you’ve no doubt recognized, each of the standard annuities we have
examined so far are level in that the payments are all the same. There are
two important variations on the level annuities and those are the increasing,
and the decreasing annuities.

The increasing annuities vary according to whether the payments occur
at the beginning or end of the year or whether payments are m*ly. At this
point in the course one should be able to decipher the meanings of the present
values of annuities (Ia)s, (I6)m, (Ia)\", (Ta)z, (16)S”, (Ta)m and (Ta)x,
once one has been introduced to a single one.

The symbol (1 a)(ﬁT) represents the present value of an annuity-immediate
payable m!"ly for n years, for which the annual premium in the t** year is

$t. So,

1 1 1 9 9
(Ia)(m ) = Evl/m + Ezﬂ/m +eeF Eum/m + Eu(mH)/m + Eu(m“)/m—k

o Zemm L ey m T Gne42)fm T g
m m m m
There are various manipulations that can be made of this expression, however
none lead to simple expressions. For example, we can read the above equation

as
()

(Ia)(m) = o™ 4 lla@ + 2@@ +o ot ageg

| 7| n—1] n—2|

The present value of the n-year increasing annuity payable continuously

(Ta)y = / te *ldt,
0

can easily be computed using parts;

18

T te_at 00 1 > —ot 1
(la)g = 15 +5/0 e dtzﬁ.

(m)

|

Analogously, one can interpret the symbolism (Da)g|, (Dd)z|, (Da)

(Dd)(ﬁT), and (Da)n once one understands that in the corresponding annu-
ities, the annual payments for year ¢ total n —¢t. One can choose to relate
increasing and decreasing annuities (for example, (Dd)z = (n+1)dz— (I d)7)),
however we will not make much use of increasing and decreasing annuities in

this course.
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Another glimpse at the significance of the symbolism occurs when we
understand that (Ia)y has a different meaning than (I@)y. The existence
of the bar over the I in the former term means that the annual premium in
the annuity is continually increasing while the lack of the bar over the I in
the latter expression means that the annual premium is increasing discretely.

So,
(Ia)y = / te~Otdt,
0

while

([E)m = Qp| + 1|Gp—7) T -+ pog0y) < ([a)m.

Exercises :

2.1 Given ¢ = .06, compute the equivalent rates and factors d, v, §, 112,
and d(1?),

2.2 Show that § = lim,,,_.., d™.
2.3 Show that d < d® < d® < ...

2.4 Suppose you are shopping for a new car. You want to make sure you
can handle the monthly payments so before looking, you make a small
table, using the nominal interest rates j = .039,.049,.059 (convertible
monthly), of the payment-cost per month per dollar financed assuming
a 60 month loan. Make this table now (please).

2.5 Derive the expression agln) = =5

2.6 If you purchased a car for $18,789.00 under financing with a 5.99%
nominal rate for 60 months, how much do you need to sell the car for
at the end of 3 years to get out from under the vehicle (i.e., pay off the
loan exactly)?

2.7 Show that fan = ag and dap = 165
2.8 If the effective annual rate 1 is 7%, calculate :™, §, d, and d™.

2.9 Suppose that a company knows that expenditures are forthcoming and
wishes to plan for the expenses by investing money at present. If the
expenses are $25, 000 next year for advertising, $5, 000 in two years for
additional computers, and $10,000 in five years for additional office
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2.10

2.11

2.12

space, how much must be invested today, at the effective rate 5.25%
in order to meet these expenses (assume expenditures are made at the
end of the year)?

An investor accumulates a fund by making payments at the beginning
of each month for 6 years. Her monthly payment is 50 for the first 2
years, 100 for the next 2 years, and 150 for the last 2 years. At the
end of the 7 year the fund is worth 10,000. The effective annual
interest rate is » and the effective monthly rate is signified by j. Which
of the following formulas represents the equation of value for this fund
accumulation?

)[(1+2)* +2(1 + 1) + 3] = 200.
+ 2)* 4+ 2(1 + 9)* + 3] = 200.
+ )+ 2(1 4 2)? + 3] = 200.

Matthew makes a series of payments at the beginning of each year for 20
years. The first payment is 100. Each subsequent payment through the
tenth year increases by 5% from the previous payment. After the tenth
payment, each payment decreases by 5% from the previous payment.
Calculate the present value of these payments at the time the first
payment is made using an effective annual rate of 7%.

Megan purchases a perpetuity-immediate for 3250 with annual pay-
ments of 130. At the same price and interest rate, Chris purchases an
annuity-immediate with 20 annual payments that begin at amount P
and increase by 15 each year thereafter. Calculate P.

(a) 90
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(b) 116
(c) 131
(d) 176
(e) 239

CHAPTER 2. THE THEORY OF INTEREST

2.13 For 10,000, Kelly purchases an annuity-immediate that pays 400 quar-
terly for the next 10 years. Calculate the annual nominal interest rate
convertible monthly earned by Kelly’s investment.

2.14 Payments of X are made at the beginning of each year for twenty
years. These payments earn interest at the end of the year at an annual
effective rate of 8%. The interest is immediately reinvested at an annual
effective rate of 6%. At the end of twenty years, the accumulated value
of the twenty payments and the reinvested interest is 5600. Calculate

X.

(a) 121.67
(b) 123.56
(c) 125.72
(d) 127.18
(e) 128.50

2.15 The present value of a 25-year annuity-immediate with a first payment
of 2500 and decreasing by 100 each year thereafter is X. Assuming an
annual effective interest rate of 10%, calculate X.

(a) 11,346
(b) 13,615



2.2. ANNUITIES-CERTAIN 25

(c) 15,923
(d) 17,396
(e) 18,112

2.16 Given one of the rates, determine other.

(a) d = 03,12 =?
(b) 6 =.05,d ="

(¢) v =.9426T71, d
(d) 2= .06, 2(12) =?

2.17 Check which formula is correct. If incorrect, give the correct expression.

(a) dwrd — vund = did

(b) 0 = 12}e=412 — 1

(c) 12 - d® = @ _ g
)

5= N/;%%

2.18 Check which formula is correct. If incorrect, give the correct expression.

(d

m) _ 110y

(a) G m 1= (1+2)1/m

(b) (I8)a) — (I8)m) = $my

(C) Omtn| — Gm| = Vm_r[ O — a'n\]
am Sf

(d) U -+ s_% =0

The next three problems refer to a series of payments of 10, payable at the
beginning of each quarter for 10 years. Correct (if necessary) the proposed
value for the present value of payments using a minimal alteration.

2.19 Assuming d¥ = .04, the present value is %.

2.20 Assuming 2®) = .06, the present value is %W'

2.21 Assuming d® = .06, the present value is %.
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2.22 Which of the following expression does not represent a definition of ag?

(a)
(b)
()
(d)

) 1

<

n 1+’L)" 1]

11/”

+ i 4"
[1—0—1 ]

<

d
(e

2.23 An estate provides a perpetuity with payments of X at the end of
each year. Susan, Seth, and Lori share the perpetuity such that Seth
receives the payments of X for the first n years and Susan receives the
payments of X for the next m years, after which Lori receives all the
remaining payments of X.

<

Sﬁ

@

Which of the following represents the difference between the present
value of Seth’s and Susan’s payments using a constant rate of interest?

(a) Xlam —v" tm]
(b) Xldm) — v" ]

(¢) Xlag — " am]
(d) X[am — " am)
(e) X[vagm — " am]

2.24 Mike receives cash flows of 100 today, 200 in one year, and 100 in two
years. The present value of these cash flows is 364.46 at an annual
effect rate of interest 1.

Calculate «.
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2.25 A loan is being repaid with 25 annual payments of 300 each. With the
tenth payment, the borrower pays an extra 1000, and the repays the
balance over 10 years with a revised annual payment. The effective
rate of interest is 8%.

Find the amount of the revised annual payment.

2.26 The present value of a series of 50 payments starting at 100 at the end
of the first year and increasing by 1 each year thereafter is equal to X.
The annual effective interest rate is 9%.

Calculate X.

(a) 1165
(b) 1180
(c) 1195
(d) 1210
(e) 1225

2.27 Which of the following are characteristics of all perpetuities?
[. The present value is equal to the first payment divided by the
annual effective interest rate.
I1. Payments continue forever.

III. Each payment is equal to the interest earned on the principal.

a) I only

(a)
(b)
(c) IIT only
(d) I, II, and III

IT only
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2.28

2.29

2.30

CHAPTER 2. THE THEORY OF INTEREST

(e) The correct answer is not given by (a), (b), (c), or (d).

At a nominal interest rate ¢ convertible semi-annually, an investment of
1000 immediately and 1500 at the end of the first year will accumulate
to 2600 at the end of the second year.

Calculate «.

(a) 2.75%
(b) 2.77%
(c) 2.79%
(d) 2.81%
(e) 2.83%

An annuity immediate pays 20 per year for 10 years, then decreases by
1 per year for 19 years. At an annual effective interest rate of 6%, the
present value is equal to X.

Calculate X.

At an annual effective rate of 2, the present value of a perpetuity-
immediate starting with a payment of 200 in the first year and increas-
ing by 50 each year thereafter is 46, 530.

Calculate «.

(a) 3.25%
(b) 3.50%
(c) 3.75%
(d) 4.00%
(e) 4.25%
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2.31

2.32

2.33

Calculate the nominal rate of discount convertible monthly that is
equivalent to a nominal rate of interest of 18.9% per year convertible
monthly.

(a) 18.0%
(b) 18.3%
(c) 18.6%
(d) 18.9%
(e) 19.2%

An investor wishes to accumulate 10,000 at the end of 10 years by
making level deposits at the beginning of each year. The deposits earn
a 12% annual effective rate of interest paid at the end of each year.
The interest is immediately reinvested at an annual effective interest
rate of 8%.

Calculate the level deposit.

A discount electronics store advertises the following financial arrange-
ment:

"We don’t offer you confusing interest rates. We’ll just divide your
total cost by 10 and you can pay us that amount each month for a
year.”

The first payment is due on the date of the sale and the remaining 11
payments at monthly intervals thereafter.

Calculate the effective annual interest rate the store’s customers are
paying on their loans.

(a) 35.1%
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(b) 41.3%
(c) 42.0%
(d) 51.2%
(e) 54.9%

2.34 An annuity pays 1 at the end of each year for n years. Using an effective
annual interest rate of 2, the accumulated value of the annuity at time
n+1is 13.776. It is also known that (1 +2)" = 2.476.

Calculate n.

(a)

(b)

()

(d)

(e)

2.35 A bank customer takes out a loan of 500 with a 16% nominal interest
rate convertible quarterly. The customer makes payments at the end
of each quarter.

0~ O Ul

Calculate the amount of principal in the fourth payment.

(a) 0.0

(b) 0.9

(c) 2.7

(d) 5.2
)

(e) There is not enough information to calculate the amount of prin-
cipal.

In the next four problems, derive the given formula:
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2.39 (Ld)m + (Dd)m = (n+ 1)dg).

2.40 Verify the following: In an n-year level annuity-immediate in unit
amount payable annually, the present value of future payments at the
end of the m'* year is an=m|- The interest paid in the m'" years is
U+ Gp=my1) and the amount of the payment in the mt year that goes
towards the principal is 1 — - az= 77
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Chapter 3

The Probability of Life

3.1 Elementary Probability

We assume throughout that there is a mortality function ;p,. In the second
section we will attempt to estimate ;p, provided we know its values for ¢, k
integers. Here is a sample of easily derived identities which may prove useful
later:

s+tPx =t Pz "s Pz+t » s[tPz =s+t Pz

and

sitde = sPx t9x4s = t+sde — sQz-

The last string of equalities gives the probability that a life aged = lives
s years, then dies within the next t years. An important quantity in our
subject is the probability that a life (x) dies in the k + 15 year. This can be
written as

kP2 Qo+t and  ppp — ppp,  and also 1@ — kGa-

The curtate-expectation-of-life of (x), denoted by e,, is understood as
a measure in some sense of how long () might "expect” to live in round
years - though the answer is not necessarily in round years. In statistics, if
50% of a population lives 30 years and 50% lives 20 years, it is said that a
member of the population ”expects” to live 25 years in that the mathematical
(weighted) average of years lived is 25. In general the formula for the curtate-
expectation-of-life is:

€ = Ezozok 'k Pr Qutk-

33
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We will now examine the probability function ;p, for fixed x and contin-
uous t. Again, the chance of decrementing precisely at t is zero. However we
can look at the chance of (x) decrementing in an interval [t, ¢ + ¢]; we get

t+edzx —t 4
EYT mg

tPz equ+t =t Px (SQI+t/5> €= c

Taking the limit as ¢ — 0 gives us an expression which figuratively represents
the notion of (z) living ¢ years then suddenly dying.

Set
d

_ . t+edr —t Qx _ Y
plx+1) = (llj}% - )/ tPe = <dt tGz) /D

Then, the expression p,u(x + t)dt symbolically represents the notion that
(x) lives t years, ;p,, then dies before age t + dt. This justifies the moniker
force of mortality on (x) at year t for p(z +t).

By general reasoning, fos Dz p(x + t)dt is the "sum” of the probabilities
that (x) lives t years then dies suddenly, summing over all 0 <t < s; i.e.,

sz = / tpﬂt(ib‘ + t)dt,
0

This identity also follows from the Fundamental Theorem of Calculus since

tpxlu(w + t) = %tQI' Thus,

Pe=1—3q, = / ez +t)dt — / ez +t)dt = / ez + t)dt.
0 0 s

By asserting
1= / Pept(x +t)dt = tlim -
0 e

we are merely assuming that ”everyone must die sometime” which we accept
without further ado. In fact it is SOP to assume there is a limiting age
denoted by w beyond which nobody lives.

3.2 Fractional Age Assumptions/Analytical Laws
Given mortality data (for example, the data from the ILT, or, experience

gathered from Claims), it is common practice to to lump all lives with the
same whole number of years lived, together. We do not write of a life aged
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26.2, rather (26). This bolsters information on (z) when z is an integer, and
from this information we can calculate p, = 67’“ for k,x integers. But we
still need to have ;p, available when ¢ is not an inzteger (since decrementing is
not only an annual occurrence), and there are several widely accepted ways
to interpolate between our data pp, for k, x integers.

Recall that

kEPxz = Pz "k—1 Pz+1 = Pz * Pa+1 " " Pa+k—1,

so the essential data is p, where z is an integer. Also, if k is the greatest
integer in t and s =t — k, then

tPz =k Pz *s Po+k>
and so what we need to estimate is 4p, for 0 < s < 1.

Uniform Distributions of Death

Under the uniform distribution of deaths or UDD for short, we perform
linear interpolation between successive known death rates g, and ¢, as an
estimate for ;q, when 0 < s < 1. That is, under UDD,

sqe = 5(qz) + (1 — 8)(0qz) = s¢. for 0 <s <1
(You have to have careful eyes.)

Constant Force of Mortality

Under the constant force assumption, it is assumed that for z a fixed
integer, pu(x + s) is constant for all 0 < s < 1. Specifically, u(z + s) = u(x)
for all 0 < s < 1. Then ,p, = elo #EH0d — evs where p = p(x).

Baldacci’s Assumption

Named after the Italian actuary G. Baldacci, this assumption performs
hyperbolic interpolation between ,py and ,,1pg, in that, we assume

1 (1_8)+ s

z+sP0 2P0 z+1DP0
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Since ,41Po =z Po t Pz, this gives ¢p, = “;p % and so
x

1 - 1—35), Sy S
_ _zbo :( )p0+ po:(l—s)—l——.
sPx z+sP0 zPo zPoPx y2
Thus, ¢, =1 —sp, = ﬁ when all is said and done.

We will employ the UDD assumption in Chapter 5.

Another approach to fitting a continuous model to our experience or
mortality data, is to choose a model that you have reason to believe describes
population. An ASA from AFLAC once told me that he assumed cancer rates
conformed to a well-known continuous model (I have forgotten which model).
I asked him how he determined that (I was really curious). He said, ”‘cause
the guy over at Prudential did it that way”. Hey, we just try to do our best.

In all models, there is a limiting age w. What is interesting with these
well-known and widely used analytical laws of mortality is the date in which
they were first used.

Some Analytical Laws of Mortality

De Moivre (1729) po=1-2 0<z<w
w
Gompert (1825) =Do = exp[—m(c®—1)] 0<z,ec>1
Makeham (1860) =Po = exp[—Ax—m(c*—1)] 0<z,ec>1
Weibull (1939) oo = e 4 0<z,n>0

Exercises

3.1 Use integration by parts to show that ;p, = exp|— fo x + s)ds].

3.2 The complete-expected-life of (z) is defined to be e, = J57 tipep(z+)de.
Show that gx = fooo (Pedt.

3.3 Under UDD, show the following for integral z and 0 < s < 1:

(a) e+ 5) = P



3.2. FRACTIONAL AGE ASSUMPTIONS/ANALYTICAL LAWS 37

(b) spzp(z + 8) = G-

3.4 Under the constant force assumption, show the following for integral =
and 0 < s < 1:

(a) sPz = p;
(b) p(z +s) = —In p,.
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Chapter 4

Annuities Payable Upon
Survival

4.1 Life Annuities

A life-annuity is an annuity for which the payments are made contingent only
upon survival (or lack of decrement). It would be bad form for Metropolitan
Life (for example) to ask you to continue to make payments on your whole-
life policy years after you are gone. The types of standard life-annuities
mirror the regular annuities considered earlier but now we must factor in the
probability that (x) survives to a given payment. The notation must convey
this contingency.

Discrete Level Whole-Life Annuity Issued To (x):

The modifier whole-life indicates that payments are made as long as (z)
survives. There are two discrete whole-life annuities issued to (z) payable
annually; whole-life annuity-due, and whole-life annuity-immediate. While
these are not perpetuities (everyone dies), there is no set term limiting the
number of payments.

The whole-life annuity-due issued to (z) is an annuity payable, in level
amounts, at the beginning of the year, as long as (z) is alive. A whole-life
annuity-immediate issued to () is a level annuity, payable at the end of the
year, contingent upon (z)’s survival.

In addition to using life-annuities to pay for life insurance (or as they

39
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say at AFLAC, life assurance), many retirement plans, like Alabama State
Teacher’s Retirement, or other government plans, are simply deferred life
annuity-immediate payable monthly (with perhaps a partial payment at the
end of the month of death which is determined by the percentage of the
month retiree was alive).

The whole-life annuity-due payable m*ly in annual unit amount, issued
to (x) is an annuity payable in amount % at the beginning of each m!" of the
year, as long as (x) is alive. The unit whole-life annuity-immediate payable
mly issued to (z) is an annuity, payable in amount % at the end of each
m'™ of the year, contingent upon (x)’s survival.

The annuitant is the person or entity making the payments prescribed
by the annuity. In the Alabama State Teacher’s Retirement example, the
Alabama State Teacher’s Retirement Association is the annuitant (in effect
the Retirement Association is paying off the contributions made by the retiree
and the employer prior to retiring).

Discrete Level Term-Life Annuity Issued To (x):

We have considered several of this type with the word ”life” removed.
Those payable annually (of course in unit amount) will be dealt with below
and the life-annuities payable m‘*ly will be relegated to the homework.

The n-year life annuity-due issued to (z) is an annuity-due in unit amount
payable as long as (z) is alive but not beyond n years. A n-year life annuity-
immediate issued to () is an annuity-immediate, payable in unit amount for
n years contingent upon (x)’s survival.

And so on; for each type of annuity, there is a corresponding life-annuity.
Obviously, the lender will expect to see less money coming when payments
are scheduled under a life-annuity compared to an annuity-certain. How
do we value life-annuities? For example, how much must Alabama State
Teacher’s Retirement Associate have available at the time of retirement of
() in order to pay for (x)’s retirement? This is a little tricky because we
don’t know how long a particular life aged x will live, and, we cannot come
up short (or too long).

In valuing life-annuities, we are viewing the payments at present (so we
are determining the present value), and, we are taking into account actuarial
(mortality) data. Let’s look at a single payment at time ¢ in unit amount
made contingent upon the survival of (x). For the sake of argument, let us
suppose that ASTRA is making the payment to each of the £, retiree’s aged
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The company must pay ¢,.; dollars - one to each survivor. Put another
Lot

way, they must pay % = ;p, to each of (z) (on average). Therefore, the
present value of the money each (x) receives is V' -; p, where v is computed
using an assumed effective rate (this rate is picked by ASTRA and may be
picked larger than any rate of inflation in part to create profit and to be
cautious).

Turning this around slightly, if a payment of 1 is to be made ¢ years from
now contingent upon the survival of (z), then (z) ”expects” to pay v' - p,
(present dollars) in that (z) has a ;p, chance of making the dollar payment.
We call V' - p, the actuarial present value or APV (for short), of a dollar
payed in t years provided (z) has survived, valued at the present-time. The
notation for this is ; F,.

Given a life-annuity, we can proceed to calculate the APV of all the
payments. Just as the notation for present value of standard annuities adorns
a in various ways to indicate the type of annuity, the symbolism for the APV
of a life-annuity modifies a, in an analogous manner to indicate the type
of life-annuity being used. The APV’s of the standard discrete, level, life-
annuities in annual unit amount are given by

Gy, Ay, a;,m), dg(cm), Q) ml aij%)l, ai"%)‘

The APV’s for the standard, discrete, increasing and decreasing life-

annuities are

(La)z, (1a)wm), (16)z, (Id)7), (Da)emy, (D@)zmy,

and the APV’s of the standard continuous, life-annuities are given by

E:wax:ﬁ\a (Ia')x> (Ia)x:ﬁ|7 (Da)m:m-

And of course there are the deferred, life-annuities like

. m A{m . (m) A(m)
k| Gz, k| Oz, k\a; )7 k\agc )7 k| Qz:m|y k| Qz:7l k‘az:m’ k|aw:ﬁ\'
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4.2 Valuing Life- Annuities

We've seen that the APV of a dollar issued at time ¢ is worth E, = ! ;p, at
present. This leads to direct valuations for each of the APV symbols in the
previous section. Since we are discounting individual payments back to the
present (or current) time, with respect to interest and survival, this approach
is called the current payment technique.

For example,

.. o _k
Ay = Ek:ol/ ‘k Pz
n k
az:ﬁ| - Ek:ly ‘k Pz

(m) _ wmm_1 Lk
a7 Z:]g:() —Um &k Py,
m m

zm|
and
(E)x - / t€_5t 't p:c:u(x + t)dt,
0

are all derived under the (straightforward) current payment technique.

There is an alternate way to value annuities called the present value of
benefits technique. Here we are conceptually considering the stream of pay-
ments under the annuity as a benefit. What is the present value of benefits
awarded to (z)? Obviously the answer depends upon how long (z) lives so
we must give a conditional answer. In the discrete case, the present value
of benefits is the sum of the present values of all payments made up to (and
including the payment at the beginning of the) k' year, on the condition
that (z) survives k years but not k& + 1. In the case where payments are
m!"ly, replace year by m!* of the year, and k by the whole number of m'*’s
lived.

Examples provide the most clarity because then we can put a face on the
annuity in question. For a,, the present value of benefits technique yields
the formula

00
Ay = Ek:oak-i-l-\ ‘k Pz Qu+k-

(Recall that gp, q..x is the probability that (z) lives k full years, then dies
before year’s end).
The present value of benefits approach also gives
Q) = SRk pe 1 gk + A e pe

m
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Here, we have stretched the notation a bit: d; can be (and is) defined to be

Z[—nﬁ’; for any value ¢t > 0. So, d(km%)l] is the present value of payments if % per
mth with interest rate L= per m?".

m
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Exercises

)

4.1 Write out closed form sums for a,, and al" , using the current payment

technique.

(m)

4.2 Write out closed form sums for (O and d:(lcm) using the current payment

technique.

4.3 Write out closed form sums for @,.5|, and a, using the current payment
technique.

4.4 Write out formulas for the APV symbols in problem 4.1 using the
present value of benefits approach.

4.5 Write out formulas for the APV symbols in problem 4.2 using the
present value of benefits approach.

4.6 Write out formulas for the APV symbols in problem 4.3 using the
present value of benefits approach.

4.7 Write out the current payment formula and the p.v. of benefits formula
for ,,d, and ) az.5.

4.8 Argue that a,m = 0y — @y and Gy = Gy — |Gy
4.9 Derive the formula 1 + a5 = Gpm) + o Ee.

4.10 Use the Illustrative Life Table data with 2 = .06 to calculate the APV
of the following life-annuities:

(a) A discrete whole life annuity-immediate issued to (25) in the
amount of $125, 000.

(b) A discrete whole life annuity-due issued to (65) in the amount of
$125, 000.

(c) A discrete whole life annuity-due in the amount of $100, 000 issued
to (30) which is deferred 15 years.

(d) A twenty-year term life in the amount of $50,000 issued to (45).
4.11 Verify the following recursion relationships:

(1) dp =1+ v prdpsr.
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(2) dom) = 1+ V Prloyiin-1]-

(3) @z =V pr+V Prazyr.

(4) @y = @1} + V Prlpy1.

(5) pm| = Uz1] + V Palgiim—17-

4.12 Use the mortality data of the Illustrative Life Table data to determine
the APV’s of the following life-annuities with + = .05.

(a) A discrete five-year annuity payable at the end of each year in unit
amount, issued to (35).

(b) A discrete four-year annuity payable at the beginning of each year
in unit amount, annuity issued to (65).

(c) A discrete six-year annuity payable with premium payments of
$2,000 payed at the beginning of each year issued to (30), which
is deferred 15 years.

4.13 Using the data of the Illustrative Life Table, what are the APV’s of the
following payments?

(a) Payments of $200 made at the end of each year for life by (30)
with ¢+ = .06.

(b) Payments of $1000 made at the beginning of each year for life by
(45) with 1 = .06.

(c) Payments of $2000 made at the end of each year for 5 years by
(50) with ¢ = .05.
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Chapter 5

Benefits Paid Upon Decrement

5.1 Life Insurance

In this chapter we will examine the present value of benefits when $1 is paid
upon the death of (z), either at the end of the year, or m' of the year, or at
the instant of death depending upon the policy contract. The word discrete,
when modifying an insurance, refers to benefits payable either at the end of
the year of death or the end of the m! of death. When the insurance is
discrete, the premium payments are also discrete and are collected according
to when death-benefits are paid (i.e., annually or m!"ly).

A discrete whole-life insurance policy with unit benefit is a legal commit-
ment from an insurance carrier to provide the beneficiary of the insured, $1
at the end of the year (or end of the m') of death regardless of when the
insured dies. (Of course an ”insurance-due” would be hard to pay, but even
harder for the insured to acknowledge the benefit).

A discrete term-life policy issued to () is a policy such that if (z) expires
within the term limit n, the beneficiary receives a fixed benefit at the end of
the year (or end of the m') of death, and receives nothing if (x) survives at
least n years.

Of course insurance policies can come in any form that the market will
bear, but we are primarily interested in the standard types. The standard
insurance policies are basically those that pay a benefit B at the end of the
year, m'" of the year, or instant, of death, and may include a term-limit
on benefit payments. There is one type of standard insurance that is a
slight variation, that being a term-life policy with the added benefit that the
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beneficiary also receives B in case the insured survives the term. This type
of insurance is called an endowment insurance.

As you have gleaned from prior discussions, we are primarily interested in
the cost of these insurance policies. That is, we wish to know the actuarial
present value of benefits. Like the notation for life-annuities, the symbol
for an APV of benefits is A, dressed up to convey the type of insurance
in force. However there is one change which allows us to accommodate the
endowment insurance. There is precise notational rule that accounts for the
new notation, but for now we will just learn the symbolism.

The standard insurance policies offer unit benefit. Analogous to the no-
tation for life-annuities, the APV of the standard whole-life insurance is A, .
The term-life uses a slightly modified notational scheme; A}E:m is the APV.

The 1 above the z indicates that in order for benefits to be paid, (z) must
expire before n. The endowment has APV A,z - the absence of a 1 over
either z or 7] indicates that x or n may expire in any order to receive the
benefit. Can you see that there is no distinction between @y and a7
Can you make sense out of Amlﬂ?

Regarding the whole-life issued to (z) in unit amount, of the ¢, dollars
to be handed out (one for each of the ¢, insured), ¢, g+ must be turned
over at the end of the k + 1%t year. In effect, the company must collect
loik Quik/le = kPz Quir from each of the ¢, policy holders in order to cover
the bill at the end of the k + 1%¢ year. In present value dollars, the company
must collect ¥+ p. g,.r in order to pay benefits incurred during year .
Turning this around, if () wishes to provide his estate with $1 at the end
of the k + 1% year provided death has occurred, they must be willing to pay
Vit p, qeyr at present.

Therefore,

R wle'e) k+1
Aoc - Zk:()’/ kPz Qu+k-

In order to cover benefits, the insurance company must charge A, at present
to each of its policy holders; and conversely, to be insured in the amount of $1
payable at the end of the year of death, (x) would need to pay A, at present.
More appropriately, if () wishes to benefit in the amount of P dollars at the
end of the year of death (to pay for funeral and any dependent’s educational
costs, say), (z) must provide the insurance carrier with P- A, presently. This
excludes profits and costs, by the way.

For the term-life issued to (), a similar reasoning applies but the payment
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of benefits is restricted by the term n. So,

Ai’:m = Ez;éyk+1 kPx Qutk-
The endowment adds a payment of $1 at the end of n years contingent upon
the survival of (x). Recalling that the actuarial present value of $1 paid at
the end of n years provided (x) survives was found to be ,E, = v" ,p,, we
obtain,

Az:m = Zz;éyk—i_l kDx Qutk + 78 nPx = A313 +n By

7]

Still other types of policies offer future benefits in the form of the annu-
ities of the previous chapter, especially the deferred life-annuities. A typical
retirement account on (z) is a deferred life-annuity (deferred 65 — z years
perhaps), payable monthly in an amount P where P is determined by years-
of-service, and a certain average of your annual salaries (for AU it’s 2% per
year of employment and the average is the average of your three best years
of the last 1).

5.2 Annuities and Insurance

The APV of benefits obtained for life insurances are reminiscent of the for-
mulas for life-annuities derived using the present value of benefits technique
of Section 4.2. This leads to a relationship between the APV of benefits for
a given insurance and the APV of the corresponding life-annuity.

For example, the discrete whole-life annuity issued to (x) has APV

1— VkJrl
S oo _ oo
Qo = 20 0%51) kDo Qotk = Dgzo——— kPa da+k;

and since X2 kP Qotk = 1,

1—- A,
1

ay = ,or Ay +a, = 1.

For the term-life annuity-due, payable m!"ly in unit annual amount, the

APV is

«(m) _ ywmm—1 - .
a’x:ﬁ\ - Ek:O aﬂ] %pw iqaj—‘,-% + 7] nPz-
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k+1
Here we have dg] = 1= G — and EZ;”O_lipx L4ypyk =n Go, SO,
nqgc_Agni) 1 — an+ npa:_A(lni) - nDx
a(m) _ z:7] + v Dy = ]
| d(m) dim) "F dm)
Thus,
A(’"1 +dm " n)| - 1.

Convince yourselves that the following formulas are correct:
A(m] + 4 )ax:m =1.

G

1’n|7

A:c = A%m + nAa:7

Ay +da, =1,

s )a,xn| = dm

A:Jc:m = Vlgm| — Qrpp=1)>

Qx| = 1B Az4+1:7]5

Am:m - Ax

Exercises
5.1 Come up with a formula for 4™

5.2 Assuming that ¢, = 100—z for 0 < z < 100, and that 2+ = .05, calculate

5.3 Explain what is meant by A . and give an alternate expression for

z:n]
this.

54 If A, = .25, Ay 190 = .4, and Axgo] = .55, calculate A .

5.5 Derive the equations A, + dd, = 1, and A jm) g m)

5.6 Use the Illustrative Life Table data to calculate the APV’s of the fol-
lowing;:
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(a) A whole-life insurance issued to (27) in the amount of $125,000.
(b) A whole-life insurance issued to (67) in the amount of $125, 000.

(¢) A whole-life insurance in the amount of $100, 000 issued to (30)
which is deferred 20 years.

(d) A twenty-year term life insurance in the amount of $75, 000 issued
to (45).
5.7 Obtain a formula comparing a,. and Ai-m‘

5.8 Derive the formula Aﬂ(:% + 1™ a,q = 1.
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Chapter 6

Paying for Insurance with
Life- Annuities

6.1 Premiums

Suppose (x) wishes to buy a whole-life policy. If x = 30, and we use the
Hlustrative Life Table I, a $100, 000 policy (a typical benefit) will cost roughly
$10,248.35. Maybe (30) doesn’t have $10,248.35, or, seeing this lump sum
figure, rethinks the need for insurance altogether. These are some of the
reasons that companies allow policy holders to make payments, that hopefully
appear to be small enough to overcome any resistance to buying insurance.
Obviously, the payments should cease when the insured dies.

Given an insurance policy, the net single premium or single benefit pay-
ment, SBP, is the actuarial present value of benefits of the policy. The net
single premium is the amount in present dollars that the insurance carrier
must pay the average insured in benefits, and so this amount must be col-
lected as a single premium or payment at present to offset the cost of benefits.
The net single premium does not account for profit as reflected in the quali-
fier "net”. Premiums that account for net premiums, profit and adverse loss
reaction are called loaded and are outside the scope of these notes.

The standard approach is to use a life-annuity with level payments to
pay for an insurance policy. Again we will only consider net premiums, the
life-annuity payments that cover the cost (from an actuarial stand-point) of
insurance only. The approach of equating the APV of benefits and the APV
of premiums is called the Fquivalence Principal.
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6.2 Annual Premiums For Annual Insurance

The generic symbol P represents the premium payable according to the par-
ticular life-annuity schedule in order to pay off an insurance. Let us under-
stand how the notation is laid out. For our standard annuities, P will be a
level annual payment, payable either m*ly or continuously.

To convey the insurance type with our symbolism we place the symbol for
the APV of benefits of the insurance policy inside the parenthesis in P(-). For
example, P(A,) represents the premiums when paying for a whole-life issued
to (z), while P(j ™) is the premium payment in the series of payments
that pays for a deferred whole-life annuity-due, payable m'ly (the benefit
could be retirement income in this case).

The symbolism is incomplete so far as it doesn’t tell us what the type of
annuity it is that we are using. We dress P(-) up on the outside of the right
parenthesis to convey the annuity type we are using to pay for the insurance.
A stipulation is that the life-annuities that pay for insurance are always of
the annuity-due variety. This is because any other annuity type would lead
to the situation where the carrier must pay benefits without having ever
received a premium.

Continuous annuities and immediate benefit-payments are quite practical.
In this case we refer to the premiums as being fully continuous. When the
premium payments are discrete but benefit-payments are at the moment of
death, we refer to the premium as semi-continuous. Then there is the fully-
discrete format.

An example of a fully-discrete premium is the level premium on a discrete
whole-life issued to (x): P(A;)zm) is the premium payment made at the
beginning of each year for n years provided (z) is alive, in order to pay for
a whole-life issued to (z). The premiums for an endowment payable m"ly is
PAZ

When the symbolism for the insurance coincides with the symbolism for
the life-annuity, we can shorten the notation for the annuity-premium. For
example, the net-annual premium for an endowment payable m'ly is written
as P{}Emn% If the term h for premium payments is less than the term for benefit
payments, the premium-term A is written in the lower-left corner of P. For
example, an n-year endowment payable at the instant of death, with premium
payments made continuously for h years has annual premium

hﬁz:n] .
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When the term on the premium-annuity is not given, it is assumed to be the
term for insurance benefits.

6.3 Determining Premiums

It is very easy to determine what the net level premiums must be in order
to pay for insurance under a given annuity plan. If P is the level premium,
and a is the APV of payments of $1 under the annuity schedule, then Pa
must equal A, where A is the net single premium (cost of insurance without
loading); i.e., the present value of benefits. So,

P=—.

a

The premiums for a discrete endowment payable annually are

The premiums for a whole-life insurance, payable at the moment of death,
with premiums paid continuously for h years is

A,

Q7|

hﬁx =

The fully-discrete premium for a term-life payable at the end of the m®

of the year of death, with level premiums paid every m!" is
Alm)
(m) _ pg(m)ym) _ @]

while the premiums for an n-year endowment payable at the end of the m®

of death, with premiums payable for h years is

(m)

wPan) = oy
a:c:h]

Here is an example.
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Problem: Determine the net-annual premium used to purchase an n-year
term insurance whose benefit calls for the return of all premiums paid up to
the time of death plus a fixed benefit of $100, 000.

Solution: Let P be the net annual premium for this policy. Then, the APV
of benefits is

¥P72(100,000 + (k + 1) P)v*™ 1p, qoyr = 100, 0004, . +P-(IA)

i’”ﬂ

]
So, P is determined by the equation

de:ﬁl = 100’00014}5%] + P(]A)%M’
and
100,000A,
pP— zn] '
Exercises

6.1 Write down the signature for a level premium, payable annually for m
years, paying for a k-year deferred whole-life issued to (z).

6.2 Write down the notation for a level premium, payable monthly for an
n-year term-life insurance.

)(12)

]’

6.3 Express in words what is meant by P (Z:}:

n|
6.4 Express in words what is meant by Pmﬂ-
6.5 Express in words what is meant by j, ;.

6.6 Use the Illustrative Life Table data to determine the following net, level
premiums:
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6.7 Suppose (x) wishes to purchase a modified endowment. The benefit
of $100,000 is payed at the end of the year of death provided (z) dies
within n years, and otherwise, (z) receives the return of all premiums
at the end of n years if (z) survives until then. If a level, life annuity-
due, payable for n years is used to pay for this insurance, calculate the
premium.

6.8 Rank in increasing order of size:

P(4,).

1
P,.
PW(A,).
PR(A

1)
i)
i)
iv) 2):
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Chapter 7

Uniform Distributions of Death
and a Constant Force of
Mortality

7.1 UDD and CF

Recall that uniform distribution of deaths, UDD, is an assumption on mortal-
ity which linearly interpolates the death-rate between integral ages to obtain
the rates for fractional ages. This works out to

gz =t q, for )<t<1 x an integer.
In this case,
pr=1—tq, and pu(r+t)= g,

for x integral and 0 < ¢ < 1.
The constant force assumption, CF, on mortality dictates that the force
of mortality p(y) is constant between integral values of y. That is,

pwlex+t)=pulx), VvV zeN 0<t<l.

We’ve seen that
tdx = 11— pfg
and
,u(l' + t) =—In Pz
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so that
pep(z + 1) = —pl In py,

under this assumption.

7.2 Computations Assuming UDD or CF

We will produce some simplifying formulas when either UDD of CF are in
force. Starting with a whole-life insurance, payable at the instant of death,
we first make a general reduction which should serve us later:

00 1
A, = / e ypop(x +t)dt = ZZO:O/ e ktPai(T + K+ t)dt,
0 0

and so,
1
A, =0 ek kpx/ e Porr p(x + k +1) dt.
0
Under UDD, ypyix p(z+k+1t) = guyx for 0 < t < 1, and so, under UDD,

00 - —dok
—2ks0€ € " KDz Qutks

J

— 1—e? o
Ay = Tzkzoe ok kPz Qutk =
and so,
?
)

Assuming the force of mortality is constant throughout all ages (i.e.,
p(x +t) = p for all z and t), then

]

Zm = 22020676(k+1) kPz Qe+k = SA:JC

A, = / ey pu(x +t)dt = / e Ote M ydt = L.
0 ¢ 0 w49

Under UDD again,
— 1
A:%:n'\ - SA(}?TL-V

by Homework problem 7.3. Hence,

N—
8
3
=
9
8
3
=

P

%‘:n]

and
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Exercises

7.1 Show that under UDD, AY” = -5 A,

7.2 Assume that the force of mortality is constant throughout all ages.
Show that Aglm] = A, (1 - ,E,).

7.3 Show under UDD that Zm = %Aalc'n + o FEy).

1

7.4 Assume that the force of mortality is constant throughout all ages.

Show that @, = ﬁ.

7.5 Show that under UDD, P(A,) = £P,.

7.6 Assume that the force of mortality is constant throughout all ages.
Show that P(A,) = u= P(A: ).

z:m)
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Chapter 8

Actuarial Loss and Benefit
Reserve

8.1 Loss

Suppose an insured has a policy that has been in force for ¢ years. From
a retrospective point of view, some premium payments have been made,
and since the insured is living, no benefits have been paid. The value of
all premium payments made in years 1 to ¢, accumulated to time ¢, must be
held in reserve to partially off-set future claims (there may be other premium
payments to be made in later years to help pay the benefit).

From the prospective point of view, there is a benefit to be paid and a
balance of premium payments to be collected. The former is viewed as a loss
to the insurance carrier, but this loss is partially off-set by pending premium
payments (if any); the company anticipates a loss, the extent of the loss of
course depends upon survival (longer life lessens the severity of the loss).

The future life-time of (z) is uncertain, rather we can only give the prob-
ability that (x) expires within a certain number of years: T'(z) is called the
future-lifetime random variable for (z); by this we mean, the probability that
T(x) assumes values t > a is just ,p,. The curtate-future-life-time random
variable K (z) similarly is defined so that the probability that K (z) =k (i.e.,
that (x) lives k full years but not k 4+ 1) iS xps Qutk-

The loss at time ¢, regarding a policy issued to (x), or loss random vari-
able, is generally denoted by L, and will be a function of T'(x) or K(x)
depending upon whether we are handling the continuous case of the discrete
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case. There is no special adornment of symbols because what we are mainly
concerned with is the expected loss. Note that the loss is examined at time
t under the tacit assumption that (x) has survived to time ¢t. Again we will
examine ;L by looking at different examples.

Suppose that (x) has taken out a discrete whole life-insurance policy in
unit amount and that level payments are made, on an annual basis, as long
as (x) survives. Recall that the premium payments are in the amount

at the beginning of each year. At the end of the k™ year (the instant pay-
ments for year k + 1 begins), the loss random variable,

L=v5"F— P g .

When £ = 0 the formula holds but of course the loss at time zero better be 0
(you can go into the insurance business with a positive-loss outlook). Again,
this is a net loss.
Suppose our life aged x has been making premium payments on his/her
n-year endowment in unit amount, scheduled with level payments for h < n
@7

years. The premium payment is P = , P, = 2- , and the loss r.v. in this
z:h]

case depends upon the intervals in which K, and k lie:

L= VK_k — de+k:K—k]a for 0<k< K< h,

tL:VK_k—Pde:h,k], for 0<k<h<K<n,
L=vE"F  for h<k< K <n,
L=v"""F for k<n<K,
and

L =0, for n<k.

For a general policy, the APV of net-premium payments must be equal to
the net single premium or single benefit payment, SBP in [4]. That the APV
of net-premium payments is equal to the APV of benefits is not dependent
upon which time we choose as the evaluation point. That is, at time £,
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looking in the prospective direction, we can compute the actuarial value of
future losses. Retrospectively, we view a series of prior premium payments
that we may accumulate (with mortality) to time ¢. The actuarially accu-
mulated value of premium payments made in years 1 through ¢ must equal
the APV of future losses.

The sum of the actuarially accumulated values of net-premium payments
made prior to the start of year ¢t +1 is called the net-premium reserve at time
t. Please note: Until it is necessary to distinguish between net premiums
and loaded premiums, the words premium and net premium are synonymous.
The qualifier "net” will sometimes be placed there for emphasis.

8.2 Net Premium Reserves

The Fquivalence Principle asserts that our retrospective experience must
equal our future expectations at any time ¢. From this principle, the net
premium reserve is equal to the APV of future losses at time ¢. Some books
define the premium reserve as the expected future loss, however I thought
the definition should be consistent with the name.

Conceptually, the net-premium reserve is just the sum of all loses multi-
plied by the probability that the particular loss is attained. For some reason,
the generic net premium reserve symbol at time ¢ is ;. You guessed it, we
dress ;V up to convey the type of insurance and the type of level-annuity
schedule we are using.

The net-premium reserve at time k for a fully discrete whole-life issued
to (z) is denoted by V.. By the observations made thus far,

WV = Z;‘;O(y(’“““)’k — Py Qgtjr1)—k]) © jDatk Qothty

= EJQ.;O(Vj—’—l = Py Gjy1))  jDatk Quthrs-
Perhaps you see that you do not need the actual loss r.v. to determine

net-premium reserves. Consider the fully discrete n-year endowment, payable
for h years with level payments.

At the end of k years, the net-premium reserve will be denoted by V...
When k£ < h, this reserve can be found to be

van] = Aerk:nfk'\ - (hPx:n])dr%»k:hfk]-
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When £k > h, the reserve is
h
k‘/xn] = Ax+k:nfk‘|7
when the reserve is nonzero (i.e., k < n).
Exercises :

8.1 Derive the formula .V, =1 — %.

T



Chapter 9

Multiple Decrement Models

9.1 Reasons for Decrement

When issuing a policy, the insured may wish to receive graded benefits de-
pending upon the cause for decrement. For example, if the insurance provides
a monetary benefit when the insured is no longer in their job (playing pro
football for example), a larger benefit may be necessary if the cause for ces-
sation is due to total physical incapacitation rather than natural retirement.

In general, we consider a description of mortality where tq;(f ) is the prob-
ability that a life aged x decrements within t years due to cause j, where the
various causes are numbered as j = 1,2,..., k. The symbol tpgj ) represents
1-— tqéj ), and describes the probability that a life age x does not decrement
within ¢ years due to cause j, and of course accounts for those that decrement
for some other cause and those that do not decrement within ¢ years.

The probability that (z) decrements within ¢ years due to any cause is

denoted by tqg(f) and is computed as

gD =k Y.
The probability that () does not decrement within ¢ years is then tpgf) =

1— tqg), which is of course generally smaller than E?Zl tpgcj ). The expression

i g,

represents the probability that (z) dies within the & + 1% year.

Notice, that in the multiple decrement model tqéj), j=1,2,...,k, there
is an associated single decrement model tqg(f) and tpgf).
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Though we often consider discrete times for decrement, like during the
kt" year, we assume that our probability data is continuous. Recall that the
force of mortality is defined to convey the notion of (z) living ¢ years, then
(being hit with the force of mortality) suddenly decrementing. Now we must
incorporate various causes for decrement.

The force of mortality due to cause jis defined to be

, d
O(t) = < )

so, figuratively, ,ug; (1) tpz Vdt = dt tqm Ddt = t+dtq§3) tqy) connotes the

probability that (z) lives ¢ years then decrements within dt due to cause j.
By the Fundamental Theorem of Calculus,

t
/ M(wj)( )sp$ )dS—/ _s ;J ds = tq(])'
0

The total force of mortality or force of mortality due to all causes is de-
noted by {7 (t) and is taken to be

i () = Si_g ) (2).
We obtain the (consistent) expression
t t '
a9 = [ W) s = Sy [0 s =2 ).
0 0

Observe that -
et = [0 it =1,
0

so that

p) = / 1l (s) spds.
t

As we’ve seen in single decrement models

t d t
In tpg(f) = / d—ln Spg)ds = / —M;T)(s)ds.
0 as 0

(r (s
) = e Jor

Therefore,
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The entity tpx) does not fit into such an expression of this type, nor do
we expect that it would. However we can define

i = / ) (s) p{ds.
t

The corresponding probability data tpx ) for 7 =1,2,...,k represents the
probability that (z) lives ¢ years, then dies due to cause j at some later time.
Of course,

i) =1— p Y.

Using the fact that [L(T)( Hxh_, u )(t) we obtain that

(1) (1),

2 = p! '(2) . ’(k) Hk‘

Dy ')

tpm

A probability density function for a single decrement model ;q, is a func-
tion f(s) for s > 0 such that
t
= / f(s)ds
0

In the single-decrement model tqg(f), a probability density function is f(s) =

ug)( ) Spgc ") The literature emphasizes the dependence upon (z) and so the
symbolism fr(s) is used, where T is the future-life-time random variable for
life aged « (i.e., values of T'(x) are associated with ceratin probabilities). So,

fr(s) = u(s) .

One speaks of the associated density functions corresponding to the cause
j for decrement, fr(s,j). We define

fr(s,9) = () p7,

so that .
gt = / fr(s,j)ds
0
and -
2 :/ fT(Suj)dS
t
Furthermore,

fr(s) = E?zlfT(Saj)a
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and therefore,

/00 fr(s)ds=1= E?Zl /OO fr(s,j)ds.
0 0

Unlike the single decrement case,

/0 " a(s)ds £1

Exercises :

8.1



Chapter 10

Bonds, Securities, and Yield
Rates

10.1 Yield Rate of an Investment

Of practical importance, and of relevance in the Society of Actuaries Exam
FM, is a generalization of an annuity. We examine the context where pay-
ments at perhaps irregular times over the course of a time interval, and the
individual payments may be either positive or negative. Intuitively, one can
picture a scenario where money is being put away for expenditures at later
times; a negative payment can be construed as a return from the fund and
a positive payment, a contribution. The yield rate of the fund is an interest
rate such that the present value of all contributions equals the present value
of returns. Yield rates may not exist and may not be unique if they exist.
However, in the case where deposits are made up until some fixed date, and
then withdrawals begin, then a yield rate exists and is unique ([?], pages 134
and 135). Below, any change in the fund will be called a contribution (so
contributions may be either positive or negative).

Suppose that C; is the contribution to the fund at time ¢ as t varies
throughout all relevant times; assume A is the initial deposit made into the
fund, and that B is the fund-balance at the end of the year. The present
value of all changes to the fund is

A + EtCtl/t — Bl/7

71
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and the future value is
A1 +12) + 5,Ci(14+12) " — B.
A yield rate ¢ is any annual effective rate for which
A+ 3¥,Ct = By,

and
A(l + Z) + Etct(l + Z)l_t = B

Example A company deposits 1000 at the beginning of the first year,
and 150 per year, each year after into perpetuity. In return, the company
receives payments at the end of the year into perpetuity of 100 for the first
year, increasing by 5% each subsequent year. Which of the following is the
yield rate for this investment?

Using present values, the yield rate 2 satisfies the following equation:
1000 4 £5° 15007 = £2°,100(1.05)F /",

where nu = (1 +1)~" as usual. So,

1 1
) = 1000252, (1.050)F = 100y —————— = 100

10004150 /2 = 150 o .
+150/2 S = 1-1.050 1— 05

So,

= 10(z —.05)s + 1.5(z — .05) — 2 =0,
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and consequently 22 = .05(.15), and ¢ &~ .087.

Suppose that an investment is made bearing an annual effective rate 1,
and that the interest cannot reinvested at the rate ¢, but rather at an annual
effective rate y. Specifically, consider the following two scenarios:

(1.) A one-time investment of P is made earning an annual effective rate
1. Interest is paid at the end of the year and immediately reinvested at
the annual rate ).

After n years, the accumulated value of the investment is

P + ZPSﬁ”.

(2.) Annual payments of P are made at the beginning of the year and earn
an annual effective rate 1. The interest earned is immediately reinvested
at the annual rate j.

The first annuity-payment into the account bearing interest 7, is +P,
the second is 2¢P, the third 3:P and so on. The accumulated value of
these payments n-years beyond the present is

(WP)(1+9)" + (20P) (1 + )" + -+ (mP) = 1P(Is)s).
So, the accumulated value of the fund in (2.) is

nP +1P(15)z),.

It is natural to ask for each of the investment funds, what is the effective
yield? As mentioned above, there is a unique effective yield rate in each case.
Let us denote the annual effective yield rate by r.

Fund (1.): We must solve

P(1+7r)" =P +1Psg);

or
(1+7)" =155,
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Of course,
= /187, — 1.

Fund (2.): In this case we must solve

(I+r)m—1

$alr = (1+7) =n+ z(]s)m],

for the yield rate r.

Example: A bank offers 1-year, 3-year, and 5-year termed certificates of
deposit bearing nominal annual interest rates under quarterly compounding
of 4.00%, 5.00% and 5.65% respectively. The certificates mature at the end
of their respective terms and money may not be withdrawn early. Assuming
that a customer invests 10, 000 initially and reinvests all money upon matu-
rity of certificate, what is the largest yield that the customer can obtain if
the money is to withdrawn at the end of 6 years?

The answer is 2 such that (1+412)% = (1+(.0565/4))%°(1+ (.04/4))*, which
results in the effective rate ¢ ~ 5.48%. If any money were invested into the
3-year, 5% nominal interest certificate, then after 3-years, the money would
have to be reinvested in a 3-year certificate in order the maximize yield. The
resulting yield in two 3-year certificates is 5.09% effective.

An effective yield rate ¢ satisfies:
A(l42) + %,C:(1 4+2) " = B.
We can isolate the interest earned, I, during the year easily in this equation:
I =1A4+%,C((1+2) = 1).

Given [, it is an easy exercise to determine ¢ (when possible) using a some
computer software, or a financial calculator.

We can solve for certain yield rates directly by hand. When the interest
earned on the contribution Cy, (1+1)'~" — 1, is approximated using a simple
interest variant

1+ =1 =~ (1—1t),
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we obtain an estimate
I =~ 1A+ 5,C(1 —1t),
which provides the approximation
L~ 1
A+3,C

The expression m is called the dollar-weighted or money-weighted yield
rate.

The dollar-weighted yield rate may not provide an adequate description
of the fund when the contributions are not small relative to the initial in-
vestment. Another adaptation of the yield rate is called the time-weighted
yield, which does not depend upon the amount of the contributions. We will
review those now.

Assume that contributions occur at times t1,t»,...,t,, and let

. = Ci,, and B, = fund balance at ¢; (just before Cj.

The effective rate j; for the interval [t;_q,t)] satisfies

B/
I S
" O B,
and so
B
PTG+ BL,

The effective rate 2 such that

1= +70)0+22) - (14 gm) — 1,
is called the time-weighted yield rate.
Another instance in which 2 tractable, is when all contributions are mid-

year. That is, the net contribution C' = ¥,C; is made at mid-year. The
formula for the yield rate becomes

Al +12) +C(1+2)? = B;

which is a quadratic in (142)'/2. No approximation is done however mid-year
contributions are assumed.
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10.2 Sinking Funds

When payments are made towards repaying an outstanding loan, a portion of
the payment covers interest accrued, and the remainder is used to pay down
the debt. For example, for an n-year annuity-immediate in unit amount
with level payments, a portion of the first year’s payment of 1 covers the first
year’s interest, namely 2ap|, and the remainder, 1 — 1ap = V", goes to pay
down the principal. So, the outstanding debt at the beginning of the second
year is

n o __
aﬁ| — UV = an—1|’

Likewise, the outstanding balance at the beginning of the m'* year is

an—m+1\

and the interest portion of the m! payment is Uy =m1), With the residual
amount 1 — 1a;—5 57 = n=m+l o0ing to pay-down principal.

The analysis is a loan in terms of scheduled interest and premium pay-
down payments is called the amortization of a loan. A similar analysis applies
to the other level annuities.

A sinking fund is a reconfiguration of the standard amortization schedule.
When a loan is to be repaid, the lender may ask that the loan be repaid in
a lump sum at the end of the term. In the interim, service must be paid
in periodic installments in the form of interest payments. Extra payments
are also placed into a fund, called a sinking fund; the sinking fund will then
accumulate to the amount of the original loan (remember that interest has
already been paid).

Example: Suppose that a loan in amount L is repaid over n years, by
means of a sinking fund, with level payments at the end of the year. If P is
the level payment, then ¢L must go to service the loan and P — 1L goes into
the sinking fund. The driving formula is the accumulated fund balance at
the end of n years:

(P —1L)sp =L,

from which we obtain

If the interest rate afforded to the sinking fund is 2, we find that the level
payments under the Sinking Fund method are the same as in the standard
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method. By simple manipulation,

1 ? 1(1+2)" v N 1 N
am  1—vr (14 —-1 (1+2)"—1 S|

Therefore, the payment on a loan in amount L for an annuity-immediate is
P= LC%ﬁl = (SLm + 1)L exactly as in the Sinking Fund method.

Suppose instead, the sinking fund only earns interest at an effective rate
7. The payment for the Sinking Fund method again is

1
P=0+—)L,

Snly
but now the interest born by the Sinking Fund is highlighted.
Since
Snaly < Sale

when ¢ > ), the factors involved in the Sinking Fund payments compare

inversely:
1

S|y ST

Hence, a less favorable rate j in the sinking fund results in higher payments
in the Sinking Fund method.

10.3 Bonds

A bond is a promise to pay a specified amount at a future time (or future
times). The par value or face value of the bond is the redemption amount
on the bond (i.e., the amount to be paid at the future time). Often, the
bond has coupons attached (in certain cases, literally attached); a coupon is
a period payment to the holder of the bond, as a benefit of ownership. A
zero coupon bond refers to a bond that does not carry coupon benefits.

Example: A zero coupon bond has par value 10, 000, redeemable in 10
years. It can be purchased for 4,000 at present. The effective yield rate for
this bond is then 2 such that

4000(1 +12)'* = 10000 or 2= \/5/2 —1.
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Example: A bond pays 100 coupon semi-annually, at the end of each
6-month period, for 5 years, and 1000 at the end of 5 years. How much
should the bond cost if the nominal yield rate is 8%7?

We merely evaluate

X = 100ag ¢4 + 1000(1 4-.04) ="

to find X = 1486.65.

We understand what is meant by the yield rate 2 of a bond. A second
rate associated with a bond is the coupon rate. This term is self-descriptive;
the coupon rate r determines the coupon value by multiplying the coupon
rate by the par value F'

coupon payment = F'r.

When a percentage is associated with a stock, the coupon rate is found by
dividing the associated percentage rate by the number of times interest is
converted;

r=y/m,
is we are told that the stock is j - 100% converted m!"ly. For example, an 8%
stock convertible quarterly has coupon rate r = .08/4 = .01.
The price or present value P of a bond bearing coupon rate r» with annual
coupons is then
P = (Fr)ag, + CV",

where C' is the redemption value of the bond (usually the par value F') and
1

vV = T

Example: The dividends of a common stock are 1 at the end of each
year for the first 5 years, 2 at the end of each of the next 5 years, then grow
by 2% each year thereafter. Use the dividend discount method to determine

the price of this stock if the effective annual yield is 6%.

Evidently, the price of the stock is

a1p).06 + 1/5615\,06 + 21/10(1.()21/ + (1,()21/)2 +en)
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= (1-v')/.06 + °(1 — 1°)/.06 + 2(1.020")(1/(1 — 1.02v) ~ 39.

Example: A 30-year bond having par value 1000 and 12% coupons payed
quarterly sells for 850. Calculate the nominal effective yield convertible quar-
terly.

The solution is lies in the solution to the non-linear equation
850 = 1000v'*° + 30argg), = 30/7 + (1000 — 30/7)"*°,

where 7 is the desired nominal rate over 4 (i.e., the effective quarterly rate),
and v is formed relative to j. If, the choices on the exam are A. 3.5%, B.
7.1%, C. 14.2%, D. 14.9%, or E. 15.4%, then our closest choice is 14.2%.

A measure of a bond is the redemption point-in-time. For a given price
and par value, among zero coupon bonds, one wishes to purchase the bond
with the earliest redemption time. In the case of bonds carrying coupons,
the redemption time does not tell us the whole story. Some indices which
serve to compare stocks which are analogues of the redemption date are:

t= (Zﬁzlth)/(Zﬁlet%

which is a weighted average of the times of the remittances R;; a value

conveying redemption, and is said to follow the method of equated time.
Another is the duration of a stock, or Macaulay duration where the weight-

ing factors are relative to present values of the remittances Ry, t = 1,2,...,n:

d= (B[t Ry) /(B{_, V' Ry).
The volatility of a stock is defined as

V= (Z?:Wth)//(Z?:Wth)»

where the derivative is with respect to the interest rate 2. Note that the
volatility 7 is just

— n —t—1 n t 1 n t n t CZ
v=(ELt(1+0) 7" R)/(B vV Ry) = 1—+Z(Et:1’/ Ryt /(5" Ry) =

141

_|_

For this reason, the volatility is also called the modified duration.
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Example: An n year zero coupon bond with par value F, and effective
yield 2 has price
P=Vv"F,

and so this bond has duration
d=nv"(F/P) =n.

In the case of level coupons of F'r, paid annually, where r is the coupon
rate, the Macaulay duration is just

d = (St (Re/P) = (Fr/P)(Ia)z + /" (F/P),
where P is the price of the stock. Also, the factor F' can be eliminated:
d=(rSp ' + ")/ (rSp vt + v = (r(La)m + ™)/ (rSpvf + v™).
Example: A 5% coupon bond is redeemable after 10 years for 10,000
and is designed to provide 10% effective yield. The price is
P = Frag +v'°10,000 = 6,927.72,

and so the duration is

- 1 1—1p10
d= (500/13)3( 1

—100'°) + 102'(10,000/ P) ~ 7.66 years.

An obvious adaptation to portfolios can be surmised:

Example: John purchases three bonds for his portfolio:

Bond A has semi-annual coupons at 4%, duration of 21.46 years, and
purchase price 980

Bond B is a 15-year bond with duration 12.35 years and was purchased
for 1015

Bond C has a duration of 16.67 years and was purchased for 1000

Then, the duration of the portfolio is most naturally the weighted averages
of the different durations, using the relative purchase prices as the weights:

d = (980/2995)21.46 + (1015/2995)12.35 + (1000,/2995)16.67 ~ 16.77.
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The Price P, Redemption Value C' and the effective yield ¢ are linked by
the equation

P = (Fr)ag, + Cv" = C + (Fr —1C)az,.

In some cases, the coupons may be reinvested immediately upon receipt.
With regard to the actuarial exams, the price is computed using

P = (Fr)ag, + Cv".

If the coupons are assumed to be reinvested by the bearer at an effective rate
7, then a new effective rate ¢’ for this investment fund can be determined by
solving:

P(1+4)" = (Fr)sz, + C.

When a stock is allowed to be redeemed at a date earlier than the redemp-
tion date, the stock is said to be callable. The value of the early redemption
amount is to be given as part of the description.

Example: A 1000 par value stock carrying coupons at 9% payable semi-
annually is called for 1100 prior to maturity. The bond sold for 918 and was
held to call immediately following a coupon payment. If the resultant yield
rate was found to be 10% convertible semi-annually, determine the number
of years the bond was held.

The coupon payments are 45 = 1000(.09/2). The price, accumulated for-
ward 2n half-years is coextensive with the accumulated value of the coupons
for 2n half-years plus the early redemption amount 1100:

918(1 + .05)*" = 4595 5 + 1100,

from which we obtain
918(1 + .05)*" = 900[(1 + .05)*" — 1] + 1100,

or
18(1 + .05)*" = 200.



82 CHAPTER 10. FUNDS
Then, n = (1/2)[In(200/18)]/In(1.05) ~ 25.
The modified coupon rate, g, is defined to be
g=(Fr)/C.

The stock is said to sell at premium for a given ¢+ if P > ', and the stock
sells at discount when P < C.
Note:

1
P—C=(Fr—iC)ag, = 5[9 — 1] Az,

so g > if and only if P > (. That is, a stock sells at premium if and only
if g > 1, and a stock sells at discount if and only if g < s.

When pricing stocks that are callable, the prudent point of view is to
assume that the date to call is the least advantageous to the investor. When
the stock is selling at premium, then the early redemption date least advan-
tageous to the investor is the earliest possible date to call. When the stock
is selling at discount, then the early redemption date least advantageous to
the investor is the latest possible date to call.

Example: A 1000 par value bond pays annual coupons of 80. The bond
is redeemable at par after 30 years but is callable at any time after the end
of the 10" year for 1050.

Based upon her desired yield rate, an investor calculates the potential
purchase prices P

Assuming the bond is called at the end of the 10" year, P = 957

The investor buys the bond at the highest price that guarantees she will
receive at least her desired yield rate regardless of when the bond is called.

The investor holds the bond for 20 years, after which, the bond was called.

Calculate the annual yield rate the investor earns.
Exercises :

Reinvested Interest
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An investor wishes to accumulate 5,000 at the end of 10 years by
making an initial deposit of P. The deposit earns 10% annual effective
interest payed at the end of each year. The interest is immediately
reinvested at an annual effective rate of 8%. Calculate P.

An investor wishes to accumulate 10,000 at the end of 10 years by
making level payments at the beginning of each year. The deposits
earn an annual effective rate 12% per year payed at the end of the
year. The interest is immediately reinvested at an annual effective rate
of 8%. Calculate the level payment.

Payments of 200 are made at the end of each month for 5 years into an
account bearing an 8% nominal interest rate. The interest is immedi-
ately reinvested into an account offering a 6% nominal rate of interest.
Calculate the accumulated value of the fund at the end of 5 years.

Yield Rates

Calculate the yield rate for Exercise 10.1.

Calculate the yield rate for Exercise 10.2.

Calculate the yield rate for Exercise 10.3.

Mike receives cash flows of 100 today, 200 in one year, and 100 in two
years. The present value of these payments under an annual effective
rate ¢ is 364.46. Calculate 1.

At a nominal rate of 2 convertible semi-annually, an investment of 1000
immediately and 1500 at the end of the first year will accumulate to
2600 at the end of the second year. Determine «.
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10.9

10.10

10.11

10.12

10.13

10.14
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At the beginning of the year an investment fund is set up with an initial
deposit of 1000. Another deposit of 1000 is made at the end of 4 months.
Withdrawals of 200 and 500 were made at the end of 6 months and 8
months respectively. The amount in the fund at year’s end if 1560.
Calculate the dollar-weighted yield rate for this fund during the year.

At an annual effective rate 1, the present value of a perpetuity-immediate
starting with a payment of 200 and increasing by 5% each year there-
after is 46530. Calculate 2.

The stock of company X sells for 75 a share assuming an annual effective
rate +. Dividends are paid at the end of the year forever. The first
dividend payment is 6, and subsequent year’s dividends are 3% greater
than the previous year’s dividend. Calculate the yield 2.

A company deposits 1000 at the beginning of the first year and 150
at the beginning of each subsequent year in perpetuity, into a fund.
The company receives payments at the end of the year forever. The
first payment is 100, and subsequent payments increase by 5% over the
previous payment. Calculate the company’s yield rate for this fund.

At the beginning of the year, a fund was established with an initial
investment of 1000. Four months later another deposit of 1000 is made.
Subsequent withdrawals of 200 and 500 are made at 6 months and 8
months respectively from the initial deposit. The amount at the end of
the year is 1560. Calculate the dollar-weighted yield rate for the year.

Same information that was provided in number 12. Calculate the time-
weighted yield rate for the year.

Amortization and Sinking Funds

Suppose that a loan of 10,000, issued with an effective interest rate of
7% is paid by means of a sinking fund with level payments for 15 years
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paid at the end of the year. What are the payments into the Sinking
Fund if the interest rate on the Sinking Fund is 5%7?

Lori borrows 10,000 for 10 years at an effective rate of 9%. At the end
of each year she pays the interest on the loan and deposits the amount
into a Sinking Fund necessary to repay the principal after 10 years.
Calculate the total payments X assuming the Sinking Fund bears the
interest rate 8%.

10.17 A loan is being repaid with 25 annual payments of 300 each. With the

10.18

10.19

10.20

tenth payment an extra 1000 is paid, and then the balance is repaid
over 10 with revised level annual payments. If the effective annual rate
is 8%, determine the amount of each of the revised payments.

A bank customer takes out a loan of 500 with a nominal rate of 16%
converted quarterly. The customer makes payments of 20 at the end of
each quarter. Calculate the amount of principal in the fourth payment.

Bonds

Susan can buy a zero coupon bond paying 1000 at the end of 12 years
and selling for 624.60. Instead she purchases a 6% bond with coupons
payable semi-annually and will pay 1000 at the end of 10 years. If she
pays X she will earn the same effective rate as the zero coupon bond.
Calculate X.

An insurance company wishes to meet its obligation to pay 10,000 at
the end of each of the first two years by purchasing two bonds:

(i) 1-year 4% annual coupon bond with effective yield 5%
(ii) 2-year 6% annual coupon bond with effective yield 5%.

If the company is to meet the obligations exactly, determine X, the
price of the two bonds.
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10.23
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A bond will pay a 100 coupon at the end of each year for 3 years and
will pay the face value, 1000, at the end of the third year. The bond’s
duration (Macaulay duration) is X when computed using the annual
effective rate of 20%. Calculate X.

Calculate the Macaulay duration of an eight-year 100 par value bond
with 10% annual coupons with an effective yield equal to 8%.

A ten-year 100 par value bond pays 8% coupons semi-annually. The
bond is priced at 118.20 to yield a nominal annual rate of 6% convertible
semi-annually. Calculate the redemption value of the bond.

A company must pay liabilities of 1000 and 2000 at the ends of the
first and second years respectively. The only investments available to
the company are two zero coupon bonds: (1) a l-year 1000 par value
bond with effective yield 10%, and (2)4 a 2-year 1000 par value bond
with effective yield 12%. How much will it cost the company to match
its liabilities exactly?

An investor borrows an amount at an annual effective rate of 5%. At
the end of 10 years, the amount with interest is to be repaid. She uses
the money borrowed to purchase a 1000 par value 10-year stock with
8% semi-annual coupons, bought to yield 6% convertible semi-annually.
All coupons are reinvested at a nominal rate of 4% convertible semi-
annually. Calculate the net gain to the investor at the time the loan is
repaid.

Dan purchases a 1000 par value 10-year bond with 9% semi-annual
coupons for 925. He is able to reinvest the coupons at a nominal rate
of 7% convertible semi-annually. Calculate the nominal annual yield
rate convertible semi-annually over the 10 year period.

A 30-year bond with par value 1000 and 12% coupons payable quar-
terly sells for 850. Calculate the nominal annual yield rate convertible
quarterly.
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