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Abstract We compare the performance of relative densities of two parameterized
random geometric digraph families called proximity catch digraphs (PCDs) in testing
bivariate spatial patterns. These PCD families are proportional edge (PE) and central
similarity (CS) PCDs and are defined with proximity regions based on relative po-
sitions of data points from two classes. The relative densities of these PCDs were
previously used as statistics for testing segregation and association patterns against
complete spatial randomness. The relative density of a digraph, D, with n vertices
(i.e., with order n) represents the ratio of the number of arcs in D to the number of
arcs in the complete symmetric digraph of the same order. When scaled properly,
the relative density of a PCD is a U-statistic; hence, it has asymptotic normality by
the standard central limit theory of U-statistics. The PE- and CS-PCDs are defined
with an expansion parameter that determines the size or measure of the associated
proximity regions. In this article, we extend the distribution of the relative density of
CS-PCDs for expansion parameter being larger than one, and compare finite sample
performance of the tests by Monte Carlo simulations and asymptotic performance by
Pitman asymptotic efficiency. We find the optimal expansion parameters of the PCDs
for testing each alternative in finite samples and in the limit as the sample size tending
to infinity. As a result of our comparisons, we demonstrate that in terms of empirical
power (i.e., for finite samples) relative density of CS-PCD has better performance
(which occurs for expansion parameter values larger than one) for the segregation al-
ternative, while relative density of PE-PCD has better performance for the association
alternative. The methods are also illustrated in a real-life data set from plant ecology.
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List of Abbreviations

PCD proximity catch digraph
CCCD class cover catch digraph
CS-PCD central similarity PCD
PE-PCDs proportional edge PCD

PAE Pitman asymptotic efficiency

CSR complete spatial randomness

NNCT nearest neighbor contingency table

NN nearest neighbor

Symbols and Notation

D(V,A) Vertex random PCD with vertex set V and arc set A. See Sect. 2,

paragraph 1.
N(-) and N (x) Proximity map and the proximity region associated with a point x.
See Sect. 2, paragraph 5.

Cu(Vw) Convex hull of V,,. See Sect. 2, paragraph 7.

T()3) =T(y1,y2,y3) The triangle with vertices y1, y2, y3. See Sect. 2, paragraph 7.

S(F) Support of the distribution F and U/ (7 ()/3)): Uniform distribution on
T ()3). See Sect. 2, paragraph 7.

Npg(x,r) The proportional edge proximity map with expansion parameter r.

See Sect. 2, paragraph 8.

Ry (y1), Rv(y2), and Ry (y3) The vertex regions for vertices y1, y2, y3. See Sect. 2,
paragraph 8.

Ncs(x, 1) The central similarity proximity map with expansion parameter 7.
See Sect. 2, paragraph 9.

RE(e1), Rg(e2), Re(e3) The edge regions for edges eq, ez, e3 opposite to the
vertices Yy, Y2, y3 See Sect. 2, paragraph 9.

p(D) The relative density of the digraph D. See Sect. 3, paragraph 1.

ope(n, r) and pcs(n, T) The relative densities of PE-PCDs and CS-PCDs,
respectively. See Theorem 3.1.

upe(r) and vpp(r) The arc probability (or the asymptotic mean) and asymptotic
variance of relative density of PE-PCDs. See Sect. 3.1, paragraph 4.

ncs(r) and v (r) The arc probability (or the asymptotic mean) and asymptotic
variance of relative density of CS-PCDs. See Sect. 3.1, paragraph 4.

ppe(n, m, r) and pcs(n, m, T) The relative density for the PE-PCD and CS-PCD
in the multiple triangle case. See Sect. 3.2, paragraph 2.

mpe(m, r) and Vpg(m, r) The asymptotic mean and asymptotic variance of
relative density of PE-PCDs in the multiple triangle case. See
Corollary 3.4.

Rpe(r) The standardized test statistic based on the relative density of
_ PE-PCD in the one-triangle case. See (13).
Rpe(r) The standardized test statistic based on the relative density of

PE-PCD in the multi-triangle case. See Sect. 4.1, paragraph 3.

@ Springer



102 E. Ceyhan

PAEpg(r) and PAEcs(7) Pitman asymptotic efficiency score for relative density
of PE-PCD and CS-PCD, respectively. See Sect. 7, paragraph 2.

7out and oy Proportion of class 1 points outside the convex hull of class 2 points
and its estimate. See Sect. 8, paragraphs 1 & 2, respectively.

Ceh The correction coefficient for the class 1 points outside the convex

~ hull of class 2 points. See (14).

Rf,}]}:(r) and ﬁéhs(t) The convex hull corrected versions of the standardized test
statistics based on the relative density of PE- and CS-PCDs. See (15).

1 Introduction

Spatial clustering has received considerable attention in the statistical literature
(Cressie 1993 and Diggle 2003). Recently, the use of mathematical graphs has gained
popularity in spatial analysis (Roberts et al. 2000) although it potentially reduces the
benefit of other geo-spatial information, since in general a graph ignores the geo-
graphic reference. However, graph-theoretic tools have been discussed in spatial pat-
tern analysis providing the means to go beyond the usual Euclidean metrics for spa-
tial analysis. Graph-theoretic applications in computer vision and pattern recognition
have been useful to automate efficient searches for structure in spatial data (Roberts
et al. 2000). For example, graph-based approaches have been proposed to determine
paths among habitats at various scales and dispersal movement distances, and balance
data requirements with information content (Fall et al. 2007). Furthermore, graphs are
potentially useful to ecological applications concerned with connectivity or move-
ment (Minor and Urban 2007). Many concepts in spatial ecology depend on the idea
of spatial adjacency which requires information on the close vicinity of an object
(Keitt 2007). Graph theory conveniently can be adapted to express and communicate
adjacency information allowing to compute meaningful quantities related to a spatial
point pattern. See Ceyhan (2011) and references therein.

In recent years, a new clustering approach has been developed. This approach
uses vertex random digraphs called proximity catch digraphs (PCDs) and is based
on the relative positions of the data points from various classes. Priebe et al. (2001)
introduced the class cover catch digraphs (CCCDs) which is a special type of PCDs
and gave the exact and the asymptotic distribution of the domination number of the
CCCD in R. The CCCD approach is extended to multiple dimensions by DeVinney
et al. (2002), Marchette and Priebe (2003), and Priebe et al. (2003), who demon-
strated relatively good performance of it in classification. The proportional edge (PE)
and central similarity (CS) proximity maps are introduced based on the appealing
properties of CCCDs for one dimensional uniform data (see Ceyhan 2010b and ref-
erences therein). One of the graph invariants used as a statistic is the relative density
which is the proportion of number of arcs (i.e., directed edges) which are present in
the digraph to the total number of arcs possible in a digraph with the same number of
vertices.

In the literature, for undirected simple graphs, the graph density is defined as the
ratio of the number of edges in the graph to the total number of edges possible in the
graph. Hence the maximal density is 1 (for complete graphs) and minimal density is
0 (for graphs with no edges) (Coleman and Moré 1983). Based on the graph density
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concept ‘dense’ and ‘sparse’ graphs are defined. For a dense graph, graph density is
close to 1 and for sparse graphs it is close to 0. Hence for an undirected simple graph,
G = (V, E), with vertex set V and edge set E, graph density is 2| E|/(|V|(|V| — 1));
on the other hand, if D = (V, A) is a directed graph (i.e., digraph) with vertex set
V and arc set A, graph density is |A|/(|V|(]V| — 1)). The latter quantity is referred
to as relative density henceforth in this article. A related concept is the average de-
gree of the graph G, which is twice the number of edges over number of vertices
2|E|/|V], and average degree of the digraph D is |A|/|V|. For a given graph, an
important problem in practice is finding a subgraph with maximum density. A fast
algorithm is introduced for this purpose in Goldberg (1984) by reducing the problem
to a minimum capacity cut computation steps, which can be performed with network
flow methods. The density of a graph G = (V, E) can also be extended to graphs
with edge capacities {c(e) : e € E} as c(E)/|V|. A major topic in graph theory algo-
rithms is finding the densest components, e.g., finding a maximum density subgraph
which can be performed in polynomial time. However, finding a densest subgraph
with exactly k vertices is an NP-hard problem (Leibovich 2009). Various definitions
and extensions of the concept of graph density is discussed by Faragé (2008). Graph
density is also extended to weighted graphs with positive weights on vertices and
nonnegative weights on edges with the introduction of the concept of w-density for
the graphs (Shenggui et al. 2002). Graph density is also defined as the number of
edges divided by number of vertices (Goldberg 1984), but we will stick with the
more common definition referred to as relative density above.

In this article, we extend the definition of central similarity PCDs (CS-PCDs) for
expansion parameter values larger than one; whereas previously it was defined only
for the range of expansion parameter (0, 1] (Ceyhan et al. 2007). Furthermore, we
compare various aspects of the relative density of two parameterized PCD families,
namely proportional edge PCDs (PE-PCDs) and CS-PCDs in testing bivariate spa-
tial patterns. In particular, we compare the finite sample performance of the relative
density of these two PCD families by empirical size and power analysis based on
extensive Monte Carlo simulations. We also compare the asymptotic distributions
and asymptotic power performance of the tests under the alternatives using Pitman
asymptotic efficiency (PAE). For two classes of points labeled as class 1 an 2, respec-
tively, PCDs are constructed with vertices from class 1 while points from class 2 are
used to determine the underlying binary relation to determine the occurrence of an
arc between two points from class 1. This binary relation is based on the Delaunay
triangulation of class 2 points. Hence, we first consider the case of one triangle based
on three non-collinear points from class 2, followed by the case of multiple triangles
(based on the Delaunay triangulation of four or more class 2 points in general posi-
tion). We also propose a correction for the proportion of class 1 points lying outside
the convex hull of class 2 points. Our Monte Carlo and PAE analysis indicates that
relative density of CS-PCDs has better performance for segregation, while that of
PE-PCDs has better performance for association. Segregation is the pattern in which
classes tend to repel each other in the sense that class 1 and class 2 points tend to be
clustered around points from the same class, while association is the pattern in which
points from one class tend to cluster around points from the other class. The exten-
sion of CS-PCDs for expansion parameter greater than 1 turned out to be useful, as
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the relative density of CS-PCDs has better performance in terms of empirical size and
power in this new range of the expansion parameter. Without such an extension, we
would only use CS-PCDs with expansion parameter less than or equal to 1, and thus
reach less satisfactory results in our comparison. In particular, PE-PCDs with the cor-
responding optimal expansion parameter would outperform CS-PCDs with expansion
parameter restricted to (0, 1] in terms of size and power for both alternatives.

We describe the two particular PCD families in Sect. 2, provide the asymptotic
distribution of relative density of the PCDs for uniform data in Sect. 3, describe the
alternative patterns of segregation and association, propose tests based on relative
density of PCDs for testing segregation/association, and provide the asymptotic nor-
mality and consistency of the tests under the alternatives in Sect. 4. We present the
empirical size of the PCD tests in Sect. 5, empirical power under the alternatives in
Sect. 6, and asymptotic efficiency in Sect. 7. We propose a correction method for the
class 1 points outside the convex hull of class 2 points in Sect. 8 and illustrate the use
of the tests in an ecological data set in Sect. 9. We present discussion and conclusions
in Sect. 10.

2 The proximity map families and the associated PCDs

In the classical sense, random graphs were introduced by Erd6s and Rényi (1959).
In the classical model, the vertices are fixed in the sense that they only serve as
end points of the edges, but edges are independently chosen and attached to the ver-
tices. Similarly, for the random digraphs, arcs (i.e., directed edges) are independently
inserted. More specifically, let n be a positive integer and [n] = {1,2,...,n}, and
let ¢, (Z,) denote the set of all simple graphs G = (V, E) (digraphs D = (V, A))
with vertex set V = [n] and edge set E (arc set A). A random graph (digraph) is
a probability space of the form (¢, P) ((Z, P)) where P is a probability mea-
sure defined on %, (%,). In Erd6s—Rényi graphs, each of the (Z) edges appear in-
dependently of others with probability p. Hence P(G) = p'El(1 — p)@D~IEI for
G € ¥,. The simplest digraph equivalent of Erd6s—Rényi graphs is obtained if each
of the n(n — 1) arcs appear independently of others with probability p. Hence
P(D) = plAl(1 — p)"=D=lAl for D € 9.

Since their introduction, random graphs have been extended in various direc-
tions. For more detail, see Beer et al. (2010) who also classify random graphs as
edge random graphs, vertex random graphs, and edge-vertex random graphs based
on which component contains randomness. They call Erd6s—Rényi graphs as edge
random graphs and its digraph counterpart can be labeled as edge random digraph.
Edge random graphs can further be extended, if the probability of an edge appearing
between vertices i and j equals p(i, j) which is not necessarily constant. A similar
extension can be provided for digraphs in a straightforward manner.

Vertex random graphs (digraphs) can be defined as follows. Let (£2, u) be a
probability space, ¢ : 2 x £ — {0,1} be a symmetric function and v : £2 X
2 — {0, 1} be a function which is not necessarily symmetric. The vertex random
graph G(n, 2, u, ) (or digraph D(n, 2, u,v)) is the random graph (¢, P) (or
digraph (2, P)) satisfying P(G) = fI(G(x,gp) = G)u(dx), G €9, (or P(D) =
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fI(D(x, v) = D)u(dx), D € 9,) where I(-) stands for the indicator of a set, 1 (dX)
stands for the product integrator u" (dx) = pu(dxy) - - - u(dx,) on 2", G(x, ¢) is the
graph (or D(x, v) is the digraph) with vertex set [n] such that for all i, j € [n], i # j,
ije Eiff (i, j)=1(or (i, j) € Aiff v(i, j) = 1). Here actually G (-, ¢) (or D(-, v))
is a graph-valued (or digraph-valued) random variable on £2" with probability as-
signment being done as the vertex random graph (or digraph) taking the value G
(or D).

If we let £2 be the set of real intervals and ¢(i, j) = I(/; N I; # ¥), we obtain
the random interval graph. Also, letting £2 = R¥, if we take n points iid from some
probability distribution on §2 which is also equipped with a metric d, then taking
o(x,y) =I(d(x,y) <t) for some threshold 7 > 0, we obtain the random geometric
graphs. Notice that for random geometric graphs we are assigning edges to the ver-
tices deterministically, if the distance between the vertices are lower than a certain
threshold (i.e., ij € E iff d(x;, x;) <) but the vertices are randomly generated or
chosen in a metric space (see Penrose 2003 for an extensive treatment).

Our PCDs are vertex random digraphs where the vertices are randomly generated
or selected from a probability space and arcs are deterministically inserted between
vertices based on proximity regions around the vertices. We first define proximity
maps, regions and PCDs in a fairly general setting. For PCDs, the regions around
the vertices are based on the proximity maps which are defined as follows. For the
probability space (§2, u) with g (-) representing the power set function, the prox-
imity map N(-) : 2 — ©(£2) defines a proximity region N(x) C §2 for each point
x € £2. In our discussion hereinafter, we will have points from two classes, namely
classes 1 and 2. Let &,, C £2 be n points from class 1 and ), C £2 be m points
from class 2. The region N (x) will be defined based on the dissimilarity between x
and ),,. Hence given )),,, we define the vertex random PCD, D(V, A), with vertex
set V=2X, ={X1,X2,...,X,} and arc set A by (X;, X;) € Aiff X; € N(X;). In
the above vertex random digraph setting, we would have v(i, j) = I(X; € N(X;)).
The term “proximity” comes from thinking of the region N(x) as representing
those points in §2 “close” to x and “catch” comes from N (u) catching v when-
ever v € N(u). An extensive treatment of the proximity graphs is provided by Tous-
saint (1980) and Jaromczyk and Toussaint (1992). In the CCCD approach, we have
£ = R¥ and the points correspond to observations from class 1 and the sets (i.e.,
proximity regions) are defined to be (open) balls centered at the points with max-
imal radius (relative to the other class, i.e., class 2): N(x) = B(x,r(x)), where
r(x) =d(x, Y,) is the minimum Euclidean distance between the observation x € X},
and the observations, ), from the other class (Priebe et al. 2001). Hence the proxim-
ity region for CCCD is also called spherical proximity region, and CCCD itself is also
called spherical PCD (Ceyhan 2010b). In the vertex random graph setting, we would
have v(i, j) =1(X; € B(X;,r(X;))). Notice that PCDs can be viewed as an exten-
sion of random interval graphs to higher dimensions with proximity regions replacing
intervals. Moreover, PCDs can also be viewed as an extension of random geometric
graphs with varying regions around the vertices or by replacing the distance with a
dissimilarity, and the defining function being no longer symmetric (hence we have
arcs instead of edges).

Next, we briefly define PE and CS proximity maps and the associated PCDs. Here
the points correspond to observations from class 1 and the proximity regions are
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defined to be (closed) regions based on class 1 and class 2 points; and the regions
increase in size as the distance of a class 1 point from the set of class 2 points in-
creases. The space is partitioned by the Delaunay tessellation of class 2 points which
is a triangulation in R?. In each triangle, a family of PCDs is constructed based on
the relative positions of the class 1 points with respect to each other and to class 2
points. These proximity maps have the advantage that the calculations to obtain the
asymptotic distribution of the relative density are analytically tractable (Ceyhan et al.
2006, 2007).

For 2 = RY, let Y ={Y1,¥2,...,Ym} be m given points from class 2 in general
position in R?. The space, R?, is partitioned by the Delaunay tessellation of class 2
points. Then, let 7; be the ith Delaunay cell fori =1, 2, ..., J;,. Let &, be a set of iid
random variables from distribution F and constitute class 1 points in R¢ with support
S(F) € Cy(Yy) where Cy(),,) stands for the convex hull of ). In particular, for
illustrative purposes, we focus on R? where a Delaunay tessellation is a triangulation
provided that no more than three points in ), are cocircular (i.e., lie on the same
circle). For simplicity, we consider the one triangle case first. Let V3 = {y1, y2, y3}
be three non-collinear points in R? and 7'()3) = T(y1,y2,y3) be the triangle with
vertices 3. Let X, be a set of iid random variables from F with support S(F) C
T (V3) and U(T (J%3)) be the uniform distribution on 7'()%3). We adopt the convention
that random variables are represented with capital letters, while fixed quantities are
represented with lower case letters. Hence, in our setup, we assume ), is given, i.e.,
it is a set of fixed class 2 points, while X, is a set of random points from class 1.

The PE proximity maps are defined in detail in Ceyhan et al. (2006); we pro-
vide the definition briefly here for the sake of completeness. For the expansion pa-
rameter » € [1, oo], we define the PE proximity map with expansion parameter r,
denoted Npg(x,r) as follows; see also Fig. 1 (left). Using line segments from the
center of mass of 7'()3) to the midpoints of its edges, we partition 7 (}/3) into “ver-
tex regions” Ry (y1), Ry (y2), and Ry (y3). For x € T()3) \ Vs, let v(x) € )3 be the
vertex in whose region x falls, so x € Ry (v(x)). If x falls on the boundary of two
vertex regions, we assign v(x) arbitrarily to one of the adjacent regions. Let e(x)
be the edge of T()%3) opposite v(x). Let £(x) be the line parallel to e(x) through
x. Let d(v(x), £(x)) be the Euclidean distance from v(x) to £(x). For r € [1, 00),
let ¢, (x) be the line parallel to e(x) such that d(v(x), ¢, (x)) = rd(v(x), £(x)) and
d(l(x),£,(x)) <d(v(x), £ (x)). Let Tpe(x, r) be the triangle similar to and with the
same orientation as 7())3) having v(x) as a vertex and ¢, (x) as the opposite edge.
Then the PE proximity region Npg(x,r) is defined to be Tpg(x,r) N T ()3). Notice
that r > 1 implies x € Npg(x, r). Note also that lim,_, o Npg(x,r) = T (J%3) for all
x € T(Q») \ V3, so we define Npg(x, co) = T ()3) for all such x. For x € )3, we
define Npg(x,r) ={x} forall r € [1, oo].

Define Ncs(x, 7) to be the CS proximity map with expansion parameter T as
follows; see also Fig. 1 (right). The CS proximity maps were previously defined with
expansion parameter T < 1 (Ceyhan et al. 2007). Below, we provide a definition for a
much wider range of the expansion parameter t € (0, 0o]. Let e; be the edge opposite
vertex y; for j =1,2,3, and let “edge regions” Rg(e1), Re(e2), Rg(e3) partition
T ()3) using line segments from the center of mass of 7 ()3) to the vertices. For
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YISO
»

Fig. 1 Plotted on the left is the illustration of the construction of PE proximity region, Npg(x,r = 2)
(shaded region) for an x € Ry(yy) where d; = d(v(x),€(v(x),x)) and dp = d(v(x),£l2(x)) =
2d(v(x),£(x)); and on the right is the illustration of the construction of CS proximity region,
Ncs(x,t = 1/2) (shaded region) for an x € Rg(e3) where hy = d(x,eg(x)) = %d(x,e(x)) and
hy =d(x, e(x))

x € (T'(D1))?, let e(x) be the edge in whose region x falls; x € Rg(e(x)). If x falls
on the boundary of two edge regions we assign e(x) arbitrarily. For 7 > 0, the CS
proximity region Ncs(x, 7) is defined to be the triangle Tcs(x, v) N T ()3) with the
following properties:

(1) For t € (0, 1], the triangle Tcs(x, t) has an edge e, (x) parallel to e(x) such
that d(x, e; (x)) = td(x,e(x)) and d(e; (x),e(x)) <d(x,e(x)) and for T > 1,
d(e;(x),e(x)) <d(x,e;(x)) where d(x, e(x)) is the Euclidean distance from x
to e(x);

(i) The triangle Tcs(x, T) has the same orientation as and is similar to 7'()/3); and
(iii)) The point x is at the center of mass of Tcs(x, 7).

Notice that t > 0 implies that x € Ncs(x,7) and, by construction, we have
Ncs(x,7) € T()3) for all x € T()3). Let 9(-) stand for the boundary of a given
region. Then, for x € 3(T()%3)) and t € (0, o0], we define Ncs(x, t) = {x}. For
all x € T()3)? the edges e;(x) and e(x) are coincident iff ¢ = 1. Note also that
lim; o Ncs(x, ) = T (J3) for all x € (T'(3))?, so we define Ncs(x, 00) = T ()3)
for all such x.

Remark 2.1 Notice that X; i F, with the additional assumption that the non-
degenerate two-dimensional probability density function f exists with support in
T ()%3), implies that the special case in the construction of Npg(-, 7)—X falls on the
boundary of two vertex regions—occurs with probability zero; similarly, the special
case in the construction of Ncs(-, T)—X falls on the boundary of two edge regions—
occurs with probability zero also.

3 The asymptotic distribution of relative density

The relative density of a digraph D = (V, A) of order |V | = n, denoted p (D), is de-
fined as
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|A]
nn—1)

where | - | stands for set cardinality (Janson et al. 2000). Thus p (D) represents the
ratio of the number of arcs in the digraph D to the number of arcs in the complete

p(D) =

symmetric digraph of order n, which is n(n — 1). If X1, X, ..., X, i F, then the
relative density of the associated data-random PCD, denoted p (X},; h, N), is shown
to be a U-statistic (Ceyhan et al. 2006, 2007),

p(xn;h,zv>=n(nl—_l)ZZhi,- M

i<j
where

hij :=h(X;, Xj; N)=1{(X;, Xj) € A} + I{(X;, X;) € A}
=I{X; e NXp} +I{X; e N(X))}.
Since the digraph is asymmetric, h;; is defined as the number of arcs in D be-
tween vertices X; and X ;, in order to produce a symmetric kernel with finite vari-

ance (Lehmann 1988). Moreover, by a central limit theorem (CLT) for U -statistics
(Lehmann 1988), it has been proved that

Vi (pn — Elpa]) > N (0, Covihy, hy3]) 2)

provided Cov[hiz, h13] > 0 where NV (i, 02) stands for the normal distribution with
mean p and variance o2 and Elp,] = lE[hlz] (Ceyhan et al. 2006, 2007).

3.1 The one triangle case

For simplicity, we consider that three non-collinear points Y3 = {y1, y2, y3} forming
a triangle 7'()/3) and class 1 points are iid uniform in 7 ()3). The null hypothesis is
a type of complete spatial randomness (CSR), that is,

Hy: X SU(T3) fori=1,2,....n. 3)

We first present a “geometry invariance” result that will simplify our subsequent
analysis by allowing us to consider the special case of the equilateral triangle.

Theorem 3.1 (Geometry invariance for uniform data) Ler V3 = {y1,y2,y3} C R? be

three non-collinear points. Fori =1,2,...,n, let X; i F=U(T()A)). Then

(i) Foranyr € [1, 0o], the distribution of relative density of PE-PCDs, ppg(n,r), is
independent of Vs, hence the geometry of T ()3).

(i1) Forany t € (0, 0o], the distribution of relative density of CS-PCDs, pcs(n, T), is
independent of Vs, hence the geometry of T ()3).
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The proof is provided in Sect. 1 of the Online Resource 1.

In fact, the geometry invariance of ppg(n, 00) (or pcs(n, 00)) for data from any
continuous distribution on 7 ()%3) follows trivially, since for r = oo (or T = 00),
we have ppg(n,r) =1 (or pcs(n, t) = 1) almost surely (a.s.) (i.e., its distribu-
tion is degenerate). Based on the geometry invariance for uniform data, we may
assume that T()3) is a standard equilateral triangle, T,, with vertices )3 =
{(0,0), (1,0), (1/2,+/3/2)} henceforth.

The CLT for U-statistics establishes the asymptotic normality under the uniform
null hypothesis. For our proximity maps and uniform null hypothesis, the asymptotic
null distribution of ppg(n, r) (or pcs(n, T)) can be derived as a function of r (or 7).
Let upe(r) := E[ppg(n, r)] and vpg(r) := Cov[h2, h13] where h;; is the symmetric
kernel in (1) for PE-PCDs. Notice that upg(r) = E[h12]/2 = P(X2 € Npp(X1,r)) is
the probability of an arc occurring between any pair of vertices, hence is also called
the arc probability. Similarly, let ucs(t) := E[pcs(n, )], then ucs(t) = P(X2 €
Ncs(X1, 1)) and let ves(T) = Cov[ﬁlz, Em] where 71,7 is the symmetric kernel for
CS-PCDs.

By detailed geometric probability calculations, the means and the asymptotic vari-
ances of the relative density of the PE-PCDs were calculated explicitly and pre-
sented below for completeness (details of their derivation is provided in Ceyhan et al.
2006).

Theorem 3.2 Forr €[1,00),

Vn (ppe(n, 1) — pE(r)) £,

N©,1) )
A/ VPE(T)
where
SEr? forr €[1,3/2),
ppE(r) =1 —4r? +4 814+ 3r72 forre[3/2,2), 5)
1—3r72 for r € [2, 00),
and

vpE(r) = vi(N I(r €[1,4/3)) + v2() I(r € [4/3,3/2)) +v3(") I(r € [3/2.2))
+ vy (r) I(r €[2, 00]) (6)
with
vy (r) =[3007r'0 — 13824 4 898r® + 77760 " — 117953 r° 4 48888 r°
— 24246 r* + 60480 > — 38880 7% + 3888] / [58320r%],

va(r) = [5467r'0 — 3780077 4+ 61912 7% + 46588 r® — 1915207° + 13608 r*
+2419207% — 15552012 + 15552] / [233280 %],
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v3(r) =—[7r'? =72, + 312710 - 53328 + 1507217 + 13704 r° — 139264 1°

+273600r* — 242176 r* + 103232 % — 27648 r + 8640] / [960°],

157% — 1172 — 487 +25

valr) = 1570

Forr = o0, ppp(n, r) is degenerate.
The means and asymptotic variances for CS-PCDs were previously calculated for
T € (0, 1] (Ceyhan et al. 2007). Here we extend the result for 7 > 1 as well (see

Sect. 2 of Online Resource 1).

Theorem 3.3 For T € (0, 00),

Vn(pcs(n, t) — pes(1)) R A

0,1) @)
A/ ves(T)
where
2
) % for 7 € (0, 1], ®
pes(t) = T4t
2(01+27)(2+7) for 7 € (1, 00),
and
6753142573 +124497414)
ves (1) = BEiD2IDET2) forz € (0, 11, )
cs T ) 16877488610 +1122 1544514 —47013—11412+48 7 +16 for 7 € (1, 00)
5Q2t+D*(r+2)% ’ :

For 1 =0, pcs(n, 7) is degenerate.

The forms of the mean function are depicted together in Fig. 2 (left). Note that
upe(r) is monotonically increasing in r, since Npg(x,r) increases in size with r
for all x € Ry (y;) \ Zs(Npg(:, 1), Mc), where Zs(Npg(-,r), Mc) :={x € T()3):
Npg(x, ) = T()3)}. In addition, upg(r) — 1 as r — oo at rate O (r—2), since the di-
graph becomes complete in the limit, which explains why ppg(n, ) becomes degen-
erate, i.e., vpg(r = 00) = 0. upg(r) is continuous, with the value at r = 1, upg(1) =
37/216 ~ 0.17. Note also that pucs(r) is monotonically increasing in 7, since
Ncs(x, ) increases in size with 7 for all x € Rg(e;) \ Zs(Ncs(:, ), Mc), where
#s(Nes(- 1), Mc) =  {x € TQ3 Nes(x, 1) =
T ()%)}. Note also that ucs(r) is continuous in t with pucs(t = 1) = 1/6 and
lim; o ics(t) = 0. In addition, pucs(t) — 1 as T — oo atrate oG, so0 pcs(n, T)
becomes degenerate as T — oo. Observe also that upg(r) > ucs(t) forallr € [1, 0o)
and 7 € (0, 00).

The asymptotic variance functions are depicted together in Fig. 2 (right). Note that
vpe(r) is also continuous in » with lim,— ~ vpg(r) = 0 and vpg(1) = 34/58320 ~
0.0006 and observe that sup,-; vpe(r) ~ 0.13 which is attained at r &~ 2.045. Note
also that ves(t) is continuous in T with lim;_seo ves(z) =0 and v(z = 1) = 7/135
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Fig. 2 Asymptotic null means (i.e., arc probabilities) (leff) and variances (right) as a function of the
expansion parameters for relative density of PE-PCDs (solid line) and CS-PCDs (dashed line). The vertical
lines indicate the endpoints of the intervals in the piecewise definition of the functions. Notice that the
vertical and horizontal axes are differently scaled

and lim;_, ¢ vcs(7) = O—there are no arcs when v = 0 a.s.—which explains why the
limiting distribution of pcs(n, T) becomes degenerate as t goes to zero. Moreover,
sup,-o ves(7) ~ 0.18 which is attained at T ~ 4.0051. Observe also that vcs(t) >
vpe(r) for all r € [1, 00) and 7 € (0, 00).

The finite sample variance and skewness of ppg(n, r) and pcs(n, T) can be de-
rived analytically in much the same way as were asymptotic variances. In particular,
the variances of A1y for PE-PCDs and CS-PCDs are derived and presented in the
technical report Ceyhan (2010a).

3.2 The multiple triangle case

In this section, we present the asymptotic distribution of the relative density for class 1
points in multiple triangles. Suppose VY, = {Y1, V2, ..., Ym} C R? is a set of m points
in general position with m > 3 and no more than three points are cocircular. As a
result of the Delaunay triangulation of ), (Okabe et al. 2000), there are J,,, > 1 De-
launay triangles denoted as 7, for j =1,2, ..., J,,. The Delaunay triangles partition
the convex hull of }),,. We wish to investigate

Ho: Xi SU(CH (V) fori=1,2,....n (10)
against segregation and association alternatives (see Sect. 4). Figure 3 presents a real-
ization of 1000 observations independent and identically distributed as U(Cy (Vm))
form =10 and J,,, = 13.

For J,, > 1 (i.e., m > 3), as in Sect. 2, let ppg(n, m,r) = |A|/(n (n — 1)) be the
relative density for the PE-PCD in the multiple triangle case. Let pcs(n, m, T) be de-
fined similarly for the CS-PCD. The asymptotic normality of the relative density of
PE-PCDs and CS-PCDs (with t € (0, 1]) is provided in Ceyhan et al. (2006, 2007),
respectively. The result for CS-PCDs with 7 > 1 follows similarly (see Ceyhan
2010a).

Let n; be the number of class 1 points in 7; for i = 1,2, ..., J,. Letting w; =
A(T;)/A(CH(YVm)) with A(-) being the area function and W = {wy, wa, ..., wy, },
we obtain the following as a corollary to Theorems 3.2 and 3.3.
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Fig. 3 A realization of

Ho - X; " U(Cpy V) for
i=1,2,...,nfor |Yul=10
points with n = 1000 class 1
points generated iid in the
convex hull of ),

0.2 0.4 0.6 0.8

Corollary 3.4 For r € [1, o], the asymptotic distribution for ppg(n,m,r) condi-
tional on VV is given by

~ ~ L ~
\/”_l(pPE(n,m,V)_MPE(m,V))—>N(0,4VPE(m,V)), (ll)
as n — oo, where pipg(m,r) = ,upE(r)(Zijil wiz) and

J) m

I Jm 2
Vpg(m, r) = | vpE(r) Z w; | + (Mp]a(r))2 Z w} — Z w?
=1

i=1 i=1

with wpg(r) and vpg(r) being as in (5) and (6), respectively. The asymptotic distri-
bution of pcs(n, m, t) with t € (0, 00] is similar.

See Sect. 3 of the Online Resource 1 for the proof.

By an appropriate application of the Jensen’s inequality, we see that Z,JZ h wi3 >
(Z,‘]Zl wl.z)z. So the covariance above is zero iff vpg(r) = 0 and Zi]zl w? =
(Zijzl wl.2)2, so asymptotic normality may hold even though vpg(r) = 0 in the multi-
ple triangle case. That is, ppg(n, m, r) has the asymptotic normality even for r = co
provided that ZIJQ Lw? > (Ziji , w?)?. The same holds for T = oo in the central sim-

ilarity case.

4 Parameterization of the alternative patterns: segregation and association

Spatial interaction among species (including segregation and association of species)
also has important consequences and potential for applicability in biodiversity the-
ory (Illian and Burslem 2007). Many procedures are suggested for spatial clustering
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Fig. 4 An example for the
segregation alternative with a
particular expansion parameter &
(shaded region), and its
complement is for the
association alternative with
expansion parameter v/3/3 — &
(unshaded region) on the
standard equilateral triangle

3= (1/2.V3/2)

Mo

based on count data (see, e.g., Jung and Kulldorff 2007). In a two-class setting, the
phenomenon known as segregation occurs when members of one class have a ten-
dency to repel members of the other class. For instance, it may be the case that one
type of plant does not grow well in the vicinity of another type of plant, and vice
versa. This implies, in our notation, that X; are unlikely to be located near elements
of V. Alternatively, association occurs when members of one class have a tendency
to attract members of the other class, as in symbiotic species, so that X; will tend to
cluster around the elements of )),,,. See, for instance, Dixon (1994) and Coomes et al.
(1999).

Under association, the defining proximity regions tend to be small, and hence
there should be fewer arcs; while under segregation, the proximity regions tend to
be larger and cover many points, resulting in many arcs. Thus, the relative density
is a reasonable statistic to employ in this problem. Unfortunately, in the case of the
CCCD, it is difficult to make precise calculations in multiple dimensions due to the
geometry of the neighborhoods.

In the basic triangle, 7}, we define the alternatives HES and HSA with ¢ € (0, V3 /3),
for segregation and association alternatives, respectively. Under HSS ,462/3 x 100 %
of the area of T} is chopped off around each vertex so that the class 1 points are
restricted to lie in the remaining region. Let 7; be the union of the triangular regions
around the vertices as illustrated in Fig. 4. Below, we have the parametrization of the
distribution families under the alternatives:

US :={F:F=UT,\T,)} and %A::{F:F:U(Tﬁ/3_s)}. (12)

See Ceyhan (2010a) for the explicit forms of the support regions under the alterna-
tives. These alternatives HSS and HSA with ¢ € (0, V3 /3) can be transformed into the
equilateral triangle as in Ceyhan et al. (2006, 2007).

For the standard equilateral triangle, we have Si =¢fori=1,2,31inT;(e) =

(xeT,:dy,¢; (x)) <¢;}. Thus HS implies X; ~ S u(r, \ 7¢) and H? be the model

under which X; * Z/I (T 33— ) See Fig. 4 for a depiction of the above segregation
and the association alternatlves in T,.
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Fig. 5 Realization of segregation (left) and association (right) with n = 1000 class 1 points for |V, | = 10
points as in Fig. 3

The geometry invariance result also holds under the alternatives HS and HA for
both PCD families (see Ceyhan 2010a). In particular, the segregation alternative with
& € (0,+/3/4) in the standard equilateral triangle corresponds to the case that in an
arbitrary triangle, ¥ x 100 % of the area is carved away as forbidden from the ver-
tices using line segments parallel to the opposite edge where k = 4¢2 (which implies
k € (0,3/4)). This argument is for the segregation alternative with ¢ € (0, v/3/4); a
similar construction is available for the other cases. In the multiple triangle case, the
segregation and association alternatives, HSS and HEA with € € (0, V3 /3), are defined
as in the one-triangle case, in the sense that, when each triangle (together with the
data inside it) is transformed to the standard equilateral triangle, we obtain the same
alternative pattern described above.

Thus in the case of J,,, > 1, we have a (conditional) test of H,, : X; x UCH V).
The segregation (with k = 1/16, i.e., e = \/§/8), and association (with k = 1/4, i.e.,
& = +/3/12) realizations are depicted in Fig. 5 with n = 1000.

Remark 4.1 There are many possible types of parameterizations for the alternatives.
The particular parametrization of the alternatives in (12) is chosen so that the distri-
bution of the relative density under the alternatives would also be geometry invariant
(i.e., independent of the geometry of the support polygons). The more natural alterna-
tives (i.e., the alternatives that are more likely to be found in practice) can be similar
to or might be approximated by our parametrization. Because under a segregation al-
ternative, the class 1 points will tend to be further away from class 2 points and under
an association alternative, class 1 points will tend to cluster around the class 2 points.
Such patterns can be detected by the test statistics based on the relative density, since
under segregation (whether it is parameterized as above or not) we expect them to
be larger, and under association (regardless of the parametrization) they tend to be
smaller.
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4.1 Consistency

Asymptotic normality of relative density of the PCDs under both alternative hypothe-
ses of segregation and association were established by the same method as under the
null hypothesis. In particular, asymptotic normality of relative density of PE-PCDs
under the alternatives is proved in Ceyhan et al. (2006), while that for CS-PCDs for
T € (0, 1] is proved in Ceyhan et al. (2007). The proof for 7 € (1, co) follows the
same mechanism.

The relative density of the PCD is a test statistic for the segregation/association al-
ternative; rejecting for extreme values of ppg(#n, ) is appropriate, since under segre-
gation, we expect ppg(n, r) to be larger, while under association, we expect ppg(n, r)
to be smaller compared that under CSR.

In the one triangle case, using the standardized test statistic

Vn(ppe(r) — ppe(r))
~/VpE(F) ’

the asymptotic critical value for the one-sided level « test against segregation is
given by z, = @~ !(1 — a) where ®(-) is the standard normal distribution func-
tion. Against segregation, the test rejecting for Rpg(r) > z, and against associa-
tion, the test rejecting for Rpg(r) < 71— Was shown to be consistent (Ceyhan et al.
2006). The same holds for the standardized test statistic in the multiple triangle case,

>3 __ ~/n(BpE(n,r)—HPE(r))
Ree) =" ey

A similar construction is available for pcs(n, ) and consistency for 7 € (0, 1] was
established in Ceyhan et al. (2007), consistency for T > 1 can be proved similarly.

Rpg(r) =

(13)

5 Empirical size analysis under CSR

In one triangle case, for the null pattern of CSR, we generate n class 1 points iid
U(T,) where T, is the standard equilateral triangle. We calculate the relative density
of PE-PCDs forr =1, 11/10,6/5,4/3, \/5, 3/2,2,3,5, 10, and that of CS-PCDs for
t=0.2,04,0.6,...,3.0,3.5,4.0,...,20.0 at each Monte Carlo replicate. We repeat
the Monte Carlo procedure N, = 10000 times for each of n = 10, 50, 100. Using
the critical values based on the normal approximation for the relative density, we
calculate the empirical size estimates for both right-sided (i.e., for segregation) and
left-sided (i.e., for association) tests as a function of the expansion parameters. Let

Rpg(r, j) = /(e EE’;;; E]()r;“ PE() pe the standardized relative density for PE-PCD for

Monte Carlo replicate j with sample size n for j = 1,2, ..., N,,.. We estimate the

empirical size against the segregation alternative as NL Zj"g; I(Rpg(r, j) > z4), and

against the association alternative as NLW ZI/V;"E I(Rpg(r, j) < —2zq). For CS-PCDs,
the standardized relative density Rcs(z, j), asymptotic critical value, and empirical
size are defined and calculated similarly. The empirical sizes significantly smaller
(larger) than 0.05 are deemed conservative (liberal). The asymptotic normal approxi-
mation to proportions is used in determining the significance of the deviations of the
empirical sizes from 0.05. For these proportion tests, we also use a = 0.05 as the
significance level. With N, = 10000, empirical sizes less than 0.0464 are deemed

conservative, greater than 0.0536 are deemed liberal at o = 0.05 level.
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Fig. 6 The empirical size estimates of the relative density of the PE-PCDs (left) and CS-PCDs (right) in
the one triangle case based on 10000 Monte Carlo replicates for the right-sided alternative, (i.e., relative
to segregation) (top) and the left-sided alternative, (i.e., relative to association) (bottom) with n = 100

id
under the CSR pattern (i.e., under H, : X; & U(Tp) fori =1,2,...,n). The horizontal lines are located
at 0.0464 (upper threshold for conservativeness), 0.050 (nominal level), and 0.0536 (lower threshold for
liberalness). Notice that the vertical and horizontal axes are differently scaled for the two PCD families

The empirical sizes together with upper and lower bounds of liberalness and con-
servativeness are plotted in Fig. 6 for n = 100. We only present the empirical size
results for n = 100 in the one triangle case. The results for other n values are de-
ferred to the technical report Ceyhan (2010a).

With PE-PCDs, for the right-sided tests (i.e., relative to segregation) the size is
close to the nominal level for r € (2, 3), for smaller » values (i.e., r < 2), the test
seems to be liberal with liberalness increasing as r decreases; and for larger r values
(i.e., r > 3), the test seems to be conservative with conservativeness increasing as r
increases. For the left-sided tests (i.e., relative to association) the size is close to the
nominal level for r € (1.5, 3), for other r values the test seems to be liberal (more
liberal for smaller r values). This is due to the fact that very large and small values of
r require much larger sample sizes for the normal approximation to hold.

With CS-PCDs, for the right-sided tests, the size is close to the nominal level for
T € (5, 14) and closest to 0.05 for T &~ 5 or T € (7, 9) for all sample sizes; for smaller
7 values (i.e., T < 4.5) the test seems to be liberal with liberalness increasing as t de-
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Fig. 7 The empirical size estimates of the relative density of the PE-PCDs (left) and CS-PCDs (right) in
the multiple triangle case based on 1000 Monte Carlo replicates under the segregation alternative (top)
and the association alternative (bottom) with n = 1000 under the CSR pattern. The horizontal lines are
located at 0.039 (upper threshold for conservativeness), 0.050 (nominal level), and 0.061 (lower threshold
for liberalness). The vertical and horizontal axes are differently scaled for the two PCD families

creases; and for T 2 15 and the test is slightly conservative for n = 100. Considering
all sample sizes (see the technical report Ceyhan 2010a), we recommend t € (5, 10)
for testing against segregation. For the left-sided alternative, the test has the desired
size for T € (2, 15). With all sample sizes, the test seems to be conservative (slightly
liberal) for smaller (larger) t values. Considering all sample sizes, we recommend
T € (2.5,5) for testing against association. The range of appropriate T values gets
wider with the increasing sample size and very large and small values of t require
much larger sample sizes for the normal approximation to hold.

In the multiple triangle case, for the null pattern of CSR, we generate n class 1
points iid U(Cy (V10)) where Yo is the set of the 10 class 2 points given in Fig. 3.
With N, = 1000, empirical sizes less than 0.039 are deemed conservative and those
greater than 0.061 are deemed liberal at o« = 0.05 level.

The empirical sizes for the PCDs together with upper and lower bounds of liber-
alness and conservativeness are plotted in Fig. 7 for n = 1000. Observe that in the
multiple triangle case (which is more realistic than the one triangle case), the em-
pirical sizes are much closer to the nominal level compared to the one triangle case.
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With PE-PCDs, for the right-sided alternative (i.e., against segregation), the size is
about the nominal level for € (1.5, 3), and for the left-sided alternative (i.e., against
association), the size is about the nominal level for r € (1.1, 2). Furthermore, al-
though the empirical sizes for both right- and left-sided alternatives are about the
desired level for r values between 1.5 and 2, it seems that they are not very far from
the nominal level for » € (1.5, 10). The test seems to be liberal for the segregation
alternative and conservative for the association alternative, when not at the desired
level.

With CS-PCDs, the empirical sizes are much closer to the nominal level com-
pared to the one triangle case also. Furthermore, for the right-sided alternative with
n = 1000, the test has the desired level for T > 2. Considering all sample sizes, we
recommend T € (2.5, 8) for testing against segregation. For the left-sided alternative
with n = 1000, T > 0.5 seems to yield the appropriate level. Considering all sample
sizes, we recommend 7 € (0.5, 20) for testing against association.

Remark 5.1 Empirical size comparison for the PCD families: In the one triangle case,
the size estimates for the CS-PCD is close to the nominal level of 0.05 against the
segregation alternative for more of the expansion parameter values considered. On
the other hand, the size estimates against association are close to the nominal level
for both PCD families, but the size estimates for CS-PCD is closer to the nominal
level. In the multiple triangle case, the size performance of the two PCD families
is similar and the size estimates are close to the nominal level for both one-sided
alternatives.

6 Empirical power analysis under the alternatives

To compare the power performance of the test statistics under the alternatives, we
generate n class 1 points uniformly in the corresponding support sets described in
Sect. 4.

6.1 Empirical power analysis under the segregation alternative

In the one triangle case, at each Monte Carlo replicate under segregation, H>, we

generate X; 1LC}Z/{(Te \Te), fori =1,2,...,nforn =10, 50, 100 and compute the rel-
ative density of the PCDs. We consider r € {1, 11/10,6/5,4/3, V2, 3/2,2,3,5,10}
for the PE-PCD and 7 € {0.2,0.4,0.6,...,3.0,3.5,4.0,...,20.0} for the CS-
PCD. We repeat the above simulation procedure N, = 10000 times. We consider
e € {+/3/8,/3/4,2+/3/7}) (which correspond to 18.75 %, 75 %, and 4500/49 ~
91.84 % of the triangle (around the vertices) being unoccupied by the class 1 points,
respectively) under the segregation alternatives.

For PE-PCDs, under segregation alternatives with ¢ > 0, the distribution of
ppe(n, r) is degenerate for large values of r. For a given ¢ € (0, \/§/4), the cor-

responding digraph is complete a.s. when r > “2/—5, hence ppg(n,r) =1 a.s. For

. . . J3-2
e € (v/3/4,/3/3), the corresponding digraph is complete a.s., when r > st
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In particular, for ¢ = \/5 /8, ppe(n,r) is degenerate when r > 4, for ¢ = \/5 /4,
ppE(n, r) is degenerate when r > 2, and for ¢ = 2«/5/7, ppE(n, r) is degenerate
when r > 3/2. Such a problem does not occur for CS-PCDs.

For a given alternative and sample size, we analyze the empirical power of the test
based on ppg(n, r) and pcs(n, T)—using the asymptotic critical value—as a function
of the expansion parameters r and 7, respectively. We estimate the empirical power
for PE-PCDs as NLW Zf’;‘“‘l I(RpE(r, j) > z¢). The empirical power for CS-PCDs is
estimated similarly.

In Fig. 8, we present Monte Carlo power estimates for relative density of the PCDs
in the one triangle case as a function of expansion parameters for n = 10, 50, 100
against H 55/4 only. Notice that, for PE-PCDs, Monte Carlo power estimate increases

as r gets larger and then decreases, due to the magnitude of » and n. Because for
small n and large r, the critical value is approximately 1 under H,, as we get a com-
plete digraph with high probability. Under moderate segregation (with & = +/3/4),
r around 1.5 to 5 yields the highest power (for other r values, the power performance
is very poor). Furthermore, under moderate to severe segregation, with n = 10 the
power estimate seems to be close to 1 for » € (1,4), and with n = 50 or 100 the
power estimate seems to be close to 1 for r € (1,5). However, the power estimates
are valid only for r within (2, 3), since the test has the desired size for this range
of r values against the right-sided alternative. So, for small sample sizes, r &~ 1.5 is
recommended, and for larger sample sizes, moderate values of r (i.e., r € (2,3)) are
recommended for the segregation alternative as they are more appropriate for normal
approximation and they yield the desired significance level.

For CS-PCDs, Monte Carlo power estimate increases as t gets larger or n gets
larger. With n = 10, the power estimates are high for t € (5, 14) and virtually O for
T > 14. With n = 50 or 100, the power values are high for > 1, with highest power
occurring around t & 8. However, for t > 6, the power values are virtually same.
Considering the empirical size estimates, we recommend t = 8 for mild segregation,
and 7 ~ 5 for more severe segregation alternatives.

In the multiple triangle case, we generate the class 1 points uniformly in the sup-
port for the segregation alternatives in the triangles based on the 10 class 2 points
given in Fig. 3. We use the parameters ¢ € {~/3/8, +/3/4,2+/3/7}. The correspond-
ing empirical power estimates as a function of expansion parameters » and 7 (using
the normal approximation) are presented in Fig. 9 for & = v/3/4 for n = 500 and
n = 1000. Observe that, for PE-PCDs, the Monte Carlo power estimate increases as
r gets larger and then decreases, as in the one triangle case. The empirical power is
maximized for r € (1.5, 2) under mild segregation, and for r € (1.5, 3) under moder-
ate to severe segregation. Considering the empirical size and power estimates, r ~ 1.5
is recommended under mild segregation, while r € (2, 3) seems to be more appropri-
ate (hence recommended for more severe segregation), since the corresponding test
has the desired level with high power.

For CS-PCDs, the Monte Carlo power estimate tends to increase as t gets larger.
Under mild segregation with & = +/3/8, the empirical power is large for T > 2 with
largest being around t € (4, 8). Under moderate to severe segregation, the empirical
power is virtually one for T > 0.4. Considering the empirical size and power esti-
mates, T & 7 seems to be more appropriate (hence recommended for segregation),
since the corresponding test has the desired level with highest power.
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Fig. 9 Empirical power estimates under segregation in the multiple triangle case for PE-PCDs (fop) and
CS-PCDs (bottom) using the asymptotic critical value against segregation alternative ng/“ as a function

of expansion parameters for n = 500 (left) and n = 1000 (right)

6.2 Empirical power analysis under the association alternative

In the one triangle case, at each of N,, = 10000 Monte Carlo replicates under asso-

ciation, HSA, we generate X; lfl\(}L{(7:/§/3_€), fori =1,2,...,n for n =10, 50, 100.
Unlike the segregation alternatives, the distribution of ppg(n, r) is non-degenerate for
all e € (0,~+/3/3) and r € [1, 00). We consider € € {5+/3/24,/3/12,+/3/21} (which
correspond to 18.75 %, 75 %, and 4500/49 ~ 91.84 % of the triangle being occupied
around the class 2 points by the class 1 points, respectively) for the association alter-
natives.

Under association, for each r value, we estimate the empirical power as
N)lm Zj\]gi I(Rpe(r, j) < —2z4). The asymptotic critical value and empirical power
for CS-PCDs are similarly defined. In Fig. 10, we present Monte Carlo power esti-
mates for relative density of the PCDs in the one triangle case against H SA N R
a function of r for n = 10, 50, 100. Notice that, for PE-PCDs, Monte Carlo power
estimate increases as r gets larger and then decreases, as in the segregation case.
Because for small n and large r, the critical value is approximately one under H,, as
we get a nearly complete digraph with high probability. Highest power is attained for
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Comparison of relative density of two random geometric digraph 123

r ~ 2, which is recommended against the association, as it yields the desired level
with high power.

For CS-PCDs, under mild association and small n, highest power is attained
around 7 & 3, under mild association with large n, power increases as T increases.
For moderate to severe association and large n, power is virtually one for all the T
values we considered. Considering the empirical size and power performances, we
recommend 7 & 5, as it has the desired level and high power.

In the multiple triangle case, we generate the class 1 points uniformly in the sup-
port for the association alternatives in the triangles based on the 10 class 2 points
given in Fig. 3. We use the parameters ¢ € {5+/3/24,+/3/12,+/3/21}. The corre-
sponding empirical power estimates as a function of r (using the normal approxima-
tion) are presented in Fig. 11 for ¢ = 5+/3/24 for n = 500 and n = 1000. Observe
that, for PE-PCDs, the Monte Carlo power estimate decreases as r gets larger unlike
the one triangle case. The empirical power is large (i.e., close to one) for r € (1, 5).
Considering the empirical size estimates, we recommend r ~ 2 for association alter-
native, since the corresponding test has the desired level with high power.

For CS-PCDs, the Monte Carlo power estimate tends to decrease as t gets larger.
The empirical power is maximized for T < 1. Considering the empirical size and
power estimates, we recommend t & | for association, since the corresponding test
has the desired level with high power.

We only present the empirical power results under some of the alternatives in
the one and multiple triangle cases. For the results under other alternatives, see the
technical report Ceyhan (2010a).

Remark 6.1 Empirical power comparison for the two PCD families: In the one tri-
angle case, under the segregation alternatives, the power estimates of the CS-PCDs
tend to be higher than those of the PE-PCDs. Under mild to moderate association
alternatives, CS-PCDs have higher power estimates, while under severe association,
PE-PCD has higher power estimates. In the multiple triangle case, under segregation,
CS-PCDs has higher power estimates; while under association, PE-PCDs has higher
power estimates.

7 Pitman asymptotic efficiency

Pitman asymptotic efficiency (PAE) provides for an investigation of “local (around
H,) asymptotic power”. This involves the limit as n — oo as well as the limit as
& — 0 under the alternatives. A detailed discussion of PAE is available in Kendall
and Stuart (1979), van Eeden (1963) and Ceyhan (2010a).

Under segregation or association alternatives, the PAE of ppg(n, r) is given by

(P (r, e =0))?

PAEPE(") = vpE(7)

where k is the minimum order of the derivative with respect to & for which u® (r, ¢ =
0) #0. Thatis, u® (r,e =0) £0but u®(r,e =0)=0for/ =1,2,...,k — 1. Sim-
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Fig. 12 Pitman asymptotic efficiency against segregation (left) and association (right) alternatives as a
function of the expansion parameters in the one triangle case for the relative density of PE-PCDs (solid
line) and CS-PCDs (dashed line). Notice that the vertical axes are differently scaled

ilarly, the PAE of pcs(n, 7) is given by

(n®(r,e =0))?
ves(T)

where k is defined as above. For PE-PCDs and CS-PCDs, we need k& = 2 under both
segregation and association alternatives. See Ceyhan (2010a) for details.

PAEcs(7) =

7.1 PAE analysis in the one-triangle case

The PAE scores for PE-PCDs were calculated in Ceyhan et al. (2006) and for CS-
PCDs with t € (0, 1] were calculated in Ceyhan et al. (2007). We extend the PAE
calculations for t > 1 (the details deferred to technical report Ceyhan 2010a).

In Fig. 12 (left), we present the PAE as a function of the expansion parameter for
segregation. The corresponding PAE score is denoted with an “S” in the superscript.
Notice that PAES, (r = 1) = 160/7 ~ 22.86 and lim, _, o, PAE3L () = co. Further-
more, lim;_,q PAEés(r) =320/7 &~ 45.71 and lim;_, PAE%S(T) = 00. Moreover,
a local maximum occurs at T = 1 with PAEéS(r =1)=960/7~ 137.14 and a local
minimum occurs at T ~ 1.62 with PAE score ~ 112.70.

Based on the PAE analysis, we suggest, for large n and small ¢, choosing expan-
sion parameters large for testing against segregation. However, for small and moder-
ate values of n, normal approximation is not appropriate due to the skewness in the
density of ppg(n, r) (or pcs(n, t)) for extreme values of r (or 7). Therefore, for small
n, we suggest moderate r values for PE-PCDs and moderate 7 values (i.e., T € [7, 8])
for CS-PCDs.

Comparing the PAE scores of the relative density of PE-PCDs and CS-PCDs un-
der segregation alternatives, we see that PAEi.SE 1) < PAEéS () for 1 <t <1.09; and
PAEigE(t) > PAEgS (t) for t 2 1.09. Therefore, under segregation alternatives, over-
all, relative density of PE-PCD is asymptotically more efficient compared to the CS-
PCD. Furthermore, PAEI*S;E(Z) tends to 0o as t — oo at rate O(r2) while PAE%S (1)
tends to oo as t — oo at rate O (7).

In Fig. 12 (right), we present the PAE as a function of the expansion parameter
for association. The corresponding PAE score is denoted with an “A” in the super-
script. Notice that PAEJ; (r = 1) = 174240/17 ~ 10249.41, lim,_, o PAEj;(r) = 0
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Fig. 13 Pitman asymptotic efficiency against segregation (left) and association (right) alternatives as a
function of expansion parameters in the multiple triangle case with the realization of ), given in Fig. 3
for the relative density of PE-PCDs (solid line) and CS-PCDs (dashed line). Notice that vertical axes are
differently scaled

and argsup, <[ o) PAEj: () ~ 1.01 with supremum ~ 10399.77. PAE{; (r) has also
a local supremum at r; ~ 1.44 with local supremum = 3630.89. Moreover, we have
lim; ¢ PAEéS(r) =72000/7 =~ 10285.71 which is also the global maximum. More-
over, a local minimum of PAEéS () occurs at T &~ 0.45 with PAE score being equal to
~ 6191.67 and a local maximum occurs at T = 1 with PAEéS(r =1)=61440/7 ~
8777.14.

Based on the PAE analysis, we suggest, for large n and small ¢, choosing r (or 7)
small for testing against association. However, for small and moderate values of
n, normal approximation is not appropriate due to the skewness in the density of
ppE(n, 1) (or pcs(n, t)). Therefore, for small n, we suggest moderate r values for
PE-PCDs and t ~ 1 for CS-PCDs.

Comparing the PAE scores of the relative density of PE-PCDs and CS-PCDs under
association alternatives, we see that PAE?E(t) < PAEés (¢t) for 1 <t < 1.46 and for
t 2 1.52; and PAE{}E(t) > PAEéS () for 1.46 < ¢t < 1.52. Under association, relative
density of CS-PCD is asymptotically more efficient compared to that of the PE-PCD.
Furthermore, PAE{}E(t) goes to 0 as t — oo at rate O (t~2%) while PAEés (t) goesto 0
asr — oo atrate O(t~1).

7.2 PAE analysis in the multiple triangle case

For J, > 1 (i.e., m > 3), in addition to the expansion parameter, PAE analysis de-
pends on the number of triangles as well as the relative sizes of the triangles (i.e., on
Ym). So the optimal expansion parameter values with respect to the PAE criteria in
the multiple triangle case might be different than that of the one triangle case. See the
technical report Ceyhan (2010a) for explicit form of the PAE scores in the multiple
triangle case.

In Fig. 13 (left), we present the PAE scores as a function the expansion parame-
ter under segregation alternative conditional on the realization of )/, given in Fig. 3.
Let PAEgE(m, r) be the PAE score for the PE-PCD under the segregation alterna-
tive in the multiple triangle case and define the PAE scores under association and
those for CS-PCDs in the multiple triangle case similarly. Notice that, unlike the
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one triangle case, PAEgE(m, r) is bounded from above by lim,_, PAEgE(m, r)~
139.34. Some values of interest are PAEf;E (m,r =1)~0.39, and a local maximum
value of ~ 110.97 is attained at the argsup,.(; o PAE1§E (m,r) ~ 1.97. On the other
hand, the PAE curve for the CS-PCDs in the multiple triangle case is similar to
that in the one triangle case (See Fig. 12 (left)). But unlike the one triangle case,
PAE%S (m, 7) is bounded with lim;_, PAE%S (m, t) ~ 139.34. Some values of note
are lim;_.¢ PAE(S:S (m, t) ~ 38.20; and a local maximum of ~ 100.77 is attained at
7 =1, and a local minimum of ~ 75.97 is attained at T ~ 2.04. Based on the PAE
analysis of the relative density of PE-PCDs, under segregation alternative, larger r
values yield larger asymptotic relative efficiency. However, due to the skewness of
the pdf of ppg(m,r), moderate r values (» around 1.5 or 2) are recommended. As
for the CS-PCDs, larger t values have larger asymptotic relative efficiency. However,
due to the skewness of the pdf of pcs(m, ), moderate t values (tr around 1) are
recommended.

Comparing the PAE scores for PE-PCDs and CS-PCDs under the segregation
alternative, we see that for 1 <t < 1.45 asymptotic relative efficiency of rela-
tive density of CS-PCDs is larger, since PAES((m, t) > PAES: (m, 1), and for ¢ >
1.45 asymptotic relative efficiency of relative density of PE-PCDs is larger since
PAE(S:S (m,t) < PAE‘PSE (m,t). Therefore, PE-PCD tends to be more efficient asymp-
totically compared to the CS-PCD under segregation.

In Fig. 13 (right), we present the PAE scores as a function the expansion parame-
ter under association alternative conditional on the realization of ), given in Fig. 3.
Notice that, as in the one triangle case, PAEéE(m, r) tends to 0 as r — 00. Some
values of interest are PAEQE(m, r =1) &~ 422.96, and a global maximum value of
~ 1855.97 is attained at r = 1.5. On the other hand, the PAE curve for the CS-PCDs
in the multiple triangle case is similar to the one in the one triangle case. (See Fig. 12
(left)). Notice also that lim;_,¢ PAEéS (m, t) ~ 8593.97; a local maximum value of
A 6449.54 is attained at T = 1; and a local minimum value of ~ 5024.22 is attained
at T ~ 0.49. Moreover, lim;_, o PAEéS (m, ) =0 at rate O(tr~2). Based on the PAE
analysis for relative density of PE-PCDs, smaller t values tend to yield larger asymp-
totic relative efficiency. However, we suggest, for large n and small ¢, choosing mod-
erate T for testing against association due to the skewness of the density of pcs(n, T)
for very small 7 values.

Comparing the PAE scores for PE-PCDs and CS-PCDs, under the association al-
ternative, we see that asymptotic relative efficiency of relative density of CS-PCDs is
larger for t > 1, since PAEéS (m,t) > PAE{,‘E (m, t). Therefore, CS-PCD tends to be
more efficient asymptotically compared to the PE-PCD under association.

Remark 7.1 Empirical power versus PAE for the PCD families: The finite sample
performance (based on the Monte Carlo simulations) and the asymptotic efficiency
(based on PAE scores) may seem to give conflicting results. The reason for this is
two fold: (i) in the Monte Carlo simulations, we only have a finite number of ob-
servations, and the asymptotic normality of the relative density of the PCDs require
smaller sample sizes for moderate values of the expansion parameters, and (ii) PAE
is designed for infinitesimal deviations from the null hypothesis (i.e., as close as pos-
sible to the null case), while in our simulations we use mild to severe but fixed levels
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of deviations. Hence, if we had extremely large samples, the results of our finite sam-
ple and asymptotic comparisons would agree under extremely mild segregation or
association alternatives.

Furthermore, when the PAE scores are compared at the optimal expansion param-
eters, the comparison results agree with that of the Monte Carlo simulation results.
In particular, recall that in the one triangle case, the optimal parameters for PE-PCDs
were 1.5 and 2 (and for CS-PCDs, they were 8 and 5) against mild segregation and as-
sociation, respectively. Under segregation, CS-PCD is asymptotically more efficient,
while under association, PE-PCD is asymptotically more efficient at these optimal
parameters. These agree with the conclusions of empirical power comparisons. In the
multiple triangle case, the optimal parameters for PE-PCDs were 1.5 and 2 (and for
CS-PCDs, they were 7 and 1) against mild segregation and association, respectively.
Under both alternatives, CS-PCD is asymptotically more efficient. In this case, only
the segregation results are in agreement. The power estimates under association were
virtually same at these optimal values for both PCD families.

An extension of PE proximity regions and CS proximity regions to higher dimen-
sions (hence the corresponding PCDs to data in higher dimensions) are provided in
Ceyhan et al. (2006, 2007), respectively.

8 Correction for class 1 points outside the convex hull of Y,

Our null hypothesis in (10) is somewhat restrictive, in the sense that, it might not
be realistic to assume the support of class 1 points being Cg()),) in practice. Up to
now, our inference was restricted to the Cg ()/,,). However, crucial information from
the data (hence power) might be lost, since a substantial proportion of class 1 points,
denoted 7oy, might fall outside the Cy ()y,). A correction is suggested in Ceyhan
(2011) to mitigate the effect of wqy¢ (or restriction to the Cg()y,)) on the use of the
domination number for the PE-PCDs. We propose a similar correction for the points
outside the Cy ())),) for the relative density in this article.

Along this line, Ceyhan (2011) estimated the 7oy values for independently gen-
erated A, and ), as random samples from U((0, 1) x (0, 1)). The considered
values were n = 100, 200, ..., 900, 1000, 2000, ..., 9000, 10000 for each of m =
10, 20, ..., 50. The procedure is repeated N,, = 1000 times for each n, m combina-
tion. Let 7oy be the estimate of the proportion of class 1 points outside the Cy (Y;)
which is obtained by averaging the mq values (over n) for each m, n combination.
The simulation results suggested that 7oy ~ 1.7932/m + 1.2229/./m (see Ceyhan
2011). Notice that as m — oo, we have oy — 0.

Based on the Monte Carlo simulation results, we propose a coefficient to adjust
for the proportion of class 1 points outside Cxg (), namely,

Cen = Signum(Pout - E[ﬁout]) S (pout - E[ﬁout])2 (14)

where signum(pout — E[7Tou]) is the sign of the difference poy — E[Tout] and pout
is the observed proportion and E[7ou] ~ 1.7932/m + 1.2229/./m is the expected
proportion of class 1 points outside Cg()),,). For the test statistics in Sect. 4.1, we
suggest
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RL(r) := Rpe(r) + Cen |Rpe(r)|  and R (7) := Res(v) + Cen|Res(v)]. (15)

The convex hull adjustment slightly affects the empirical size estimates under CSR
of class 1 and 2 points in the same rectangular support, since poy and E[7Toy] values
would be very similar. On the other hand, under segregation alternatives, we expect
ﬁl‘;lll: (r) value and pout — E[7ou] to be positive, so the convex hull correction increases
the value of Rpg(r) in favor of the right-sided alternative (i.e., segregation). Under
association alternatives, we expect Eﬁ%(r) value and~ Pout — E[Tout] to be negative,
so the convex hull correction decreases the value of Rpg(r) in favor of the left-sided
alternative (i.e., association).

9 Example data set

We illustrate the method on an ecological data set, namely, swamp tree data of Dixon
(2002b). Good and Whipple (1982) considered the spatial patterns of tree species
along the Savannah River, SC, USA. From this data, Dixon (2002b) used a single
50 m x 200 m rectangular plot (denoted as the (0, 200) x (0, 50) rectangle) to illus-
trate his nearest neighbor contingency table (NNCT) methods. All live or dead trees
with 4.5 cm or more dbh (diameter at breast height) were recorded together with their
species labels. The plot contains 13 different tree species, four of which comprising
over 90 % of the 734 tree stems. See Ceyhan (2010c) for more detail on the data.

In this article, we only consider the middle 50 m x 55 m rectangular plot from
the original study area (i.e., the subset (95, 150) x (0,50) of the 50 m x 200 m
rectangular plot) and investigate the spatial interaction of all other tree species (i.e.,
other than bald cypress trees) with bald cypresses (i.e., bald cypresses are taken to
be the class 2 points, while all other trees are taken to be the class 1 points; hence
Delaunay triangulation is based on the locations of bald cypresses). The study area
contains 8 bald cypress trees and 156 other trees. See also Fig. 14 which is suggestive
of segregation of other trees from bald cypresses.

For this data, we find that 108 other trees are inside and 48 are outside
of the convex hull of bald cypresses. Hence the proportion of other trees out-
side the convex hull of bald cypresses is pout = 0.3077 and the expected pro-
portion is moy = 0.6515. Hence the convex hull correction decreases the mag-
nitude of the raw test statistics. We calculate the standardized test statistics,
Rpge(r), for r = 1,11/10,6/5,4/3, ﬁ, 3/2,2,3,5,10 values and, Rcs(t), for
t=02,04,06....,3.0,3.5,4.0,...,20.0 values and the corresponding convex
hull corrected versions. The p-values based on the normal approximation are pre-
sented in Fig. 15. Observe that, with Rpg(r), the convex hull corrected version is not
significant (for both the right- and the left-sided alternatives) at 0.05 level at any of
the r values considered (only significant at 0.10 level at » between 1.4 and 2.0 for the
right-sided alternative), while the uncorrected version is significant (at 0.05 level) for
r values between 1.4 and 2.0. On the other hand, with Rcs(7), the convex hull cor-
rected version is significant (for the right-sided alternatives) at 0.05 level at t values
between 0.2 and 4.0, while the uncorrected version is significant (at 0.05 level) for
T values between 0.2 and 7. Hence, there is significant evidence for segregation of
other trees from bald cypresses. We also perform Monte Carlo randomization tests
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for this data set (not presented), and see that the Monte Carlo randomized tests are
more conservative in this example (see Ceyhan 2010a for more detail).

We also analyze the same data in a 2 x 2 NNCT with Dixon’s overall test of segre-
gation (Dixon 2002a). See Table 1 for the corresponding NNCT and the percentages
(observe that the row sum for live trees is 157 instead of 156 due to ties in nearest
neighbor (NN) distances). The cell percentages are relative to the row sums (i.e., num-
ber of other or bald cypress trees) and marginal percentages are relative to the overall
sum. Notice that the table is not suggestive of segregation. Dixon’s overall test statis-
tic is Cp = 0.9735 (p = 0.6146) and Ceyhan’s test is Cy = 0.1825 (p = 0.6692),
both of which are suggestive of no significant deviation from CSR independence.
So, NNCT-analysis and our relative density approach seem to yield different results
about the spatial interaction of other trees with bald cypresses. However, NNCT and

Fig. 14 The scatter plot of the
locations of bald cypresses
(circles o) and other trees (black
squares =) in the swamp tree
data. The Delaunay
triangulation is based on the
locations of the bald cypresses

50

40

30
|
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relative to segregation for Swamp Tree Data relative to segregation for Swamp Tree Data

0.4
0.4

0.3
0.3

p-value
p-value

0.1
0.1

0.0
0.0

Fig. 15 The p-values based on PE-PCDs (left) and CS-PCDs (right) with convex hull corrected test statis-
tics (circles connected with solid lines) and uncorrected test statistics (triangles connected with dashed
lines). The horizontal lines are at 0 and 0.05 values. Notice that the horizontal axes are differently scaled
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Table 1 The NNCT for swamp tree data (left) and the corresponding percentages (right). O.T. stands for
“other trees” and B.C. for “bald cypresses”

NN Sum NN
O.T. B.C. O.T. B.C.
Base O.T. 151 6 157 O.T. 96 % 4 % 95 %
B.C. 8 0 8 B.C. 100 % 0 % 5%
Sum 159 6 736 96 % 4 % 100 %
Fig. 16 Ripley’s bivariate B.C.vs O.T.

L-function L1, (t) — t for the
part of the swamp tree data we
considered. Wide dashed lines
are the upper and lower
(pointwise) 95 % confidence
bounds for the functions based
on Monte Carlo simulations
under the CSR independence
pattern. B.C. = bald cypresses
and O.T. = other trees

0.5

Lio(t) -t
0.0

AN

our relative density approach answer different questions. More specifically, NNCT-
tests are used to detect the spatial interaction between the two tree groups, while the
relative density approach only tests the spatial interaction of other trees with bald cy-
presses, but not vice versa. Furthermore, this situation is an example where relative
density is more appropriate, since there is much more other trees compared to bald
cypresses. On the other hand, the NNCT tests are more appropriate in the cases where
the relative abundance of the two species are similar and cell sizes are larger than 5
(Dixon 2002a and Ceyhan 2010c).

To find out the level of interaction between the tree species at different scales (i.e.,
distances between the trees), we also present the second-order analysis of the swamp
tree data (Diggle 2003) using the functions (or some modified version of them) pro-
vided in spatstat package in R (Baddeley and Turner 2005). We use Ripley’s bivariate
L-functions which are modified versions of his K -functions. For a rectangular region,
to remove the bias in estimating K (¢), it is recommended to use distance values up to
1/4 of the smaller side length of the rectangle. So we take the values ¢ € [0, 12.5] in
our analysis, since the rectangular region is 50 m x 55 m.

Ripley’s bivariate L-function, L;;(¢), is symmetric in i and j in theory, that is,
Lij(t) = Lji(¢) foralli, j. In practice although edge corrections will render it slightly
asymmetric, i.e., L;j(¢) # Lj;(¢) for i # j. The corresponding estimates are pretty
close in our example, so we only present one of them. Ripley’s bivariate L-function
for the bald cypresses and other trees are plotted in Fig. 16, which suggests that bald
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cypresses and other trees are significantly segregated for distances about 0.5 to 7
meters, and do not significantly deviate from CSR for distances from 7 to 10 meters.
This significant finding for segregation is in agreement with the results of the PCD
test results.

10 Discussion

In this article, we compare the relative density of two proximity catch digraphs
(PCDs), namely, proportional edge (PE) and central similarity (CS) PCDs, each of
which is defined with an expansion parameter, for testing bivariate spatial patterns of
segregation and association against complete spatial randomness (CSR). To the au-
thor’s knowledge, the PCD-based methods are the only graph-theoretic tools for test-
ing spatial point patterns in literature (Ceyhan et al. 2006, 2007, and Ceyhan 2011).

We extend the expansion parameter, 7, of the CS-PCD to values higher than one
(previously it was defined only up to one in Ceyhan et al. 2007). This extension
proved to be useful, since the relative density of CS-PCDs has better performance in
terms of empirical size and power for expansion parameter values in this new range
(i.e., T > 1) compared to the ones in the previous range (i.e., T € (0, 1]). For finite
samples, we assess the empirical size and power of the relative density of the PCDs by
extensive Monte Carlo simulations. For the PE-PCDs, the optimal expansion parame-
ters (in terms of appropriate empirical size and high power) are about 1.5 under mild
segregation and values in (2, 3) under moderate to severe segregation; and about 2
under association. On the other hand, for CS-PCDs, the optimal parameters are about
7 under segregation, and about 1 under association. Furthermore, we have shown that
relative density of CS-PCDs has better empirical size performance; and also, it has
higher power against the segregation alternatives. On the other hand, relative density
of PE-PCDs has higher power against the association alternatives.

For the two samples, &), and },,, with sizes n and m from classes 1 and 2, re-
spectively, with class 1 points being used as the vertices of the PCDs and class 2
points being used in the construction of Delaunay triangulation, the null hypothesis
is assumed to be CSR of class 1 points, i.e., the uniformness of class 1 points in the
convex hull of class 2 points, Cg()),;). Although we have two classes here, the null
pattern is not the CSR independence, since for finite m, we condition on relative areas
of the Delaunay triangles based on class 2 points (assumed to have no more than three
co-circular points). The relative density of the two PCD families lend themselves for
spatial pattern testing conveniently, because of the geometry invariance property for
uniform data on triangles (Ceyhan 2010b).

We also compare the asymptotic relative efficiency of the relative densities of the
two PCD families. Based on Pitman asymptotic efficiency, we have shown that in gen-
eral the relative density of PE-PCDs is asymptotically more efficient for segregation,
while relative density of CS-PCDs is more efficient for association. However, this
result is for n — oo under very mild deviations from CSR. Besides, for the above op-
timal expansion parameter values (optimal with respect to empirical size and power),
the asymptotic efficiency and empirical power analysis yield the same ordering in
terms of performance.
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For the relative density approach to be appropriate, the size of class 1 points
(i.e., n) should be much larger compared to size of class 2 points (i.e., m). This
implies that n tends to infinity while m is assumed to be fixed. That is, the imbal-
ance in the relative abundance of the two classes should be large for our method
to be appropriate. Such an imbalance usually confounds the results of other spa-
tial interaction tests. Furthermore, by construction, our method uses only the class
1 points in Cg(),,) which might cause substantial data (hence information) loss.
To mitigate this, we propose a correction for the proportion of class 1 points lying
outside Cg (Vy), because the pattern inside Cy()),,) might not be the same as the
pattern outside Cg (YV,,). We suggest a two-stage analysis with our relative density
approach: (i) analysis for Cy()),,), which provides inference restricted to class 1
points in Cg (Yy,), (ii) overall analysis with convex hull correction (i.e., for all class
1 points inside or outside Cg ();,)). We recommend the use of normal approximation
if n & 10 x m or more, although Monte Carlo simulations suggest smaller » might
also work.
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