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Abstract

For two or more classes of points in RY with d > 1, the class cover catch digraphs (CCCDs) can be constructed using the
relative positions of the points from one class with respect to the points from one or all of the other classes. The CCCDs were
introduced by Priebe et al. [C.E. Priebe, J.G. DeVinney, D.J. Marchette, On the distribution of the domination number of random
class catch cover digraphs. Statistics and Probability Letters 55 (2001) 239-246] who investigated the case of two classes, X and
Y. They calculated the exact (i.e., finite sample) distribution of the domination number of the CCCDs based on X points relative to
Y points both of which were uniformly distributed on a bounded interval. We investigate the distribution of the domination number
of the CCCDs based on data from non-uniform X points on an interval with end points from ). Then we extend these calculations
for multiple ) points on bounded intervals.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In 2001, a new classification method was developed which was based on the relative positions of the data points
from various classes; Priebe et al. [10] introduced the class cover catch digraphs (CCCDs) in R and gave the
exact distribution of the domination number of the CCCDs for two classes, X and ), with uniform distribution
on a bounded interval in R. DeVinney and Wierman [6] proved a SLLN result for the one-dimensional class cover
problem. DeVinney et al. [5], Marchette and Priebe [9], and Priebe et al. [11,12] extended the CCCDs to higher
dimensions and demonstrated that CCCDs are a competitive alternative to the existing methods in classification. The
classification method based on CCCDs involves data reduction (condensing) by using approximate — rather than exact
— minimum dominating sets as prototype sets, since finding the exact minimum dominating set for CCCDs is an
NP-hard problem in general. However for finding a dominating set of CCCDs on the real line, a simple linear time
algorithm is available [10]. But unfortunately, the exact and the asymptotic distributions of the domination number of
the CCCDs are not analytically tractable in multiple dimensions.
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To address the latter issue of intractability of the distribution of the domination number in multiple dimensions,
Ceyhan and Priebe [2,3] introduced the central similarity proximity maps and r-factor proportional-edge proximity
maps and the associated random proximity catch digraphs. Proximity catch digraphs are a generalization of the
CCCDs. The asymptotic distribution of the domination number of the r-factor proportional-edge proximity catch
digraphs is calculated and then used in testing spatial patterns between two or more classes. See [3] for more detail.

In this article, we generalize the original result of Priebe et al. [10] to the case of non-uniform X’ points with support
being the interval with end points from )/, and then to multiple ) points in a bounded interval (¢, d) C R with ¢ < d.
These generalizations will also serve as the bases for extensions of the results for the uniform and non-uniform data
in higher dimensions.

2. Data-random class cover catch digraphs

Let (§2, M) be a measurable space and X, = {Xi,...,X,} and V,, = {Y1,..., Y} be two sets of 2-
valued random variables from classes X and ), respectively, with joint probability distribution function Fy y. Let
d(-, ) : 2 x 2 — [0, oo) be any distance function. The class cover problem for a target class, say X, refers to finding
a collection of neighborhoods, N; around X; such that (i) &, € (U; N;) and (ii) YV, N (U; N;) = @. A collection of
neighborhoods satisfying both conditions is called a class cover. A cover satisfying condition (i) is a proper cover
of class X while a cover satisfying condition (ii) is a pure cover relative to class ). This article is on the minimum
cardinality class covers; that is, class covers satisfying both (i) and (ii) with the smallest number of neighborhoods.
See [10] for more detail.

Consider the map Ny : {2 — 24: where 2% represents the power set of (2. Then given ),,, C (2, the proximity
map Ny () : 2 — 292 associates with each point x € {2 a proximity region Ny (x) C {2. For B C {2, the I';-region is
the image of the map I'i (-, Ny) : 292 5 2% that associates the region I'1 (B, Ny) = {z € {2 : B C Ny(z)} with the
set B. For a point x € {2, we denote I'| ({x}, Ny) as I'| (x, Ny). Notice that while the proximity regions are defined
for one point, /'1-regions can be defined for sets of points.

The data-random CCCD has the vertex set V = A&;, and arc set A defined by (X;, X;) € A <= X; € Ny(X;).
In particular, we use Ny (X;) = B(X;,r;), the open ball around X; with radius r; := minycy, d(X;,Y), as the
proximity map as in [10]. We call such a digraph a %, ,,-digraph. A &, ,,-digraph is a pseudo-digraph according
some authors if loops are allowed (see, e.g., [4]). A data-random CCCD for {2 = R? and N; = B(X;, r;) is referred
to as 6, m-graph in [10]. We change the notation to emphasize the fact that &, ,, is a digraph. Furthermore, Ceyhan
and Priebe [2] call the proximity map N; = B(X;, r;) a spherical proximity map.

The %, ,,-digraphs are closely related to the proximity graphs of Jaromczyk and Toussaint [8] and might be
considered as a special case of covering sets of Tuza [15] and intersection digraphs of Sen et al. [14]. Our data-
random proximity digraph is a vertex-random proximity digraph and not a standard one (see e.g., [7]). The randomness
of a &, ;,-digraph lies in the fact that the vertices are random with the joint distribution Fy y, but arcs (X;, X ;) are
deterministic functions of the random variable X; and the random set N;.

3. Domination number of random %, ,,-digraphs

In adigraph D = (V, A) of order |V| = n, a vertex v dominates itself and all vertices of the form {u : (v, u) € A}.
A dominating set, Sp, for the digraph D is a subset of ) such that each vertex v € V is dominated by a vertex in Sp.
A minimum dominating set, S%,, is a dominating set of minimum cardinality; and the domination number, denoted
y(D), is defined as y (D) := |S},)|, where | - | is the set cardinality functional [16]. If a minimum dominating set
consists of only one vertex, we call that vertex a dominating vertex. The vertex set V itself is always a dominating set,
so y(D) < n.

Let F (R?) := {Fx,y on R? with P(X = Y) = 0}. As in [10], in this article, we consider %, ,,-digraphs for which
X, and ), are random samples from Fy and Fy, respectively, and the joint distribution of X, Y is Fxy € F (Rd)
where F(RY) = {Fx,y on R? with P(X; = Y;) = Oforalli, j; P(X; = X;) = Ofori # jand P(Yy = Y)) =
0 for k # [}. We call such digraphs as F (]Rd)—random Dn .m-digraphs and focus on the random variable y (D). To
make the dependence on sample sizes explicit, we use y (D, ) instead of y (D). It is trivial to see that y (D, ) is not
defined form = 0; y(Dp,m) =0forn =0andm > 1;1 < y(Dy ;n) < nforn > 1and m > 1; and for nontrivial
digraphs y (Dy.m) < n.
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4. The Distribution of the domination number of 7 (R)-random %, ,,-digraphs

In R, the data-random CCCD is a special case of interval catch digraphs (see, e.g., [14,13]). Let A, and ), be
two samples from F(R) and Y(;) be the jth order statistic of ), for j = 1,2,..., m. Then Y(;) partition R into
(m + 1) intervals a.s. Let —00 =: Y(o) < Y(1) < -+ < Y(u) < Y(m41) := 00. But since ), is from F(R), Y(;) < Y(j)
fori < j a.s. Also let Zj = (Y(j—l), Y(j)), Xl =X, ﬂZj, and )/ = {Y(j—l), Y(j)} for j = 1,2,...,(m 4+ 1).
This yields a disconnected digraph with subdigraphs D/ for j = 1,2, ..., (m + 1), each of which is induced by the
vertices X'/ whose support is in /. Notice that each subdigraph D/ might be null or itself disconnected. Let y (D7)
denote the domination number of the subdigraph D/, n j= X J|,and F ; be the density Fx restricted to Z;. Then
Y (Dym) = Z’}jll y(Dj ). We study the simpler random variable y(Dj ) first. The following lemma follows trivially
(see [10]).

Lemma4.1. For j € {1, (m + 1)}, y(D’) = I(n; > 0) where I(-) is the indicator function.

For j = 2,...,m and n; > 0, we prove that y(Dj ) € {1, 2} with the distribution dependent probabilities
1 — pn;(F}), pn; (F}j), respectively, where p,; (Fj) = P(y(D’) = 2). A quick investigation shows that y (D/) = 2

iff 207 (max @Yoy | min@) +Y(">) — ¢ thatis, X/ C B(x,r(x))iff x € < A ))

max (Xj)-i-Y(j_l)
5 where

9

C Z,. By definition, if

r(x) = min(x — Y(;_1, Y(j) — x). Hence I} (X/, Ny) = (maX(XJZ)JFY(j_U, min(X;)JrY(j))

XJ NI, Ny) # @, then y (D7) = 1; hence the name I'|-region and the notation I (-, Ny).

Theorem 4.2. For j =2,...,m, y(Dj) ~ 1+ Bernou]li(p,,j(Fj))for nj > 0.
Proof. See [10] for the proof. MW

The probability P(y(D)) =2) = P(X/ N I(X7, Ny) = ) depends on the conditional distribution Fy|y and
the interval I'1 (X/, Ny), which, if known, will make possible the calculation of p, i (F;). As an immediate result of
Lemma 4.1 and Theorem 4.2, we have the following upper bound for y (D, ).

Theorem 4.3. Let D, ,,, be an F(R)-random 9y, ,,-digraph withn > 0, m > 0 and k; and ky be two natural numbers
defined as k| = 21}1:2 I(X, NZ;| > 1) and ky = Z’};Z 10X, NZ;| =1+ Zje{l,(m—{—])}l(‘)(n NZ; # 0). Then
1 <y(Dum) <2k1 + ko < min(n, 2m).

In the special case of fixed }> = {yi, y2} and &), a random sample from U/(y1, ¥2), the uniform distribution on
(Y1, Y2), we have a , »-digraph for which Fy = U(y1, y2) and Fy is a degenerate distribution. We call such digraphs
as U(Y1, Y2)-random 9, »-digraphs and provide an exact result on the distribution of their domination number in the
next section.

4.1. The exact distribution of the domination number of U(Y1, Y2)-random 9, »-digraphs

Suppose Vo = {y1,¥2} C R with —co < y; < y2 < oo and &, = {Xi,..., X} a set of iid random
variables from U(Y{, Y2). Any U(Y1, Y2) random variable can be transformed into a ¢ (0, 1) random variable by
¢(x) = (x —y1)/(y2 — y1), which maps intervals (t1,#) < (Yyi1,Y2) to intervals (¢(t1),¢(z2)) S (0,1) and

¢ (X;) i U(0, 1). So, without loss of generality, we can assume &, = {X1, ..., X,} is a set of iid random variables
from the ¢/ (0, 1) distribution. That is, the distribution of y (D, 2) does not depend on the support interval (yi, y2).
Recall that y (D, 2) = 2 iff &, N I'|(&X,, Ny) = @, then P(y(D, ) =2) =4/9 — (16/9) 47". For more detail, see
[10]. Hence, for U/(y1, y2) data, we have

1 wp.5/9+(16/9)47",

Y(Dpp2) = {2 w.p.4/9 — (16/9)4~". foralln > 1, (1)
where w.p. stands for “with probability”. Then the asymptotic distribution of y (D, 2) for U(y1, y2) data is given by

. |1 w.p.5/9,
Jm y(Dn2) = {2 w.p. 4/9. ;
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For m > 2, Priebe et al. [10] computed the exact distribution of y (D, ). However, independence of the distribution

of the domination number from the support interval does not hold in general; that is, for X; ~ F with support
S(F) C (Y1, Y2), the exact and asymptotic distribution of y (D) 2) will depend on F and ).

4.2. The distribution of the domination number for F (R)-random 9, »-digraphs

For J» = {y1,y¥2} C R with —o0 < y; < Y2 < 00, a quick investigation shows that the I'j-region is
I'(X,, Ny) = (%X("), %) Note that X, N I' (&, Ny) is the set of all dominating vertices, which is empty
when y (D, 2) > 1. To make the dependence on F explicit and for brevity of notation, we will denote the domination
number of the F ((Y1, Y2))-random %, >-digraphs as y, (F).

Let p,(F) = P(y,(F) = 2) and p(F) = lim,_, » P (¥, (F) = 2). Then the exact (finite sample) and asymptotic
distributions of y, (F) are 1 + Bernoulli (p, (F)) and 1 + Bernoulli (p(F)), respectively. That is, for finite n, we have

1 wp.1— pu(F)
2 w.p. pp(F)

The asymptotic distribution is similar.

With ), = {0, 1}, let F be a distribution with support S(F) C (0, 1) and density f and let X, be a set of n iid
random variables from F. Since y, (F) € {1, 2}, to find the distribution of y,, (F), it suffices to find P(y,(F) = 1) or
P (y,(F) = 2). For computational convenience, we employ the latter in our calculations.

Then

Yo (F) = { foralln > 1. 3)

. F((1+x1)/2) — F(xn/2)
pn(F) = 1 —
S(F\I'1(X,,Ny) F(xn) — F(x1)
where f1,(x1,x,) =n(n—1) [F(x,) — F(xl)]”f2 f(x1) f(xp) I(0 < x1 < x, < 1) which is the joint probability

density function of X (1), X ().
If the support S(F) = (0, 1), then the region of integration becomes

n—2
} Sin(x1, x,)dx,dxy, “4)

{(X1,xn) €, 1)*: (14+x1)/2<x,<1,0<x;<1/30r2x; <x, <1,1/3<x < 1/2}.
The integrand in Eq. (4) simplifies to

H(x1, xp) = n(n = 1) f(x1) f (6a) [F () + F (x0/2) = (F (14 x1)/2) + F )" 2. (&)

Let A&, be a set of iid random variables from a continuous distribution F' with S(F) C (0, 1). The simplest of
such distributions is 2/ (0, 1), the uniform distribution on (0, 1), which yields the simplest exact distribution for y,, (F).
If X ~ F, then by probability integral transform, F(X) ~ U(0, 1). So for any continuous F, we can construct a
proximity map depending on F for which the distribution of the domination number for the associated digraph will
have the same distribution as that of y,, (U/(0, 1)).

Proposition 4.4. Let X; . F which is an (absolutely) continuous distribution with support S(F) = (0, 1) and
X, = {X1,..., Xn}. Define the proximity map Np(x) = F_I(Ny(F(x))) = F~YB(F(x),r(F(x)))) where
r(F(x)) = min(F(x), 1 — F(x)). Then the domination number of the digraph based on N, &,,, and V> = {0, 1}, is
equal in distribution to y,,(U(0, 1)).

Proof. Let U; := F(X;) fori = 1,...,n and U, = {Uy,..., U,}. Hence, by probability integral transform,
U; i U(0, 1). Let U, be the kth order statistic of U, for k = 1, ..., n. Furthermore, such an F preserves order;
that is, for x < y, F(x) < F(y). So the image of Ng(x) under F'is F(Nr(x)) = Ny(F(x)) = B(F(x),r(F(x)))
for (almost) all x € (0, 1). Then F(Nr(X;)) = Ny(F(X;)) = Ny(U;) fori = 1,...,n. Since U; i U@, 1), the
distribution of the domination number of the digraph based on Ny, U, and {0, 1} is given in Eq. (1). Observe that
X; e Ne(Xp)iff X; € F~YB(F (X)), r(F(X})))) iff F(X;) € B(F(X;),r(F(X;))) iff U; € B(U;, r(U;)) for
i,j=1,...,n Hence P(X, C Nr(X;)) = P(U, C Ny(U;)) foralli =1, ..., n. Therefore, X, N I'| (X, Np) =0
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ift U, N I'y (U, Ny) = @, which implies that the domination number of the digraph based on N, &}, and ), = {0, 1}
is 2 with probability 4/9 — (16/9) 47". Hence the desired result follows. W

For example for F(x) = xZI(O <x<D+Ix=>1),
(o,ﬁx) for x € [0, 1/@],
(\/sz 1, 1) for x € (1/«/5, 1].

There is also a stochastic ordering between vy, (F') and y, (U (0, 1)) provided that F satisfies some conditions which
are given in the following proposition.

Np(x) =

Proposition 4.5. Suppose X,, = {X1, ..., X} is a random sample from a continuous distribution F with S(F) C
(0, 1) and let X ;) be the jth order statistic of X, for j =1,...,n. If

F(X(n/2) < F(X()/2 and F(Xq)) <2F((1+X1))/2) — 1 hold a.s., (6)

then y, (F) <5T v U, 1)). If <’s in expression (6) are replaced with >’s, then y,(F) >ST Y, UQO, 1)). If <’sin
expression (6) are replaced with =’s, then y, (F) 4 v, U0, 1)) where < stands for equality in distribution.

Proof. Let U; := F(X;) fori = 1,...,nand U, = {Uy, ..., U,}. Then, by probability integral transform, U; i
U(0, 1). Let U( ) be the jth order statistic of U, for j = 1, ..., n. The I'|-region for U, based on Ny is I' (U, Ny) =
Um/2, A + Uqny)/2); likewise, I'1(X,;, Ny) = (X@u/2, (1 + X(1))/2). But the conditions in expression (6)
imply that I'1(U,, Ny) € F(I'1(X,, Ny)). SoU, N F(I'1(X,, Ny)) = ¥ implies that U, N I'y (U, Ny) = ¥ and
Uy N F(I' (X, Ny)) =0 iff X, N I (X, Ny) = . Hence

pn(F) = P(X, N I'1(X,, Ny) =) < P(Uy N I (Un, Ny) =) = pa(U(O, 1)).
Then y, (F) <57 y,U(0, 1)) follows. The other cases can be shown similarly. 1

For more on the comparison of y,, (F) for general F against y,, (U (0, 1)), see Section 4.2.2 of the technical report
by Ceyhan [1].

4.2.1. The exact distribution of v, (F) for F with piecewise constant density

Let V>, = {0, 1}. We can find the exact distribution of y;,, (F') for F whose density is piecewise constant. Note that
the simplest of such distributions is the uniform distribution Z/(0, 1). Below we give some examples for such densities.

Example 4.6. Consider the distribution F' with density f(-) which is of the form f(x) = ﬁ I <x<1-=90)

with § € [0, 1/2). Then F(x) = 1x—_285 I(6<x<1—-48)+1I(x>1-—24).Theintegrand in Eq. (5) becomes

nn—1) (30, —x1)—1\"2
H(x1, x,) = .
(11, %n) (1—23)2< 2(1—29) )
Then for § € [0, 1/3]
1/3 pl—s (1-8)/2 pl—s
pn(F) :/ H (x1, x,) dx,dx; +/ H (x1, x,) dx,dx;
) (1+x1)/2 1/3 2 x1
1-368\"
= (4/9 — (16/9)47" , 7
(4/9 — (16/9) )(1_25) (7

which for § € (0, 1/3], converges to 0 as n — 00 at (an exponential) rate 0((%)”). For § € [1/3, 1/2), it is easy

to see that y,(F) = 1 a.s. In fact, for § € [1/3, 1/2) the corresponding digraph is a complete digraph of order , since

X, C N(X;)foreachi =1,..., n. Furthermore, if § = 0, then F = U/ (0, 1) which yields p, (F) =4/9—(16/9)47".
]
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Example 4.7. Consider the distribution F' with density f(-) which is of the form

- —125 I(x e (0, 1)\ (1/2—8,1/2+8)) with § € [0, 1/6].

Then the cumulative distribution function (cdf) is given by
Fx) = Fix)I0<x<12=-8)+FRxI(1/2-5§<x<1/24))
+FR@IA24+48<x<D)+Ix=1),

fx) =

where
Fi(x) =x/(1=26), Fp,(x)=1/2, and F3(x) = (x —238)/(1 —26).
There are four cases regarding the relative position of X ,)/2, (1 + X (1)) /2and 1/2—38, 1/2+6 that yield y,, (F) = 2:
case(1) (X(ny/2, (1+ X)) /2) € (1/2-8,1/248);
case(2) X(n/2 < 1/2=8 < (1+ X)) /2 < 1/2+56;
case(3) 1/2 -8 < X(/2 < 1/2+68 < (1 4+ X)) /2;
cased) X(n/2 <1/2—-8 < 1/2+68 < (1+ X)) /2.
Let E;(n) be the event for which case (j) holds for j =1, 2, 3, 4, for example,
E1(n) = {(Xe/2, (1+ X)) /2) € (1/2-8,1/2+8)}.
Then p,(F) = Zj.:l P (yn(F) =2 E; (n)). Furthermore, cases (2) and (3) are symmetric; i.e., P(y,(F) =
2, Ex(m)) = P(yy(F) =2, Ex(n)). Then in case (1), we obtain P(y,(F) =2, E1(m) = 1-2 (1=2)" + (183)"

Note that P (F1 (Xu, Ny) € (1/2=6,1/2+ 8)) — 1 as n — o0, hence it suffices to use this case to show that
pn(F) — 1 asn — oo at an exponential rate since P(E|(n)) < p,(F).

In cases (2) and (3), we obtain P(y,(F) = 2, Ex(n)) = 2 (1 — %) ((%)" _ (%)) and in case (4),

n
P(y,(F) =2, E4(n)) = % (l — 4*”“) (%) . See [1] for the details of the computations.
Combining the results from the cases, for § € [0, 1/6] we have

1-646 " —n 1—458\" —n
P(wm(F)=2)=1+ T3 (1/9+ (32/9)47") — Y (2/3 4 (16/3)47"), 3)
which, for § € (0, 1/6], converges to 1 as n — oo at rate O % !

Notice that if § = 0, then F = U/ (0, 1). The exact distribution for § € (1/6, 1/3) can be found in a similar fashion.
Furthermore, if § € [1/3, 1/2], then p,(F) = 1 — 24§". See [1] also for the details of the computations. [

Example 4.8. Consider the distribution F* with density f(-) which is of the form f(x) = (1 +8)I(x € (0,1/2)) +
1=8Ikxe[1/2,1)) withé € [—1, 1].

Then
) - 41—8%) 841 =81 (A +&) Q-8 ! o)
Pl =" 52 3 3-0 318 )
n
See [1] for the derivation. Hence lim,,, » p,(F) = 4,(91__8522) =: pr(8), with the rate of convergence O %) )
Note that pr(§) € [0,4/9] is continuous in § and decreases as |§| increases. If § = 0, then F = U/ (0, 1) and

pr(8 =0) =4/9. Note also that pp(§ = £1) =0. O

Example 4.9. Consider the distribution F' with density f(-) which is of the form
fO=04+8HI0<x<1/H+A-811/4d<x<3/)+1+5)13/4<x <1)withé € [—1, 1].
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The exact value of p,(F) is available, but it is rather a lengthy expression (see [1] for the expression and its
4(1+49)2
(3+9)2

n
(0] (<%> > So pr(8) is increasing in &. Notice here that p,(F) and pr(8) are continuous in § and pr(§) > O for
all § € (—1, 1]. Moreover, pr(6 =1)=1land pr(6 =—-1)=0. O

derivation). But the limit is as follows: p,(F) —

=: pr(8) as n — oo with the rate of convergence

Note that extra care should be taken if the points of discontinuity in the above examples are different from
{1/4, 3/4} or 1/2, since the symmetry in the probability calculations no longer exists in such cases.

4.2.2. The exact distribution of v, (F) for polynomial f using multinomial expansions

The exact distribution of y,, (F) for (piecewise) polynomial f(x) with at least one piece is of degree 1 or higher
can be obtained using the multinomial expansion of the term (-)"~2 in Eq. (5) with careful bookkeeping. However, the
resulting expression for p, (F) is extremely lengthy and not that informative.

The simplest example is with f(x) = 2x and F(x) = x2. Then p,(F) = P (y,(F) =2) = A;(n) + Ax(n),
where A;(n) = 01/3 f(11+x1)/2 H(x1, x,)dx,dx;, Ax(n) = fll/32 f21x1 H(x1, x,)dx,dx;, and H(x1,x,) = n(n —

Dxixy (52 —1—2x —5x2)" 7% Then
1/3
Ai(n) = / Snx1/5)(1 —x1/2 =5x3/4)""1 — 8nx1/5)(1/16 + x1/2 — 15x3/16)" ! dx;.
0

Using the multinomial expansion of (-)"~! with respect to x in the integral above, we have
Ain) = Z( n—1 ) 8n (—1)2tas—1+q-0=2013-2-¢2=2q1
o, \d1,92: 43 2+q2+2q:
n (—1)H0123-3 0403441 15013-2-02-241
SC+q2+2q1)

where 02 ={q1, 92,93 € N:q1 + @2+ g3 =n — 1}.
Similarly, the second piece follows as

1
Ao = [ Gnan/5) (1= xi/2 = Sxd A ! = /S A5/xE 4 1/4 =0 /2 .
1/3
Again, using the multinomial expansion of the (-)"~! term above, we get

—1
o= ; (rln, ra, r3> [2n(9 (—1)2 15714721772 4 9 (1) H73H2 ] 5T1472n 7
3

+4 (=lHrtrigTr2=2nan 4 (_q)rstrgl=neTr 1271511 /[90 + 45 + 907 ]

where Q3 = {ry,r,r3 € N:r; +ry +r3 =n — 1}. See [1] for more detail and examples.
For fixed numeric n, one can obtain p,(F) for F (omitted for the sake of brevity) with the above densities by
numerical integration of the below expression.
1/3 pl 12 pl
) =P =2= [ [ Hwx s [ H@ ) dodn,
0 (14x1)/2 13 J2x
where H(x1, x) is given in Eq. (5).
Recall the F(R¢)-random %, ,,-digraphs. We call the digraph which obtains in the special case of V,, = {y1, Y2}
and support of Fx in (Y1, Y2), F((Y1, Y2))-random ), »-digraph. Below, we provide asymptotic results pertaining to
the distribution of such digraphs.

5. The asymptotic distribution of the domination number of F((y1, y2))-random %, ,-digraphs

Although the exact distribution of y, (F) is not analytically available in a simple closed form for F' whose density
is not piecewise constant, the asymptotic distribution of y,, (F) is available for larger families of distributions. First,
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we present the asymptotic distribution of y,, (F) for &, »-digraphs with V» = {y1, Y2} C R withy; < y; for various F
with support S(F) C (Y1, Y2). Then we will extend this to the case with ),,, C R form > 2. For ¢ € (0, (Y1 +Y2)/2),
consider the family of distributions given by

F((Y1,¥2),8) ={F : (y1,y1 +&) U2 —&,¥2) U((Y1 +Y2)/2 — &, (Y1 +¥2)/2+¢&) € S(F) C (Y1,Y2)}.

(k—1) _ rk—1)
Let the kth order right (directed) derivative at x be defined as £f® (x+) = limj,_, o+ L—& +h}2 7@ for all
k > 1 and the right limit at ¢ be defined as f(c") = limy, o+ f(c + h). The left derivatives and limits are defined
similarly with +’s being replaced by —’s. Furthermore, let & = (hy, h3) and ¢ = (cy, cz) and the directional limit at
(c1,¢2) € R? for g(x, y) in the first quadrant in R2 be g(cfr, c;r ) = lim 7 g(¢ + h) and the directional partial

h],h2>0
derivatives at (c1, ¢z) along paths in the first quadrant be
8k+1 C+, C+ 1 8k C+h ak =
KA CTEL DI TR B O (Ch ) B () Rt
dxk+l1 -0 ||7]| dxk dxk
hy,hy>0
Theorem 5.1. Let ) = {y1,¥2} C R with —co < y; < Yy < o0 and X, = {Xy1,...,Xn} with

X i F € F((Y1,Y2),¢€). Let D, be the random 9, »>-digraph based on X, and Y>. Suppose k > 0 is

the smallest integer for which F(-) has continuous right derivatives up to order (k + 1) at y1, (Y1 + Y2)/2,
+ .

O +27*D f® ((%) ) # 0and fOF) = 0forall j =0,1,....k — 1; and £ > 0 is the

smallest integer for which F(-) has continuous left derivatives up to order (£ + 1) at Yo, (Y1 + ¥2)/2, f (e)(yZ— ) +

2~ D (O <(%)_) # 0and fU(y;) =0forall j =0,1,...,€ — 1. Then y,(F) ~ 1 + Bernoulli(p,(F))

where p,(F) = P(y,(F) = 2) and for bounded f(k)(-) and f(e)(-), we have the following limit

FO9D rOwvy)
[f(k) (y;r) + 2=+ () <<%)+>] [f(e)(yz—) 42+ £(0) <(%)_>]

Note also that p1(F) = 0.

Proof. First suppose (y1,Yy2) = (0, 1). Recall that I'| (X,, Ny) = (X(n)/Z, (1 + X(l)) /2) c (0,1) and y,,(F) =
2iff &, N I'1(X,, Ny) = §. Then for finite n,

lim p,(F) =
n— oo

pa(F) = P (ya(F) = 2) = f H (1, x0) dondx
S(FO\I'1 (X, Ny)

where H(x1, x,) is as in Eq. (5).
Lete € (0,1/3). Then P (X(1) <&, X > 1 —¢) — lasn — oo with the rate of convergence depending on
F. So for sufficiently large n,

£ 1
pn(F) =~ /O f1 n(n—1)f ) fGn) [F(xn) — F(x1) + F (x2/2) — F (1 + x1)/2)]""% dx,dx. (10)
Let

G(x1, xp) = F(xp) = F(x1) + F (xp/2) = F (1 +x1)/2) .

The integral in Eq. (10) is critical at (x1, x,) = (0, 1), since G(0,1) = 1 and for (x1, x,) € (0, 1)2 the integral
converges to 0 as n — 0o. So we make the change of variables z; = x; and z, = 1 — x,,, then G (x1, x,,) becomes

G@i,zn) =F(l —zp) = F(z)) + F((1 —zx)/2) — F((1 +21)/2),
and Eq. (10) becomes

pn(F) ~ /o fo n(n—1fe)f( =22 [Gz1,z)]"? dzadzy. (1)
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The new integral is critical at (z1,z,) = (0,0). Note that % = 0 for all r,s > 1. Let o; =
041G zy.2) = FO(OT) 427G+ fO <%+> and B == —’“Gfg +Zn) = fDA7)+2-0+D ) ({)
aZ 8 (0+’0+)

0+,01)
Then by the hypothesis of the theorem, we have ;; = 0 and @ (%+) =0foralli =0,1,...,(

k—1);and B; =0

and f) (%_> = O0forall j =0,1,..., (¢ — 1). So the Taylor series expansions of f(z;) around z; = 0" up to
order k and f(1 — z,) around z, = 0" up to order ¢, and G(z1, z,,) around (0, 0") up to order (k + 1) and (£ + 1)
inzi, zn, respectively, so that (z1, z,) € (0, 8)2, are as follows.
(—D* _
fen =2 fPonA+0(d7): o= S 000 L v o ()

1 <8k+1G(0+,0+)> il

G(z1,z,) = GO, 0"
(21, zn) ( )+ k+ 1) 8Zk+l 9

1 GO, 00 k+2 042
+(£+1)!( 370t ) +0(47) +0 ()

1
@ g (=D LU+ (m) <e+2)
== aroa crn o O Tolar)

Then substituting these expansions in Eq. (11), we obtain

Pn(F) ”/0 /O n(n—1) [%f(k)(0+)zlf+0(z'f+l)} [( ) rOa) €+0( “1)]

o
@ g1 (=D'Be L k42 042

1— 0] 0] dz,dz;.
X[ R T G R G | B

Now we let z; = wn~V/*+D 7 — = VED and v = min(k, £) to obtain

1
pn(F) =~ / / nn-—1) [mf(k)((ﬁ)wk + 0 (n_l):|

nz/(€+1) E‘f(ﬁ)(l )U + 0] < >]

enl/GHD Lo p /(D)

<
0 n—2
x |1— w mvé’ﬂ +0(n—(v+2)/(v+1)>
(k+1)' £+ 1)!
1

x ( 1/<k+1)> (,,1/(£+1)) dvdw

e nl/k+1) enl/+1) ( 1)

_ S~ 7 r® oty £O
A / nn 1)|:2k'£‘f O FOAHwkv

+0 ( —<2k+%>/<k+1)) Lo (n—(2e+3)/(e+1)>

2
10 (n—2(k+2>(e+2)/(<k+1>(e+1>>> o e e ED B e
n L k+ D) €+ 1!

n—2
+0 (n—(”+2)/(”+”)] dvdw,

letting n — oo,
~ [T [T & DY ) i (0 kol o [_ ok k1 (=D Be z+1]
/0 /0 Tgr T ODST A wR exp | =AW S
_fPOH O Dk + DI+ D PO FO)
N K'e(—1)E (k+ 1)+ 1) ax Be N ok Be
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FOOH) FO 1
) [£0@") + 2640 g0 (1] [ fO ) +2-0 0 (17)]

asn — oo atrate O(c(f) -n~"™) where ¢(f) is a constant depending on f.
X—Yi
Y2—Y1

random variables ¢ (X;) are distributed with density g(x) = (Y2 —VY1) f (;2 :);11 ) on (0, 1). Substituting f(x) by g(x)
in Eq. (12), the desired result follows. B

(12)

For the general case of J = {y1, ¥»}, the transformation ¢ (x) =

maps (Y1, y2) to (0, 1) and the transformed

Note that

o if min (FO7), FO;)) = 0 and min (© (LP2T) O (LDT)) 2 0 then py(F) — 0 as n — ox,
atrate O (c(f) -n_m) and

e if min (f(")(yf), FO(y7)) # 0and F <(y';y2)+) = f® ((y1_42—y2)—) = 0 then p,(F) — 1 asn — oo, at rate
O (c(f)-n~™).
For example, with F = U(y1, Y2), in Theorem 5.1 we have k = ¢ = 0, f(y[) = f(y;) = f (—(WJZFYZ)JF) =

f (M‘) — 1/(y2 — y1). Then limy_ 0o pn(F) = 4/9, which agrees with the result given in Eq. (2).

Example 5.2. For F with density f(x) = (x +1/2) I(0 < x < 1), wehavek = £ = 0, £(0F) = 1/2, f(17) = 3/2

and f(%+) —f ({) — 1. Thus limy_e0 pn(F) = 3/8 = 0.375. The numerically computed (by numerical

integration) value of p, (F) with n = 1000 is p1goo(F) ~ 0.3753. O

Remark 5.3. Let pr := lim,,_, o0 ps (F). Then the finite sample mean and variance of y,, (F) are given by 1 + p, (F)
and p,(F) (1 — p,(F)), respectively; and the asymptotic mean and variance of y, (F) are given by 1 + pr and
pr (1 — pp), respectively. O

Remark 5.4. In Theorem 5.1, we assume that f *®)(.) and f (©(.) are bounded on (Y1, Y2). Suppose either f & ()
or f®(.) or both are not bounded on (yi,Y,) for k,I > 0, in particular at yi, (Y1 + y2)/2, Y2, for example,
limx—)YT f(k) (x) = oo. Then we find p(F) as

FOW+8) fOy, —8)

p(F) = 1im+ ) ) . g

§—0 [f(k)(yl +8) + 2= Gk+D ) (_(YIJZFW + 3)] [f(e)(y2 —8) 4 2-+D £(O <_(Y142FV2 — 5)]
Example 5.5. Consider the distribution with density function f(x) = Wﬁ I(0 < x < 1). Note that
V> = {0, 1} and f(x) is unbounded at x € {0, 1}. See Fig. 1 (left) for the plot of f(x). Instead of f(x), we consider

8(x) = yh@ss 16 < x < 1 — 8) with cdf G(x). For g(x), we have k = ¢ = 0 in Theorem 6.3 and then

limy,— o0 pp(F) = limg_, o+ lim,— o0 pn(G) = 1 using Remark 5.4. The numerically computed value of pigoo(F) is
1000 (F) =~ 1.000. [l

Remark 5.6. The rate of convergence in Theorem 5.1 depends on f. From the proof of Theorem 5.1, it follows that
for sufficiently large n,

RN r9;) L)
[f(k) (yy) +2- %D f® (—(y‘}%ﬁ)] [f(f)(yz—) 42+ £ ((ylgyz)*)] nm

pn(F) ~

where

1 1
k+1 42 T+1 k+2
5153 F(Z+1) + 5254 F(k+1)
c(f) = 2 642

(k+1) €+ 1)s3 " s,
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Fig. 1. Graph of the density in Example 5.5 (left) and Example 5.7 (right).

f(x)
T~

0.2 0.4 0.6 0.8
X

f(x)

0.5 ;

0.2 0.4 0.6 0.8 1
X

Fig. 2. Left plot is for the density in Example 5.11 with ¢ = 2 or for the density in Example 5.12 with § = 0. Right plot is for the density in

Example 5.12 with § = 2/3.

with I'(x) = [¢~ exp(—t)t*~D dt and

1= o DT g pe )
pSEE k(4 1) : 2

L =D _
82 = e f(k_H)(Yi'—) f(z)(yz ),

W 1k D)!

provided the derivatives exist. [

B (k+ 1)
(_1)13-1-1
T wrn!

_ Y1+y)™"
(f(k)(y?—)+2 (k+l)f(k)< 12 2 ))

- _ (Y1 +Y2)~
(f(z)(y2)+2 D r© (% ))

Example 5.7. Consider the distribution with absolute sine density f(x) = w/2|sin2m x)| I(0 < x < 1). See
Fig. 1 (right) for the plot of £(x). Then Y» = {0, 1} and since f(0) = f (%*) —0and f(17) = f <l‘) —0

and £/©) = f'(§7) = 72 and £ = 1/(47)

2

—7TT

2

, we apply Theorem 5.1 with k = ¢ = 1. Then

lim,_ o pp(F) = 16/25 = 0.64. The numerically computed value (by numerical integration) of pigoo(F) is

P1ooo(F) ~ 0.6400. O

The distribution of y, (F) depends on the distribution of r(X;) = min(d(X;, Y1), d(X;, Y2)). Based on this, we

have the following symmetry result.
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Proposition 5.8. Let Fy and F, be two distributions with support S(F;j) < (Y1,Y2) for j = 1,2 such that

Fiiyir+x) =1—Fy (2 —x) forall x € (0,¥2 — Y1) (hence fi(y1 + x) = f2 (Y2 — x)). Also, let X,‘,i be a set
of iid random variables from F; for j = 1, 2. Then the distributions of y,(F;) are identical for j =1, 2.

Proof. By the change of variable X = ¢o(U) =y, —y1—U forU € (0,y2—y1), we get F> (Y1 +u) = 1—F1(y2 —u).
Furthermore, ¢(u) transforms I (an, Ny) into I'| (an, Ny) for an, s0 P(yn(F;) = 2) are same for both j = 1, 2.
Hence the desired result follows. W

Below are asymptotic distributions of y,(F) for various families of distributions. Recall that pr =
lim,— o0 pp(F) = lim,_ P (y, (F) = 2). The asymptotic distribution of y,(F) is 1 + Bernoulli(pfg). For the
piecewise constant functions in Section 4.2.1, Theorem 5.1 applies. See Section 6.1 in [1].

Example 5.9. Consider the distribution F' with density f(-) which is of the form
fx)=(ax+b)I(x € (0,1)) with |a| <2, b=1—a/2.

Sok=¢=0and f(0*)=b, f(17) =a + b and f(%+) = f(%_) = a/2 + b. Then by Theorem 5.1, we have

) 4 —a?
lim p,(F) = 5 = Pr(a).
n— 00 9—a
Note that pr(a) € [0,4/9] is continuous in a and decreases as |a| increases. If a = 0, then F = U (0, 1), and
pr(a = 0) = 4/9. Moreover, pr(a = £2) = 0; that is, for a = =2, the asymptotic distribution of y,(F) is
degenerate. [J

Example 5.10. Consider the normal distribution NV (., o2) restricted to the interval (0, 1) with # € R and o > 0.
Then the corresponding density function is given by

1 (x — p)?
fx,u,0)=« (\/ﬂa)exp (_T) I0<x < 1),

-1
where k = [@ (ﬂ) — (%’L)] with @(-) being the cdf of the standard normal distribution \'(0, 1). Note that

o

k = £ = 0, then by Theorem 5.1
4

(2 +exp <43Mg_21)> (2 + exp (3;(?2“)) = pr(p, o).

Observe that pr(u, o) € [0,4/9) is continuous in u and o and increases as o increases for fixed p. Furthermore, for
fixed w, limy 00 pr(p, 0) = 4/9 and limy 0 pr(p, 0) = 0. For fixed 0 > 0, limy, . +o0 pr(p,0) =0, pr(u, o)
decreases as | — 1/2] increases, and pr(u, o) is maximized at u = 1/2. O

lim pn(F) =
n—00

Example 5.11. Consider the distribution F with density f(-) which is of the form
fx)=29qg+1) [qu(O <x<1/2)+x—-1/221(1/2<x < 1)] with g € [0, oo].

See Fig. 2 (left) with ¢ = 2. Since f(0T) = f (y) — 0, we can apply Theorem 5.1 with k = ¢ and / = 0. Then

FDOF) = (g 4+ 1)127, fFA) = (@ + 1), f ({) — (g +1),and f@ (%*) — (¢ + 1)!29. By Theorem 5.1, we
have
2q+2

3(1 429+
Note that pr(q) € [4/9,2/3] is a continuous increasing function of g. If ¢ = 0, then F =4/ (0,1). O

lim p,(F) = =: pr(q).
n—oo

Example 5.12. Consider the distribution F with density f(-) which is of the form
fEO)=@+12(0-8)xHI0<x <1/2)+ G +12(1 —8) (x —1/2)I(1/2 < x < 1) with § € [0, 1].
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See Fig. 2 with § = 0 (left) and § = 2/3 (right). Since f(0%) =6, f(17) = 3 —29), f (%_> = (3—-124), and
f <%+> =4, for {§ € (0, 1]} we have k = £ = 0 and so by Theorem 5.1

lim p,(F)=4/9 foré € (0, 1].

n—o0

Note that if § = 1, then F = U/(0, 1). For 6 = 0, we can apply Theorem 5.1 with k = 2 and / = 0. Hence we get
pr(6 = 0) = 16/27. Observe that in this example, y, (F) has two distinct non-degenerate distributions at different
values of 5. O

Remark 5.13. If, in Theorem 5.1, we have £f®(0t) = f® (%*) and fFO(17) = f© <{), then

. 1 1
i pn(F) = (1 +2—(k+1)) (1 +2—(£+1>>‘

In particular, if &k = ¢ = 0, then lim,,_, py(F) = 4/9 (ie., y,(F) and y, ((4(0, 1)) have the same asymptotic
distributions). [

Example 5.14. Consider the Beta(vy, vp) distribution with vy, v, > 1. The density function is

Gl Dl () I(vp)
fx, v, ) = I(0 < x < 1) where B(v;, 1)) = ———.
B(v1, v2) I'(vi + )
Then lim,— o pn(Beta(vy, v3)) = 0 at rate O (n*(‘“*“fz)). Let p,(vi, 1») denote the P (y,(F) =2) for F =
Beta(vy, v3). The numerically computed values of p, (vi, v2) forn = 1000 are piooo(4, 1) = prooo(1, 4) ~ 0.000005,
10004, 2) = P10o00(2, 4) < 0.00001 and p1opo(2, 2) ~ 0.000001. O

Here is an example with general support (Y1, ¥2).

Example 5.15. Consider the distribution F with density f(-) which is of the form f(x) = (ax + b)I(y; < x <

. . . 2 (yr—yi)4—4
y2) with b = ﬁ (1—a(y;—y}/2) and |a| < (y2_2y1)2. Using Theorem 5.1, we obtain pp = %. If
2
(Y1,¥2) = (0,1),then b = 1 — a/2 and pr(a) = 22:3. In both cases, pr(a) is maximized for the uniform case;

i.e., when a = 0, then we have pr(a = 0) = 4/9. Furthermore, y, (F) is degenerate in the limit when a = im,

since p,(F) - O0asn — ooatrateO(n_l). O

For more detail and examples, see Section 6.4 and 7.1 in [1].
6. The distribution of the domination number of %, ,,-digraphs

In this section, we attempt the more challenging case of m > 2. For ¢ < d in R, define the family of distributions
. iid
H(R) = {FX,Y : (X, Y;) ~ Fx.y with support S(Fx y) = (c,d)> CR?, X; ~ FyandY; ~ Fy} .

We provide the exact distribution of y(Dj ) for 5 (R)-random digraphs in the following theorem. Let [m] :=
{0.1,....m —1}and 65, = {(u1,...up) : Yo_yu; =a: u €S, Vi}.Let Yy = (Y1, Y2, ..., Yy} whose
order statistics are denoted as Y(;) for j = 1,2,..., m. Note that the order statistics are distinct a.s. provided Y
has a continuous distribution. Let y(D’) be the domination number of the digraph induced by X/ and )’/ (see
Section 4). Given Y(;) = y(;) for j = 1,...,m, let F; be the (conditional) marginal distribution of X restricted to
I, = (y(j_l), y(j)) for j = 1,..., (m + 1), n be the vector of numbers of X’ points 7 falling into intervals Z;. Let
Iy (Y) be the joint distribution of the order statistics of ), i.e., Iy V) = % ]_[’}’:1 fypllc <y <+ <ym <d),
and f; x(y;, Yx) be the joint distribution of Y(;), Y(x). Then we have the following theorem which is a generalization
of the main result of [10].
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Theorem 6.1. Let D be an € (R)-random Py, y,-digraph. Then the probability mass function of the domination
number of D is given by

P(y(Dn,m>=k)=fy Yoo > PN =i otk n) Ekms1s mg1)

= [n+1] 7 [3]
n€O, tni1) k€O (myn)

< [ ] ntkjnpfz@ dyr---dyn
j=2

where P(K/ = n) is the joint probability of n; points falling into intervals T for j = 1,2, ..., (m+1), k; € {0, 1,2},
and

¢kj,nj) =max (I(nj =k;j =0),I(n; > kj = 1)) forj =1, (m+ 1), and
n(kj,nj) =max (I(nj = k; = 0),X(n; = kj = 1) - pp,; (F'&=2 (1 = p, (F)))
for j =2,...,m, and the region of integration is given by

V::{(yl,yz,...,ym)e(c,d)z: c<Yyl<Yry<--<Ym<d}

Ikj=1)

Proof. For y (D ) = Z"-“Ll y(DJ) = k, we must have y(D/) = kj for j. = 1,...,(m + 1) so that

j=1
Z;."Ill kj =k and Z’j’:ll n; = n. By definition, @y[l'f(”;lip is the collection of such 7 and since k; € {0, 1, 2} for all
j=1,...,(m+1), @Egm +1) is the collection of such k. We treat the end intervals, Z; and Z,,1, separately. The

indicator functions in the statement of the theorem guarantees that the pairs n;, k; are compatible for j € {1, (m+1)};
that is, incompatible pairs such as (n; = 0, k; > 0) are eliminated. The ¢ terms equal unity if (n;, k;) are compatible.
Therefore we have

m+1

P(y(Dn,m) = k) :/( Z Z P(ﬁzﬁ) 1_[ n(kj,nj)f;(y)dyl-‘-dym
A€, il KO i) =l
m
= fy > > PW=i [T aGuap ok fpG dy---dy
ot kel ) jetl, (m+1)) j=2

=fy YooY PN =itk n) Ehkmyrs nmen) [ [ 0kj.n ) f3G) dys - dym

o [n+1] 7 [3] j=2
n€6, ity k€O (i) /

where we have used the conditional pairwise independence of y (D/). The 7 terms are based on the compatibility of
pairs (nj, kj) for j =1,...,(m + 1) and p,;(Fj) = P(y(D/) =2). W

For n, m < oo, the expected value of domination number is

n

Ely (Dym)] = P (Xay < Y)) + P (Xy > Ym)) + Y D P(N; = k) E[y(D))] (13)
j=2 k=1
where
d d X
P(Nj =k) =f /y Fi-15 VG=0:-Yi) [Fx (Vo)) — Fx (YG-1)]
¢ (=0

x [1 = (Fx (y») — Fx (Y(j—l)))]n_k dyjdyj-1)

and E[y (D/)] = 1 + pi(F)).

Corollary 6.2. For Fx y € J(R) with support S(Fx) N S(Fy) of positive measure, lim,_, oo E[y (Dy )] = 00.
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Proof. Consider the intersection of the supports S(Fx) N S(Fy) that has positive (Lebesgue) measure. For S(Y) \
S (_X );i.e., i_n the intervals 7 ; falling outside the intersectiqn S(Fx)NS(Fy), the domination number of the component
D/ is y (D7) = 0 w.p. 1 but inside the intersection, y (D/) > 0 w.p. 1 for infinitely many j. That is,

E[y(Dun)] = P (X) < Y1) + PXiny > Ya)) + > > P(N; = k) Elyn, (F))]

j=2k=1

> Y 3 P(N; = Elyy,(F)l=)_ > P(N; =k) (1 + py;(F)))
j=2 k=1 j=2 k=1

> ZZ P(N; _k)>ZP(N > 1)

j=2 k=
=0(m) (asn— o0)

where E[yNj (Fj)l= {0+ PN; (F;)) follows from the fact that YN; (Fj) ~1 +Bernoulli(pNj (F;)) from Theorem 4.2.
Furthermore, P(N; > 1) ~ 1 for sufficiently large n. Then the desired result follows. W

Theorem 6.3. Let Dy, ,, be an 5 (R)- random Dn m-digraph. Then (i) for fixed n < 00, limy, 00 Y (Dpm) = n
a.s. (ii) for fixed m < oo, lim,_, o0 Y (Dy, m) =m+1+ Z —1 Bj, where Bj ~ Bernoulh(pp ) where 4 stands for
equality in distribution.

Proof. Part (i) is trivial. As for part (ii), first note that N; — oo as n — oo for all j a.s., hence lim,_, oo y(D ) =
limy,— o0 Y (D™1) = 1 a.s. and lim, o0 Y (D7) = 1 + Bernoulh(pp )a.s.for j =2,..., m where

=/ /y H*(Y(i-1:Y() fi-17 (YG-1:Yh) dyhdy (-
()]

with H* (Y(j—1), Y(j)) = limy; 00(pn, (F;)) which is given in Theorem 5.1 for F; with density f; whose support is
(y( i—1)s Y( j)). Then the desired result follows. W

So far, ), i assumed to be a random sample, so P(y (Dy,m) = k) includes the integration with respect to fj )
which can be lifted by conditioning. Conditional on ),, = {y(l), oo Ym) }, by Theorem 6.1, we have

Py(Dpm)=k)y= > Y PWN =) clki,n)lnrt, mus1) [ [ nkj.n)),

[n+1] [3] j=2
ne®; (m+1)k€@k 1) J

where ¢(kj,n;) and n(kj, n;) are as in Theorem 6.1; and the expected domination number E[y (D, ;)] is as in Eq.
. k —k . d
(13) with P(N; = k) = [Fx (y()) = Fx (yg-0)]" [1 = (Fx () = Fx (yg-0))]" "5 and limy 00 y (Dym) =
m+1+ Z?’:l Bj, where Bj ~ Bernoulli(pr;) with pr, := limy ;o0 pn; (F))
Let Fx be a distribution with support S(Fx) < (0, 1) and density fx (x). Conditional on Y, = {y(). ..., Y},
let F'; be the distribution with density f;(x) = e ‘)_;(' D fx ( sl [ 230 ) for j =2,...,m, and S(F;j(x)) is non-
J J—

YiH—YG-b
empty for j € {1, (m + 1)}. By this construction, the independence of the distribution of y,, (F;) from Z; obtains; i.e.,

Yu(F;) 4 yu(Fx) forall j € {1,..., (m 4+ 1)}. Now consider the family .777;(R) defined as

Ay R) = :ny (X;, Yi))~Fxy, Y NZ/{(C d) for (c,d) C R, and X; |ym1151F}
Clearly .7;(R) C JZ(R).

Corollary 6.4. Suppose Fxy € 7;(R). Then

P(y(Dum)=k)= > > PN =)tk m)tkmsr. nm) [ [ 0. nj)

[n+1] [3] =2
n€6, (i1 kEQk (m+1) J
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where ¢ (kj,n;) and n(kj, n;) are as in Theorem 6.1.
Note that if in addition, Pr,(X € Z;) = P,(X € Z;) for all j, then P(N =i) = (”tm)_l, since each 11 € 9}5’7;;1&1)
occurs with probability ("J;m)_]. Moreover, F' = U(c, d) is a special case of Corollary 6.4. For n, m < oo, we have
the explicit form of p,; (F;) for F; with piecewise constant density f;.

Here are some examples which are generalized from piecewise-constant densities so that now the distribution of
y (D7) is independent from the support (Y(j—1)» Y(j))- Hence Corollary 6.4 applies to these examples.

Example 6.5. Letu; := M;y(”) and v = Y(j) — Y(j-1)-
e If f(.) is of the form

fx) = (x € (y(j—1) +8vj,y(j) —8vj)) with § € [0, 1/3]

S
(1—28)v;

then p, (F) is as in Eq. (7).
o If f(-) is of the form

fx) = —vl(x € (Y(j—1,uj —8vj)U[uj+38v;,y())) withs €[0,1/3],

then p, (F) is as in Eq. (8).
o If f(-) is of the form

1+96) 1-96)
( — I (x € (Y-, u))) + (

J vj
then p, (F) is as in Eq. (9).
o If f(¢) is of the form

) = AI(x € (Y- 1)) + 2D I(x € [tj,w))) + ) I(x € [w).y(p))

where ¢; = W wj = w filx) = UU—JFJ’S) fr(x) = % and f3 (x) = %,then pn(F) is as in
Example 4.9. O

fx) = L(x € [ujyp))

Theorem 6.6. Let D be an H(R)-random Dy m-digraph with the additional assumption that Pr,(X € Ij) =
Py(X € Ij) forall j. Then

2n n!m(m—l)i(n+m—i—l)

!
ntm o Am! = (- L+ pi(E))

E[V (Dn,m)] =

where p;(F) = P(y(Di2) = 2).
Proof. Similar to the Proof of Theorem 4 in [10]. M

Furthermore, from Corollary 6.2, we have E[y (D, ,)] — oo asn — ooc.

Theorem 6.7. Let D, ,, be an 7i;(R)-random 9, ,,-digraph. Then (i) for fixed n < 00, limy_— oo ¥ (Dym) = n

a.s. (ii) for fixed m < oo, lim,_ o0 ¥ (D m) 4 m + 1+ B, where B ~ Binomial(m — 1, pr) where pr =
lim, P(V(Dn,Z) =2).

Proof. Similar to the Proof of Theorem 5in [10]. N

Remark 6.8 (Extension to Multi-dimensional Case). The existence of ordering of points in R is crucial in our
calculations. The order statistics of ), partition the support (c, d) into disjoint intervals a.s. which can also be viewed
as the Delaunay tessellation of R based on ),,. This nice structure in R avails a minimum dominating set and hence
the domination number, both in polynomial time. Furthermore, the I'|-region is readily available by the order statistics
of X,; also the components of the digraph restricted to intervals Z; (see Section 4) are not connected to each other,
since Ny (x) NNy (y) = @ for x, y in distinct intervals. The straightforward extension to multiple dimensions (i.e., R4
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with d > 1) does not have a nice ordering structure; and ), does not readily partition the support, but we can use
the Delaunay tessellation based on ). Furthermore, in multiple dimensions finding a minimum dominating set is an
NP-hard problem; and I'j-regions are not readily available (in fact for n; > 3, complexity of finding the /'j-regions
is an open problem). In addition, in multiple dimensions the components of the digraph restricted to Delaunay cells
are not necessarily disconnected from each other, since Ny (x) N Ny (y) # ¥ might hold for x, y in distinct Delaunay
cells. These have motivated us to generalize the proximity map Ny in order to avoid the difficulties above. See [2,3],
where two new families of proximity maps are introduced, and the generalization of CCCD are called proximity catch
digraphs. The distribution of the domination number of these proximity maps is still a topic of ongoing research. [

7. Discussion

This article generalizes the main result of Priebe et al. [10] in several directions. Priebe et al. [10] provided the
exact (finite sample) distribution of the class cover catch digraphs (CCCDs) based on &}, and ), both of which were
sets of iid random variables from a uniform distribution on (c,d) C R with —0c0 < ¢ < d < o0 and the proximity
map Ny (x) := B(x, r(x)) where r(x) := minycy, d(x,y). First, given }J» = {y;, Y2} C R, we lift the uniformity
assumption of X}, by assuming it to be from a non-uniform distribution F with support S(F) C (Y1, y2). The exact
distribution of the domination number of the associated CCCD, y,,(F), is calculated for F' that has piecewise constant
density f on (Y1, Y2). For more general F, the exact distribution is not analytically available in simple closed form,
so we compute it by numerical integration. However, the asymptotic distribution of y,, (F) is tractable, which is the
one of the main results of this article. Unfortunately, the distribution of y,, (F) depends on ), hence the distribution
of the domination number of a CCCD, y (D, ), for &, and ), with m > 2, for general F includes integration
with respect to order statistics of ),,,. We provide the conditions that make y (D, ,,) independent of }V,. As another
generalization direction, we also devise proximity maps depending on F that will yield the distribution identical to
that of y, (U (Y1, ¥2)). Our set-up is more general than the one given in [10]. The definition of the proximity map is
generalized to any probability space and is only assumed to have a regional relationship to determine the inclusion of
a point in the proximity region.

The exact (finite sample) distribution of y,(F) characterizes F up to a special type of symmetry (see
Proposition 5.8). Furthermore, this article will form the foundation of the generalizations and calculations for
uniform and non-uniform cases in multiple dimensions. As in [3], we can use the domination number in testing one-
dimensional spatial point patterns and our results will help make the power comparisons possible for large families of
distributions.
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