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Abstract

This work focuses on modeling the properties needed by a plasma
to reach ignition, where ignition is the condition in which fusion power
is produced at steady state without any external input power. We
extend the classic work by Lawson giving the ptotτE (product between
density, temperature and energy confinement time) needed for ignition
[J. D. Lawson, Proc. Phys. Soc. London Sect. B 70, 6 (1957)] by
improving the original zero-dimensional, single fluid model. The effect
of multi-fluid physics is included, by distinguishing ions, electrons and
α particles. The effects of one-dimensional density and temperature
profiles are also considered. It is found that the multi-fluid model
predicts a larger Lawson product required for ignition than the single-
fluid one. A detailed analysis of the energy confinement times for
each species and energy equilibration times between species shows that
the electron energy confinement time is the parameter more strongly
affecting the Lawson product needed for ignition. It is also found that
peaked profiles (of either temperature or density) require a smaller
Lawson product for ignition than flat profiles.

I Introduction

Modern experiments based on the magnetic confinement approach for nu-
clear fusion have been edging close to the breakeven point, where the power
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produced by nuclear fusion reactions exceeds the power needed to heat and
confine the plasma. [1] The generation of experiments currently under con-
struction, with particular reference to ITER [2] is designed to explore the
“burning plasma” state, with a α-heating power produced by fusion reac-
tions larger than the input power for long durations during plasma discharges
of duration much longer than any characteristic plasma time scale. This is
customarily indicated using the gain factor Q, defined as the ratio between
net output power and input power, with values of Q > 1 corresponding
to burning plasmas. The next future step in plasma performance is the
achievement of a value of “Q = ∞”, corresponding to energy production
without any input power. This situation is commonly known as “ignition”
and is the ultimate goal of magnetic fusion research. A general discussion
of ignition and burning plasma issues can be found e.g. in Refs. [3, 4] and
references within.

The question of how to characterize the plasma properties needed to
achieve ignition has been of interest since the beginning of the nuclear fu-
sion enterprise. The classical work by Lawson [5] showed that a certain
minimum triple product nTτE must be exceeded in order to reach ignition,
where n is the plasma density, T the plasma temperature and τE the en-
ergy confinement time. Lawson’s triple product required for ignition is a
function of plasma temperature and has a minimum for T ' 14 [keV]. The
work in Ref. [5] has been referenced for decades as the standard figure of
merit for plasma performance and does indeed highlight some fundamental
plasma properties that experiments need to aim for. Even so, the model in
Ref. [5] is extremely and unrealistically simplified. In particular, both den-
sity and temperature profiles are assumed to be constant across the plasma
cross section (“0D model”) and a single-fluid approach is used, in which
no distinction is made between ion and electron properties and the power
produced by fusion reactions is delivered to the plasma immediately and
without losses. Perhaps surprisingly, no significant or at least no widely
recognized improvements to the model have been made since the original
work was first published. [6–9]

Several improvements to Lawson’s criterion are considered in this work.
More in detail, we consider two different ways to obtain a more realistic
picture of fusion-relevant plasmas. First, we treat ions, electrons and alpha
particles as different fluids, which exchange energy through physical pro-
cesses (equilibration and slowing down times). Moreover, each species can
lose energy to the external environment independently, i.e. at different rates.
Second, we allow density and temperatures to have non-constant profiles in
the plasma cross section. As a natural extension of Lawson’s 0D approach,
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one-dimensional profiles are considered in this work. Even though this is
still not an extremely accurate depiction of experimental properties, in par-
ticular for strongly-shaped and three-dimensional plasmas, it is certainly a
step forward from existing models. Some of the effect of multi-fluid and
one-dimensional physics have been considered in Refs. [10,11]. Recognizing
that a great merit of the Lawson criterion is in its simplicity, we provide
analytical expressions that approximate the numerical results obtained with
the more detailed description of the plasma. In particular (see Section II),
it is shown that the modified 0D Lawson criterion is well approximated by
the formula

ptotτEi ' a0
(

1 +
a1
c2

)(
1 +

a2
c4

)
+

a3
c2c4

+ a4 log(c4), (1)

where c2 ≡ τEe/τEi, c4 ≡ τEα/τEi (τEj is the energy confinement time of
each species, ion, electrons and αs) and all aj coefficients are listed in Table
1.

The remainder of this paper is organized as follows. In Section II the
effects of multi-fluid physics are analyzed still in the (0D) limit of constant
profiles. Section III describes the effect of one-dimensional density and tem-
perature variations in the plasma profiles. Concluding remarks are contained
in Section IV.

II Multi-Fluid Physics in 0-D

We start our investigation by adopting a model similar to the classic Lawson
one, but considering in more detail the distinct properties of ion, electrons.
In this section and in the remainder of the paper a notation similar to
the notation in Ref. [1] will be used. Ions and electrons are described as
separate fluids. Under the assumption of quasi-neutrality, they share the
same number density n, but are allowed to have different (in general, time-
dependent) temperatures Ti and Te. As for α particles, they are described
as a separate fluid, with number density nα. In time-dependent form, these
assumptions lead to the energy-balance equations:

3
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n
∂Ti
∂t

= Shi −
3

2
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τEi

+
3

2

n(Te − Ti)
τeq

(2)

3

2
n
∂Te
∂t

= She −
3

2

pe
τEe

+
nα
τα
Eα − CB

p2e

T
3/2
e
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∂nα
∂t

=
n2

4
< σv > −nα

τα
− nα
τEα

. (4)
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This compares to the single-fluid energy balance [1]

3

2
n
∂T

∂t
=
Eα
16
p2
< σv >

T 2
+ Sh −

CB
4

p2

T 3/2
− 3

2

p

τE
. (5)

Equations (2-4) contain all the information used in the 0-D model. The
terms Shi and She are the ion and electron external heating powers (the lat-
ter will be assumed to be 0 in the rest of this work). For each fluid, thermal
energy losses are expressed by the ratio between the internal energy (pro-
portional to the pressure pj = nTj) and a characteristic energy confinement
time τEj . For simplicity, α particles are assumed to be locally deposited
with the time scale of the α slowing down time τα so α losses to the outside
of the plasma are expressed in terms of number density losses. Two coupling
times are included in the model, the α slowing-down time τα (time to couple
α energy to the electrons, observe that no α power is directly coupled to
the ions) and the ion-electron temperature equilibration time τeq. Finally,
CB is the coefficient for Bremsstrahlung emission (which only depends on
electron temperature) and Eα is the α particle energy. We will only consider
a deuterium-tritium plasma in the present work. Except where otherwise
specified, the physical equilibration times [1, 12] are used:

τeq =
1

78× 10−20n

(
Te + Ti

2

)3/2

, (6)

τα = 1.17× 1018
T
3/2
e

n
, (7)

where densities are in m−3, temperatures in keV and times are in seconds.
Both equilibration times are strong functions of temperature monotonically
increasing with temperature. For reference, both are ' 1 second for n '
1020m−3 and Ti ' Te ' 20keV.

In order to make meaningful comparisons with the single-fluid results,
an average energy confinement time

τ̂E ≡ 2
τEiτEe
τEi + τEe

(8)

is defined. Results will be expressed in terms of τ̂E and/or τEi in the fol-
lowing. The ion confinement time τEi is used because more accurate pre-
dictions for its value are available than for the electron energy confinement
time τEe. [3]
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The first task is to derive a multi-fluid version of the Lawson criterion.
That is accomplished by setting time derivatives to 0 in Eqs. (2-4). Writing

τEi ≡ kiτ̂E , (9)

τEe ≡ keτ̂E (10)

for convenience (note that if τ̂E is assigned from input, one of ki and ke
must also be assigned), the energy balance equation for ignition reduces to

n

4
< σv >

τEα
τEα + τα

Eα − CBn

√
kiτ̂E + τeq
kiτ̂E

Ti −
3

2

(
2

τ̂E
+

τeq
kikeτ̂2E

)
Ti ≥ 0.

(11)
Even though Eq. (11) can be solved analytically for τ̂E , the solution is very
cumbersome and not very informative. A more transparent result is obtained
if Bremsstrahlung is neglected. In this case, the relation

nTiτ̂E ≥
6T 2

i

Eα < σv >

τEα + τα
τEα

[
1 +

√
1 +

1

6

n < σv > Eα
Ti

τEατeq
k1k2(τEα + τα)

]
.

(12)
is obtained. One should notice that the right-hand side of Eq. (12), contrary
to the original Lawson criterion, is not a function only of temperature, but
also depends on plasma density through τeq and τα [see Eqs. (6) and (7)],
even though the dependence on temperature is much stronger. A fixed value
of n = 1020 m−3 is used in the remainder of Section II. Incidentally, Eq. (12)
depends on Ti and not Te because the electron temperature was eliminated
through (the time-independent version of) Eq. (2).

Both Eqs. (11) and (12) can be solved numerically once set to equalities.
We do this by assigning Ti and n and calculating τ̂E with a Mathematica
script freely available on [13]. Direct calculation shows that Bremsstrahlung
only marginally affects the result. Since the inclusion of Bremsstrahlung
does not complicate the numerical solution, all results shown in the following
will include Bremsstrahlung. For clarity and for a meaningful comparison
with the single-fluid case, here and in the rest of this work it is preferable
to express the Lawson criterion using the plasma total pressure,

ptot = pi + pe = n(Ti + Te), (13)

where in the single-fluid case Ti = Te = T .
The results of the calculation are summarized in Fig. 1. The figure

shows the value of τEi = τ̂E (on the left) and of the Lawson product (in the
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Figure 1: τEi [s] vs. Ti (left), ptotτEi
[
1020m−3keV s

]
vs. Ti (center) and Te

vs. Ti (right) for ignition for the single-fluid, “single-fluid equilibration” and
two-fluid models. In this case all τE values are identical for the two-fluid
model. Since ptotτEi and Te grow rapidly for higher temperatures, the center
and right plots cover a smaller T range.

center) needed for ignition, plotted versus the ion temperature Ti in keV.
Three curves are included: the single-fluid (red), two-fluid (blue) and a curve
dubbed “single-fluideq” (green). The last curve is obtained using the com-
plete two-fluid model, but setting τEe = τEi, τEα →∞ and τα = 0, meaning
that the only difference between this model and the standard single-fluid
model is the finite equilibration time between the ion and electron temper-
atures, which is set to the physical value given by Eq. (6). The two-fluid
case considered in the calculation uses τEi = τEe = τEα = τ̂E and physi-
cal values for τei and τα (equilibration time and α slowing-down time). It
is seen that for any given temperature the two-fluid values are larger than
the single-fluid ones. The energy confinement time (Fig. 1 left) needed for
ignition in the single-fluideq model are intermediate between the complete
single-fluid and two-fluid models. For increasing temperatures the two-fluid
values grow much faster than the single-fluid ones, so much so that the
ptotτE plot (center) only extend to 40keV. Perhaps surprisingly, the single-
fluideq curve crosses the two-fluid curve for sufficiently high values of the
temperature. This is explained by the curves in Fig. 1 right, showing the
electron temperature as a function of Ti for the three models. For any ion
temperature, the largest electron temperature at ignition is found for the
single-fluideq model. That is due to the fact that in this model all α power
is immediately deposited into the electrons, but transferred to the ions at a
finite rate. Since τeq is a strongly increasing function of temperature, larger
temperature differences are found at higher ion temperatures. This result
can be confirmed using the steady-state form of Eqs. (2-4). Coming back to
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the center pane of Fig. 1, single- and two-fluid curves are qualitatively sim-
ilar, but minima occur at lower temperatures in the two-fluid case (Ti ∼10
keV and Te ∼11 keV vs. T ∼14 keV for the Lawson product).

Figure 2: ptotτEi vs. Ti for ignition in 0D. Left: c2 ≡ τEe/τEi is varied, αs
are perfectly confined. Right: τEe = τEi, c4 ≡ τEα/τEi is varied.

The next question to consider is the importance of the different energy
confinement times in determining the minimum Lawson product needed for
ignition. In particular, it is of interest to evaluate the effect of poor confine-
ment for electrons and α particles. This is done in Fig. 2, which shows the
minimum Lawson product (calculated with τEi) as a function of Ti when the
ratio τEe/τEi is varied (left) and when the ratio τEα/τEi is varied (right).
The physical value for τeq is used in all cases in Fig. 2. In the left plot (vary-
ing τEe) τEα →∞, while in the right plot (varying τEα) τEe = τEi. It is seen
that the Lawson product needed for ignition is fairly sensitive to the value of
τEe/τEi even when αs are perfectly confined. On the other hand, the exact
value of the ratio τEα/τEi is less important. When the ratio is close to unity,
changes only cause a slight shift of the curve and minimal changes in the
minimum of the curve (ptotτEi|min = 90.26

[
1020m−3keV s

]
for a 0.4 ratio

and 81.89 for a ratio of 1). Also, increasing c4 = τEα/τEi much above unity
has a negligible effect, as the curves for c4 = 10 and c4 = 100 are almost
identical. Note that the curves on the right pane of Fig. 2 will approach
the single-fluideq curve for very large values of c4. The apparently puzzling
feature of the left figure, namely the fact that the curves for τEe/τEi = 0.7
and τEe/τEi = 1 cross for Ti ' 27keV is explained by the fact that with
a lower electron energy confinement time the electron temperature will be
lower for the same ion temperature. In these conditions ignition occurs for
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a ∼ 10% larger τEi and thus a ∼ 10% larger nTiτEi. Furthermore, for suf-
ficiently high temperatures the Lawson product n(Te + Ti)τEi turns out to
be lower (because nTe is lower) in the case with τEe/τEi = 0.7 than in the
case with τEe/τEi = 1, even though the τEi for ignition is larger.

More insight on the dependence of the Lawson product needed for ig-
nition from the different energy confinement times can be gained looking
back at Eq. (12) (as mentioned earlier, the effect of Bremsstrahlung can be
neglected). In particular, it is seen that τα (slowing down time) and τEα
(alpha energy confinement time) always appear in the combination τα/τEα.
For this reason, we write:

τα
τEα

=
τα
τEi

τEi
τEe

τEe
τEα

. (14)

Since τα has a physical expression:

τα
τEα

= K
T
3/2
e

nτEi

(Ti + Te)

(Ti + Te)

τEi
τEe

τEe
τEα

= K
T
3/2
e (Ti + Te)

pτEi

τEi
τEe

τEe
τEα

, (15)

where K is a dimensional constant. Thus we identify τEe/τEi and τEe/τEα
as meaningful parameters to vary. In an equivalent way, we chose to vary
the parameters τEe/τEi and τEα/τEi, relating all energy confinement times
to the ion energy confinement time. A large number of cases was run with
0.1 ≤ τEe/τEi ≤ 1 and 0.1 ≤ τEα/τEi ≤ 10. For each case, the minimum
of ptotτEi needed for ignition was calculated. The results of the calculation
are shown in Fig. 3. For the results in Fig. 3 the value of ptotτEi is well
approximated by the expression:

ptotτEi ' a0
(

1 +
a1
c2

)(
1 +

a2
c4

)
+

a3
c2c4

+ a4 log(c4), (16)

with all aj coefficients being listed in Table 1. Equation (16) allows to
estimate the Lawson product needed for ignition for arbitrary values of the
input parameters c2 ≡ τEe/τEi and c4 ≡ τEα/τEi.

In addition to the Lawson product required for ignition the standard
0D, single-fluid treatment of the ignition problem also allows to calculate
the minimum heating power needed to reach ignition starting from a cold
plasma. This is done by calculating the time derivative of T from Eq. (5)
assuming no heating power Sh. When calculated at different temperatures
and plotted vs. T , this curve, the so-called Ṫ vs. T curve, [1] presents a (neg-
ative) minimum. A heating power Ŝh can be added to the equation to make
the minimum of Ṫ = 0. The value Ŝh is the minimum heating power needed
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Figure 3: ptotτEi [1020m−3 keV s] for ignition in 0D varying both c2 ≡
τEe/τEi and c4 ≡ τEα/τEi. For each couple of values (c2, c4) the minimum
ptotτEi for ignition is shown.
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Coefficient Value

a0 50.0744

a1 0.616194

a2 0.0558493

a3 -1.18581

a4 -2.92248

Table 1: Approximate fit for ptotτEi varying c2 ≡ τEe/τEi and c4 ≡ τEα/τEi
(0D case). The maximum relative error of ∼ 4.5% occurs at the lower-right
corner of Fig. 3. The average error is ∼ 0.9%.

for the bootstrapping of the plasma temperature to achieve the ignition con-
ditions. Heating power can be turned off once the plasma temperature has
reached the ignition temperature. Curves for Ṫ vs. T for different models
are shown later in Fig. 11. The model developed for multi-fluid ignition
calculation allows to estimate the effects of the various parameters present
in the system on the minimum heating power needed to achieve ignition.
In this analysis it is assumed for simplicity that, contrary to more detailed
calculations [14,15], energy confinement times do not depend on the heating
power. Therefore, issues such as identifying the optimal heating path to ig-
nition (the “Cordey pass” [16]) are not considered in this work. Numerical
results for this calculation are presented next.

First, the effect of the α slowing down time τα is considered. The rea-
soning is that if α particles take a long time to transfer their energy to the
electrons, a large fraction of the energy produced by fusion reaction will be
lost before it reaches the ions. Numerical results are shown in Fig. 4. The
figure shows ShτEi, the minimum heating power needed for ignition multi-
plied by the ion energy confinement time, vs. τEi (left) and vs. the ignition
temperature (right) for different values of the slowing down time τα. The
heating power is shown in arbitrary units, but the same units are used in all
calculations in Section II. In order to isolate the effect of τα, this calculation
is done in the single-fluid limit, setting τEe = τEi, τeq = 0 and τEα → ∞,
while τα is assumed to be proportional to τEi, with the proportionality con-
stant being varied between 0.1 and 10. Looking at Eq. (12), it is seen that
with these choices the Lawson product does not depend on τα. Figure 4
shows that the heating power needed for ignition is fairly insensitive to the
value of τα, only showing some small change when τα becomes much larger
than τEi. Note that the physical value of τα is smaller than the considered
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Figure 4: Effect on heating power to reach ignition of varying τα with τEi =
τEe, τeq = 0 and τEα → ∞., plotted vs. τEi [s] (left) and Ti [keV] (right).
(τα = slowing-down time)

τEi. The τα = 10τEi curve is double-valued for small values of τEi. That
is explained as follows. All curves were obtained numerically for a range
of ignition temperatures that goes beyond the minimum in τEi for ignition
(see Fig. 1 for the curve τE vs. T ). This means that for a range of values
of τEi two ignition values of Ti are found for the same value of τEi. In the
single-fluid case the plasma will spontaneously transition to the higher igni-
tion temperature if the lower one is reached, so that the same heating power
is sufficient to reach both ignition temperatures. Something similar happens
in the two-fluid model, except for the case where the slowing down time is
long with respect to the energy confinement time. In that case, not enough
of the α power may be transferred to the ions to increase the temperature to
the higher ignition point. The result is that additional heating is needed to
reach the higher ignition point, even though the two ignition temperatures
require the same energy confinement time.

Some more information on the effect of τα on the heating power needed
for ignition is presented in Fig. 5. The figure shows two curves (plotted
both versus τEi and Ti) for different values of τα, the physical one and
τα = 0. In this case, the physical value was used for τeq and τEe/τEi = 1.
The two curves are almost indistinguishable. This is due to the fact that
in Fig. 5 the important parameter for determining the minimum heating
power needed to reach ignition temperature is the α slowing down time at
the minimum of Ṫ . Direct calculation shows that for the parameters in
Fig. 5 (τα;phys/τEi) ∼ 1% − 5%, i.e. that τα is negligibly small. A similar
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Figure 5: Heating power needed to reach ignition using the physical value
for τeq, τEe/τEi = 1 and considering the physical value for τα and τα = 0.
(τα = slowing-down time)

result (not shown) is obtained if a different τEe/τEi ratio is assumed. The
conclusion is that the inclusion of the physical slowing down time in heating
power for ignition calculations does not affect the result. However, if the
slowing down time was much longer than the energy confinement time a
larger heating power would be required to reach ignition.

Next, we consider the effect of τEe alone. This is done by considering
different ratios τEe/τEi, keeping τEα → ∞ and physical values for τeq and
τα. A small value of τEe/τEi requires an unrealistically large value of τEi
(τEi > 10s) to reach ignition and a large heating power. For this reason the
red curve (τEe/τEi = 0.1) is out of the range of τEi values shown in Fig. 6.
Even a relatively small change in the ratio produces measurable changes in
the heating power and the ion energy confinement time needed for ignition.
We conclude that the electron energy confinement time is an important pa-
rameter not only for determining the minimum Lawson product for ignition
but also for the amount of heating power needed to reach ignition.

The last parameter of interest is the α particle energy confinement time,
the effect of which is evaluated by changing the parameter τEα/τEi from 0.1
to 10, keeping τEe/τEi = 1 and physical values for τeq and τα. The results
of the calculation are shown in Fig. 7. It is seen that the amount of heating
power needed for ignition is fairly insensitive to τEα, at least as long as the α
sowing down time is much shorter than τEα. A small value of τEα requires a
larger amount of heating at the same ion energy confinement time, but less
heating at the same ion ignition temperature. This is explained observing
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Figure 6: Effect of τEe/τEi alone on the heating power needed to reach
ignition, keeping τEα →∞, τeq and τα physical.

that a given ignition temperature is reached with smaller τEi if τEα is larger
implying that the minimum value of Ṫ is lower. Also, the horizontal axes
in the two plots are not simply proportional to each other. Finally, it is
worthwhile to emphasize that the effect of a change in τEα is much smaller
that the effect of changing τEe.

III One-Dimensional Analysis of Ignition

In the present section we describe how to improve the well-known Law-
son criterion moving from the original 0D approximation to assuming one-
dimensional profiles for all physical quantities in Eqs. (2-4). All the multi-
fluid physical effects described in the previous Section II are still taken into
account in the one-dimensional case.

One-dimensional effects are analyzed using a parametric approach. Den-
sity and temperature profiles are parametrized as:

n(r, t) ≡ n0(t)n̂(r; η, θ), (17)

T (r, t) ≡ T0(t)T̂ (r;µ, ν), (18)

with

n̂(r; η, θ) = n̂edge + (1− n̂edge)
(

1− rθ
)η
, (19)

T̂ (r;µ, ν) = T̂edge + (1− T̂edge) (1− rν)µ , (20)

13



Figure 7: Effect on heating power for ignition of changing τEα from 0.1τEi
to 10τEi, keeping τEe/τEi = 1 and physical values for τeq and τα

where r is a radial variable normalized to unity at the plasma edge, “hat-
ted” profiles are dimensionless and normalized to unity in the plasma center
(r = 0) and n̂edge and T̂edge are some arbitrarily small edge values for the pro-
file function (10−3 − 10−5 in the rest of this work). Due to quasi-neutrality,
the density profile is assumed to be identical for ions and electrons. Ion
and electron temperature profiles could in principle be different (and this is
implemented in the Mathematica notebooks we used for our work, see [13]),
but are assumed to be identical in the remainder of this work for simplic-
ity. Note however that the central values T0(t) for ions and electrons are
different and evolving separately. The profiles corresponding to the lim-
iting values of the parameters are shown in Fig. 8 (left). In preliminary
work, the same limiting values were used for both density and temperature
in the investigation of the effect of one-dimensional profiles. However, one
should keep in mind that in experiments a certain amount of control on the
density profile is going to be available e.g. through fueling, while the tem-
perature profile is determined by transport and thus less easily controlled.
For this reason, only two temperature profiles, approximating typical L- and
H-mode tokamak temperature profiles, were used in this work. The temper-
ature reference profiles are shown in Fig. 8 (right). They will be referred to
as “L-mode” and “H-mode” temperature profiles for the remainder of this
work. Different profiles can easily be introduced in the Mathematica solver
if desired. Once more, Mathematica notebooks are freely available on [13].
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Figure 8: Left: Limiting profiles for parametric scan. Labels refer to figures
in Section III. Note that all profiles have 0 derivative on axis. Right: L-
(µ = 1.5, ν = 2.5) and H-mode (µ = 0.5, ν = 1.5) reference temperature
profiles used in this work.

Lastly, a profile for the α particle density is also needed. This is deter-
mined at each time step solving for the equilibrium profile nα(r, t) in

�
��

��*
0

∂nα(r, t)

∂t
=
n(r, t)2

4
< σv > (r, t)− nα(r, t)

τα(r, t)
− nα(r, t)

τEα
. (21)

In other words, the spatial profile is obtained balancing sources and losses of
αs. This balance is satisfied exactly only at steady state. However, solving
for the shape of nα in Eq. (21) gives a plausible profile for the α particle
density. The profile obtained form Eq. (21) is normalized to unity at r = 0,
so that

nα(r, t) ≡ nα,0(t)n̂α(r), (22)

where n̂α(r) is the normalized solution of Eq. (21) and is calculated at each
time step. However, in each time step the profile n̂α is kept fixed when
taking time derivatives and time-dependent equations are solved for nα,0(t).
Arguably, this is the most strongly simplifying assumption in the analysis.
As shown in Ref. [11], in a tokamak configuration the thermonuclear insta-
bility corresponding to ignition is expected to develop with a ‘quasi-flute’
three-dimensional structure starting from rational surfaces. In order to in-
clude this result in the model presented here, one should replace the profile
given by Eq. (21) with a three-dimensional profile built on the eigenfunction
shape given in Ref. [11].
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The time-dependent behavior of the system is described by the following
Eqs. (23-25):

3

2
n(r, t)

∂Ti(r, t)

∂t
= Shi −

3

2

n(r, t)Ti(r, t)

τEi
+

3

2

n(r, t) (Te(r, t)− Ti(r, t))
τeq

,

(23)

3

2
n(r, t)

∂Te(r, t)

∂t
= She −

3

2

n(r, t)Te(r, t)

τEe
+
nα(r, t)

τα
Eα

− CB
(
n(r, t)T 2

e (r, t)
)

T
3/2
e (r, t)

+
3

2

n(r, t) (Ti(r, t)− Te(r, t))
τeq

,

(24)

∂nα(r, t)

∂t
=
n2(r, t)

4
< σv > −nα(r, t)

τα
− nα(r, t)

τEα
. (25)

One should keep in mind that< σv >=< σv > (Ti(r, t)), τα = τα (n(r, t), Te(r, t))
and τeq = τeq (n(r, t), Ti(r, t), Te(r, t)), while the energy confinement times
τEi, τEe, τEα are entered as constant values for each case. For time-dependent
calculations, Eqs. (23-25) are integrated over the plasma volume at each time
step, then advanced in time as a system of ODEs. If the α-particle three-
dimensional profile of Ref. [11] was considered, the energy balance equations
should also include three-dimensional modifications to the temperature pro-
files. Integrations over the plasma volume would then have the additional
computational cost caused by the three-dimensional geometry of the profiles.
However, since the actual energy balance and time evolutions are evaluated
after the volume integration, one may expect that the modifications to the
results of this paper due to more detailed three-dimensional profiles will be
more of a quantitative than qualitative nature. All calculations where
performed with the software package Mathematica.

A variety of density profiles [i.e., values of η and θ in Eq. (19)] are con-
sidered for each temperature profile (L-mode and H-mode). For reference,
an “L-mode-like” density profile is approximated by η = 1.25, θ = 2.25 and
an “H-mode-like” density profile is approximated by η = 0.25, θ = 1.25.
For each combination of temperature and density profiles, the minimum
Lawson product ptotτEi needed for ignition is calculated numerically. The
results of the calculations are shown in Fig. 9. For the results in Fig. 9,
τEe = τEα = τEi and physical values are used for equilibration times. As
the density profile is changed in Fig. 9, the peak value is adjusted so that
all calculations are done with the same average density. However, it was
verified with direct numerical calculation that essentially identical results
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Figure 9: Minimum ptotτEi for ignition in 1020m−3 keV s as function of
density profile for the L- (left) and H- (right) mode temperature profiles.
Color scales are different in the two plots. For reference, the 0D value is
' 82 [1020m−3 keV s].

for ptotτEi are obtained if the central density value is kept constant instead,
confirming that the Lawson product depends weakly on the magnitude of
the density also in the one-dimensional case, as was observed earlier for the
0D case [see Eq. (12)]. It can be seen that one-dimensional profiles decrease
the minimum Lawson product necessary for ignition with respect to the 0D
value. Moreover, peaked profiles (lower right corner of the figures) require
lower Lawson products than flat profiles. This is further confirmed by ob-
serving that for the same density profile, a peaked temperature profile (as
in L-mode profile, left part of the Fig. 9) requires a lower Lawson product
than a flatter temperature profile (as in H-mode profile, right part of the
figure). This is in qualitative agreement with the results of Ref. [17]. How-
ever, keeping the density profile the same, an H-mode temperature profile
requires a Lawson product 10-30% larger than an L-mode temperature pro-
file, while the energy confinement time in H-mode is typically & 2 times [18]
larger than the energy confinement time achieved in L-mode. The exact ra-
tio between Lawson products in the L- and H-mode of operation for a given
experimental design will also depend on the density profile of each mode of
operation. Not shown in Fig. 9 but worth mentioning is the fact that with
one-dimensional profiles the minimum of the Lawson product needed for ig-

17



nition is reached with ion peak temperatures of 10-14 keV and thus average
ion temperatures '4.6–8.5keV, considerably smaller than what predicted by
the Lawson 0D, single-fluid model (' 14.3keV).

The triple product needed for ignition in the one-dimensional case can
be expressed with approximated formulas. The best fit is found with the
formula:

ptotτEi
(ptotτEi)0D

' f0
((

1 + f1η + f2η
2
) (

1 + f3θ + f4θ
2
)

+ f5ηθ + f6η
2θ + f7ηθ

2 + f8η
2θ2
)
,

(26)
which gives an average relative error of ∼ 0.36% in the L-mode case and
∼ 0.48% in the H-mode case, with maximum errors ' 1% in both cases.
The fj coefficients for the formula are given in Table 2. A simpler formula,

Coefficient L-mode H-mode

f0 0.649512 0.871336

f1 -0.483244 -0.594539

f2 0.0692349 0.111705

f3 -0.000559668 -0.00377657

f4 0.00024973 0.000664823

f5 0.15341 0.154859

f6 -0.0255369 -0.0330017

f7 -0.0158339 -0.015922

f8 0.00270186 0.00367627

Table 2: Coefficients for the interpolation formula given by Eq. (26)

which gives an average error of ' 3.7% (L-mode) and ' 3.9% (H-mode) and
maximum errors of ' 10% and ' 12% is written as

ptotτEi
(ptotτEi)0D

' g0
(
(1 + g1η) (1 + g2θ) + g3η

2θ2
)
. (27)

Coefficients are given in Table 3.
Qualitatively similar results are obtained if different assumptions are

made on the various characteristic times in Eqs. (2-4). Results for two more
cases are shown in Fig. 10 and compared to the “standard” case (with τEi =
τEe = τEα) and the single-fluid case. The additional cases included in Fig.
10 have c2 ≡ τEe/τEi = 0.1, τEα = τEi (blue curve) and c4 ≡ τEα/τEi = 0.1,
τEe = τEi (red curve). Physical equilibration and α slowing down times are
used in all calculations. For the plots in Fig. 10 the density profile is defined
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Coefficient L-mode H-mode

g0 0.59373 0.78304

g1 -0.22066 -0.273862

g2 0.0388736 0.0351134

g3 0.0045117 0.00488574

Table 3: Coefficients for the interpolation formula given by Eq. (27)

Figure 10: Effect of density peaking factor on ptotτEi (in log scale and in
1020m−3 keV s ) for L- (left) and H-mode (right) temperature profiles. Peak-
ing factor is given by η+ 1, so that peaked profiles are on the right (η ' 2),
flat profiles left (η ' 0). Vertical scales on the two plots are different.

as
n̂(r; η) = n̂edge + (1− n̂edge)

(
1− r2

)η
, (28)

i.e. θ = 2 for all profiles. With this definition, the density peaking factor is
given by n̂(0; η)/ < n̂(r; η) >= η + 1. The curves in Fig. 10 represent the
Lawson product calculated using τEi as a function of density peaking for the
L- (left) and H-mode (right) temperature profiles. It is seen that the most
critical parameter is the electron energy confinement time, while the effect
of the α particle energy confinement time is much weaker. Notably, the ratio
between the Lawson product at η = 0.1 and η = 2 is approximately 1.6 for
all the L-mode curves and ∼1.8 for all H-mode curves.

To conclude this section, we consider the effect of the additional physics
introduced in this work on the traditional Ṫ vs. T curve. The curves in Fig.
11 show the time derivative of Ti in [keV/s] as a function of the peak value
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Figure 11: Ṫ vs. Ti for: the single-fluid 0D model (1); the two-fluid 0D model
(2); the H-mode temperature profile with θ = 2 and η = 0.1 (3), η = 2 (4);
the L-mode temperature profile with θ = 2 and η = 0.1 (5), η = 2 (6). For
the 1D profiles, Ti is the peak temperature.

of Ti. This is calculated by fixing Ti and solving to steady state Eqs. (3-4),
then substitute the steady-state values of Te and nα to calculate the left-
hand side of Eq. (2). Figure 11 includes a curve for the 0D single-fluid (curve
1) and two-fluid (curve 2) case for comparison with the 1D curves. Both
the H- and L-mode temperature profiles are used. For each temperature
profile, two values of η with a fixed value of θ = 2 are used, corresponding
to peaking factors of 1.1 (η = 0.1) and 3 (η = 2). A value of τE = 3s is used
for all energy confinement times and all cases. Also, all cases have the same
average density of 1020 m−3. All Ṫ curves start from 0 at T = 0 and keep
decreasing until a minimum is passed. Depending on the case, a positive Ṫ
value may or may not be reached. The point of zero crossing corresponds
to ignition. It is seen that the 0D two-fluid case does not reach ignition,
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while all 1D cases do. For flat density profiles (η = 0.1, curve 3 for H-mode
temperature profile and curve 5 for L-mode temperature profile) ignition
is reached for higher temperatures than for peaked density profiles (η = 2,
curve 4 for H-mode temperature profile and curve 6 for L-mode temperature
profile). Also, the two zero crossings are much closer to each other in the
flat density than in the peaked density case, corresponding to a condition
closer to marginal ignition, where “marginal ignition” is the case of a curve
tangent to the horizontal axis at the ignition point. Finally, a more peaked
temperature profile (L-mode case) gives a higher performance (lower ignition
point, higher Ṫ ) than a flat temperature profile (H-mode case).

IV Conclusions

In this work, the well known Lawson ignition criterion [5] was revisited and
extended to include the effect of multi-fluid physics and one-dimensional
density and temperature profiles.

Starting with a multi-fluid 0D model, different energy confinement times
(a separate one for each species, ions, electrons and α particles) and energy
equilibration times (between α particles and electrons and between ions and
electrons) were introduced. Lawson’s results are recovered assuming van-
ishing equilibration times and infinite α energy confinement time. A new
ignition criterion, Eq. (12), was written and used to show the detrimental
effect of the inclusion of multi-fluid physics, which increases the minimum
Lawson product needed for ignition. Expressions for equilibration times are
known from transport [1, 19], while uncertainty remains in energy confine-
ment times, which are treated as free parameters in the calculations in this
work. It was found that the electron energy confinement time is the most
critical parameter in determining the Lawson product needed for ignition,
while the Lawson product is less sensitive to the α energy confinement time,
in the sense that small variations of the ratio τEe/τEi have a stronger effect
on the Lawson product needed for ignition than similar variations of the
ratio τEα/τEi (see e.g. Fig. 10). It is stressed that an α energy confinement
time much smaller than the ion energy confinement time, due for instance to
toroidal Alfvén eigenmodes or fishbones [20], will make the Lawson product
for ignition extremely large [see for instance Eq. (12)]. Therefore, α confine-
ment is a crucial topic in ignition studies. An approximated formula, Eq.
(16), was obtained to calculate the effect of varying electron and α energy
confinement times on the ignition Lawson product.
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The multi-fluid 0D model was also used to evaluate the heating power
needed to reach ignition starting from a cold plasma. Heating was assumed
to be only applied to the ions. The heating power for ignition also depends
on the various parameters considered in this work. Once again, it is found
that the most critical parameter is the electron energy confinement time,
as poorly confined electrons require a larger heating power to reach ignition
(even though no heating is directly applied to the electrons).

The one-dimensional model introduced in this work allows for different
radial profiles of the density (assuming quasi-neutrality and neglecting the
contribution of αs to charge balance ions and electrons have the same den-
sity profile) and ion and electron temperatures. The same shape (but with
different maximum values) was used for the two temperatures, but the imple-
mentation allows in principle for arbitrary and different temperature profiles
for ions and electrons. Density and temperature profiles are controlled in-
dependently in a parametric way [Eqs. (19) and (20)]. The combination of
different density and temperature profiles gives a wide parametric space to
be explored. Since temperature profiles are determined by transport and
much harder to control in experiments than the density profile, only two
temperature profiles, approximating typical L- and H-mode profiles, were
considered in this work. Varying the density profiles it was found that both
density and temperature peaked profiles require a lower Lawson product for
ignition than flatter profiles, i.e., for a given temperature profile a flatter
density profile will require a larger Lawson product and for a given density
profile a flatter temperature profile will require a larger Lawson product.
This is a very encouraging result for future experiments, since the widely
used 0D Lawson result may overestimate the Lawson product needed for
ignition. In the one-dimensional case, Lawson products are calculated inte-
grating n(Te + Ti) over the plasma volume.

The effect of different α and electron energy confinement times on the
ignition Lawson product was also investigated. Analogously to the 0D result,
it was found that the electron energy confinement time is the parameter with
the stronger effect on ignition.

Using the traditional Ṫ vs. T plot it was also shown that lower Ṫ (i.e.,
larger heating power required for ignition) is obtained for the two-fluid case
as compared with the single-fluid one. Peaked profiles produce larger values
of Ṫ than flat profiles and thus require a lower amount of heating to reach
ignition. This applies to both density and temperature profiles.
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