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Numerical study of tokamak equilibria with arbitrary flow
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The effects of toroidal and poloidal flows on the equilibrium of tokamak plasmas are numerically
investigated using the code FLOW. The code is used to determine the changes in the profiles
induced by large toroidal flows on NSTX-like equilibria@with NSTX being the National Spherical
Torus Experiment, M. Ono, S.M. Kaye, Y.-K.M. Penget al., Nucl. Fusion40, 557 ~2000!# where
flows exceeding the sound speed lead to a considerable outward shift of the plasma. The code is also
used to study the effects of poloidal flow when the flow velocity profile varies from subsonic to
supersonic with respect to the poloidal sound speed. It is found that pressure and density profiles
develop a pedestal structure characterized by radial discontinuities at the transonic surface where the
poloidal velocity abruptly jumps from subsonic to supersonic values. These results confirm the
conclusions of the analytic theory of R. Betti and J. P. Freidberg@Phys. Plasmas7, 2439~2000!#,
derived for a low-b, large aspect ratio tokamak with a circular cross section. ©2004 American
Institute of Physics.@DOI: 10.1063/1.1637918#
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I. INTRODUCTION

Despite the remarkable improvements in tokamak p
formances with respect to energy transport and macrosc
stability properties, tokamak plasmas still present formida
challenges in the so-called high-b regimes. It is intuitive that
high-b regimes are very favorable for energy production
requiring relatively low magnetic fields while producing hig
power densities. However, high-b regimes are difficult to
operate in, mostly because of macroscopic instabilities le
ing to the disruption of the plasma column and terminat
of the discharge. Another challenge for any magnetic c
finement device is the one represented by the anoma
energy transport governing the energy losses through
plasma boundary, which greatly exceed the so-called cla
cal predictions based on collisional transport theory. Whet
driven by magnetic or electrostatic turbulence, anomal
transport causes a large increase in the energy losses
poses severe constraint on the amount of auxiliary po
required to heat up the plasma to the high temperatures~in
the 10 keV range! required for thermonuclear ignition.

In the last decade, it has been repeatedly observe
several devices~see, for example, Refs. 1–3! that when the
plasma rotates either toroidally or poloidally, both the ene
transport as well as the macroscopic stability improve s
nificantly. The plasma rotation can be either spontaneou
driven by neutral beam injection or rf heating. The plasma
some recent experiments such as the National Sphe
Torus Experiments~NSTX! ~Ref. 4! and the Electric Toka-
mak ~ET! ~Ref. 5! are expected to rotate toroidally and p
loidally, respectively, with large flow velocities comparab
to the sound speed and/or the poloidal Alfve´n speed. Such
large velocities are likely to induce significant alterations
the equilibrium configurations because of the large dyna
forces and sub–super Alfve´nic/sonic flow transitions. Indeed
6041070-664X/2004/11(2)/604/11/$22.00
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a fast toroidal flow would cause a significant outward shift
the plasma density profile proportional to the square of
Alfvénic Mach number~see, e.g., Ref. 6!. A more dramatic
change in the equilibrium is induced by transonic poloid
flows in the range of the poloidal sound speed. Note that
define as transonic, an equilibrium with a flow velocity pr
file varying from subsonic to supersonic with respect to
poloidal sound speed. Indeed, it has been recently sh
~see Ref. 7! that radial discontinuities develop at the tra
sonic surface where the velocity profile varies from subso
to supersonic. Both pressure and density profiles develo
pedestal structure with a sharp drop towards the plasma e
and a shear layer in poloidal velocity. Those sharp variati
in the equilibrium profiles are not shocks but contact disc
tinuities where the total pressure (plasma1magnetic pres-
sures! is continuous across the discontintuity.

Flow modified equilibria will almost certainly exhibi
stability properties different from the static equilibria, whic
need to be investigated with new kinds of nonvariation
stability codes. There have been some investigations of
effect of plasma flow and flow shear on macroscopic ins
bilities such as the internal~Refs. 8–11! and external12,13

kinks, the ballooning modes~Ref. 14!, and the resistive wall
mode~RWM!.12,15–18Most of this work has been carried ou
for the case of purely toroidal rotation except for Ref.
where the flow is directed poloidally. For the most part, flo
shear~both toroidal and poloidal! is found to be stabilizing,
while the bulk toroidal rotation can be either stabilizing
destabilizing. While the stabilizing effects of bulk toroid
rotation are due to the flow induced gyroscopic action~on
the internal kink8! and ac wall stabilization on RWM,12,15–18

the destabilizing effects are induced by the dynamic centr
gal force combined with the bad outboard magnetic fi
curvature~mostly on the external kinks12,13!. One can specu-
© 2004 American Institute of Physics
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late that even flow shear, in some instances, may be des
lizing as a result of the Kelvin–Helmoltz instability driv
induced by the velocity gradients.19 Therefore, one canno
reach a general conclusion on the effect of flow on plas
stability, but needs to carry out a stability analysis on a c
by case basis with realistic flow velocity profiles and w
the flow modified equilibria.

In this paper, we show the results of a numerical stu
carried out with the equilibrium code FLOW developed
study fixed boundary equilibria with arbitrary flows. FLOW
solves the Grad–Shafranov–Bernoulli system of equati
with a multigrid approach including finite pressure anis
ropy. The code input requires the assignment of a set of
functions of the poloidal magnetic fluxC, which depend on
the so-called closure equation governing the temperatur~s!
or entropy. Though, FLOW can solve the equilibrium equ
tion with arbitrary flow, here we focus primarily on toro
dally rotating equilibria with flow velocities in the range o
the sound speed and poloidally rotating plasmas with vel
ties in the range of the poloidal sound speed. Other inter
ing equilibria with poloidal velocities in the range of th
poloidal Alfvén speed will be presented elsewhere.

Because of the transonic discontinuities, it is clear, t
the most challenging problem for an equilibrium code is
compute equilibria with transonic poloidal flows. To the be
of the authors’ knowledge, only two codes have been pre
ously developed to compute compressible axisymme
equilibria with poloidal flow. The codes CLIO~Ref. 20! and
FINESSE~Ref. 21! both use a finite element approach and
Picard iteration scheme to solve the Grad–Shafrano
Bernoulli system of equations. The code CLIO was used
determine the effect of subsonic flow on the Joint Europ
Torus~JET! ~Ref. 22! equilibria and the code FINESSE wa
used to compute a variety of astrophysical and labora
plasma configurations. However, it seems as none of th
codes were ever used to study transonic poloidal flows
associated contact discontinuities. It is possible that th
codes could be easily modified to compute transonic equ
ria and resolve transonic discontinuities, most likely by m
nor changes to the Bernoulli equations solver. It is wo
mentioning that a set of simplified equilibrium equations c
be derived by assuming poloidal flow incompressible, and
introducing a vorticity function, as shown in Ref. 23 in th
contest of stellarator equilibria. While relevant to large a
pect ratio stellarators, incompressible equilibria are not in
esting for tokamaks, where the effects of compressibi
need to be retained.

The present work is organized as follows: In Sec. II, t
model and general equations are described. Details on
numerical solution are contained in Sec. III, while Sec.
illustrates the results of equilibrium calculations in the pr
ence of purely toroidal flow and plasma anisotropy. In S
V, results are given for equilibria with poloidal flow and th
development of discontinuous profiles.

II. GENERAL EQUATIONS

We consider an axisymmetric toroidal plasma describ
by the ideal magnetohydrodynamics~MHD! model. The
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model includes finite equilibrium flow velocity in both th
toroidal and poloidal directions, finite pressure anisotropy
the parallel and perpendicular directions and an adjusta
equation of state representing the standard ideal MHD
sure for isentropic/isothermal flows or the kinetic closure d
rived from the guiding center constants of motion.

The basic MHD equations for mass and momentum c
servation as well as the equilibrium Maxwell’s equations c
be written in the standard form

¹•~rv!50, ~1!

rv•¹v5JÃB2¹•PJ , ~2!

¹•B50, ~3!

m0J5¹3B, ~4!

¹3~vÃB!50, ~5!

where

PJ[p' IJ1m0DBB, D[
~pi2p'!

m0B2 ~6!

is the plasma pressure tensor. The closure equation for
pressure depends on the collisionality regime. Highly co
sional plasmas with the ion collision frequency greatly e
ceeding the ion cyclotron frequency are typically describ
by an isotropic pressure (pi5p'5p) obeying the standard
steady state form of the ideal MHD adiabatic equation

v•¹
p

r5/350. ~7!

Instead, collisionless plasmas exhibit large thermal equilib
tion of the temperature along the field lines leading to
condition

B•¹T50, ~8!

whereT is the plasma temperature, andp andT are related
through the ideal gas equation of statep5rT/A, whereA
[ mi /(11Z). Equations~7! and ~8! represent the so-calle
MHD closure and can be easily solved once the flow veloc
and magnetic field are determined.

Different closure equations need to be used in ani
tropic collisionless plasmas. In this case, the parallel (Ti)
and perpendicular (T') temperatures are not equilibrated a
two closure equations are needed. In this paper, the an
tropic equilibria are only considered in combination wi
purely toroidal flow, without a poloidal component in th
velocity. For a toroidally rotating plasma with a Maxwellia
distribution function depending on the guiding center co
stants of motion, the parallel temperature is uniform alo
the flux surfaces, and the perpendicular and parallel temp
tures are related as indicated below:6

Ti5Ti~C!, T''Ti~C!
B

B2Q~C!Ti~C!
, ~9!

whereB5uBu and,Ti(C) andQ~C! are free functions of the
poloidal magnetic fluxC, which is an approximate constan
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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606 Phys. Plasmas, Vol. 11, No. 2, February 2004 Guazzotto et al.
of motion. The parallel and perpendicular pressures are
lated to the corresponding temperatures through the stan
relation

pi5nTi~C!, p'5nT' , ~10!

wheren is the particle density. Equations~9! and~10! repre-
sent the so-called kinetic closure appropriate for high te
perature anisotropic plasmas.

We use the standard set of cylindrical coordina
(R,w,z), where R is the major radius of the torus,w the
toroidal angle, andz the height above the midplane. Und
the assumption of axisymmetry, the magnetic field can
decomposed in a toroidal and a divergence free polo
componentB5Bwêw1Bp . The latter is expressed in term
of the poloidal flux gradient according to the well-know
relation

Bp5
¹C3êw

R
, ~11!

whereC is the poloidal flux. A simple manipulation of Fara
day’s law@Eq. ~5!# yields the following relation for the equi
librium flow in terms of a parallel and a toroidal compone

v5
F~C!

Am0r
B1RV~C!êw . ~12!

HereF~C! andV~C! are two free functions ofC describing
the parallel and toroidal component of the velocity resp
tively. Observe that Eq.~12! indicates that the poloidal com
ponent of the flow depends exclusively onF~C! while the
toroidal component is a function of bothF andV:

vp5
F~C!

Am0r
Bp , vw5

F~C!

Am0r
Bw1RV~C!. ~13!

It is interesting to observe that a toroidal plasma cannot s
tain a purely poloidal flow, since the exchange of moment
between the plasma and the magnetic field leads to a fi
toroidal velocity as well. Even though, one could choose
free functionsF and V in order to minimize the toroida
component of the flow, it is not possible to construct them
such a way to render the toroidal flow exactly zero. The fl
velocity components in Eq.~13! can be used to solve th
MHD closure equations~7! and ~8!, leading to

p5S~C!rg, ~14!

whereS(C) is a free function ofC, representing the plasm
adiabat forg55/3 and the plasma temperature forg51.

Taking the êw component of the momentum equatio
and using the axisymmetric properties of the equilibriu
leads to the following expression6 for the toroidal field:

BwR5
F~C!2Am0R2F~C!V~C!

12F2~C!/r2D
, ~15!

whereF(C) is a free function ofC. Equation~15! reduces
to the standard formBwR5F(C) in the absence of poloida
flow (F(C)50) and anisotropy (D50). The next step is to
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take theB component of the momentum equation, whi
after a straightforward calculation yields the well know
Bernoulli equation

1

2m0
FF~C!B

r G2

2
1

2
@RV~C!#21W5H~C!, ~16!

whereH(C) is a free function ofC andW5W(r,B,C) is
the enthalpy function,6 which depends on closure equatio
relating pressure, density, and temperature. Depending on
choice of the closure@Eqs.~7! and ~8! for the MHD closure
and Eqs.~9! and~10! for the kinetic closure#, one can derive
the following expressions forW:

WMHD5
g

g21
S~C!rg21, ~17!

WK5Ti~C!lnFruB2Q~C!Ti~C!u
D~C!B G , ~18!

where D(C) is a free function characterizing the plasm
density as defined later in Eq.~21!.

It is important to observe thatW depends onC through
free functions likeS(C) for the MHD model andQ~C! for
the kinetic model. It follows that even thoughW is in general
a function ofr, C, and B @W5W(r,C,B)#, its C depen-
dence can be arbitrary. It is worth mentioning that the kine
form of the enthalpy~18! is only correct for equilibria with-
out poloidal flow, while the MHD form~17! is applicable to
equilibria with arbitrary flow patterns.

The next step is to take the¹C components of the mo
mentum equation~2! in order to derive the Grad–Shafrano
equation for the poloidal magnetic flux. Adopting the MH
closure~14!, one can rewrite the G–S equation that afte
lengthy algebraic manipulation can be cast in the followi
convenient form:24

¹•F ~12MAp
2 !S ¹C

R2 D G52
Bw

R

dF~C!

dC
2

v•B

Am0

dF~C!

dC

2Rrvw

dV~C!

dC
2r

dH~C!

dC

1
rg

g21

dS

dC
, ~19a!

where the right-hand side is a linear combination of all t
free functions, andMAp

2 [F2(C)/r represents the poloida
Alfvénic Mach number. Similarly, one can include the effe
of finite anisotropy by adopting the kinetic closure Eqs.~9!,
~10!, and ~18!. Since the kinetic closure is derived in th
absence of poloidal flow, we setF(C)50 and rewrite the
G–S equation in the following form:6

¹•F ~12D!S ¹C

R2 D G52r
dTi~C!

dC
2

Bw

R

dF~C!

dC

2Rrvw

dV~C!

dC
2r

dH~C!

dC

1r
]WK

]C
, ~19b!
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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where the partial derivative ofWK with respect toC has
been taken at constantr andB. Observe that the equilibrium
model has been reduced to a system of three equation
PDE ~19! and two algebraic equations~15!, ~16!. This sys-
tem can be solved numerically once the free functions

F~C!, H~C!, Ti~C!, Q~C!, V~C!, F~C!
~20!

have been assigned.
Although the implementation of the problem in a n

merical solver is at this point relatively straightforward, t
definitions of the free functions are so far not intuitive. Eq
libria are typically defined by assigning pressures, densit
velocities, Mach numbers, currents, safety factors or toro
fields profiles instead ofH(C), Q~C!, F~C!, etc. However,
one needs to recognize that in the presence of flow an
anisotropy, the pressures, densities and velocities are not
functions and cannot be readily assigned. Following Ref
we combine the functions~20! in order to generate a new s
of free functions that are associated with the desired v
ables. The association is based on the principle that in
limit of vanishing flow and infinite aspect ratio, the~new!
free functions exactly reproduce the desired variables.
advantage of this approach is in the fact that the free fu
tions of Ref. 7 represent quasiphysical quantities that
commonly used to describe standard equilibrium configu
tions. In the following, this set of free functions will be a
signed as input instead of the ones in~20!.

In order to include anisotropic pressure, one more f
function with respect to the ones defined in Ref. 7 will
needed. In particular, quasipressure will be replaced by
quasipressures, a parallel and a perpendicular one. The
plete list of free functions used as input to the code, and t
physical meaning is contained in Table I. The relation of
new free functions to those in~20! is shown in Table II. For
the kinetic closure the analysis has been restricted to the
with purely toroidal flow.

III. NUMERICAL SOLUTION

The code FLOW uses a multigrid approach for solvi
the equilibrium equations. The algorithm can be summari
as follows:

~1! The Bernoulli equation~16! is solved forr.
~2! The Grad–Shafranov equation~19! is solved forC.
~3! If the system is anisotropic, Eq.~15! is solved for the

toroidal component of the magnetic fieldBw .

TABLE I. Physical meaning of the ‘‘intuitive’’ free functions.

Function Physical meaning

D(c) Density
P(c) Isotropic pressure
Pi(c) Parallel pressure
P'(c) Perpendicular pressure
B0(c) Toroidal component of the magnetic field
Mw(c) Toroidal sonic Mach number
M u(c) Poloidal sonic Mach number
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, a

-
s,
al

or
ee
,

i-
e

e
c-
re
-

e

o
m-
ir

e

se

d

Procedures~1!–~3! are repeated until convergence
reached, then the solution is interpolated onto the next~finer!
grid. Unless otherwise specified, all numerical results p
sented in the following have been obtained with a grid
2563256 points. Convergence is defined with a condition
the residual of equation~19!. In each iteration Eq.~19! is
solved using an over relaxation method with a red–bla
algorithm. Equation~19! is the only one requiring a bound
ary condition for its solution. For fixed boundary equilibri
we setC5constant on the boundary and determine the va
of C on the magnetic axis iteratively. Equation~15! does not
pose any particular challenge, and can be solved by stan
methods. Due to its algebraic nature, Eq.~16! can also be
solved with a direct solver at each iteration. More precise
a combination of the Newton–Raphson and bisection me
ods is used to accomplish the task.

The free functions representing the quasivariables
Table I are assigned as input parameters. If the MHD mo
is used, then the input free functions are

D~C!, P~C!, M u~C!, Mw~C!, B0~C!,

representing a quasidensity, quasipressure, quasisonic p
dal Mach number, quasisonic toroidal Mach number, a
quasitoroidal field, respectively. If the kinetic closure is use
the quasiparallel (Pi(C)) and perpendicular pressure
(P'(C)) need to be assigned instead of the isotropic pr
sureP(C). Such free functions are intuitive and can be e
ily assigned as input to the code for describing standard
kamak equilibria. However, since the numerical solution
simplified by adopting the less intuitive functionsH(C),
F~C!, V~C!, S(C), Q~C!, Ti(C), F(C) in the implemen-
tation, the equations in Table II are used in the code for
conversion between free functions.

Notice that if the flow is purely toroidal@i.e., F(C)
50, M u(C)50] the Bernoulli equation~16! is trivial, and

TABLE II. Relation between the two sets of free functions.R0 is the posi-
tion of the geometric axis of the plasma.

Function Definition

F(C) R0B0(C)

F~C! AgP~C!D~C!
M u~C!

B0~C!
, 0

V~C! Ag
P~C!

D~C!

Mw~C!2Mq~C!

R0
, APi~C!

D~C!

Mw~C!

R0

HMHD(C) g
P~C!

D~C! S 1

g21
1Mu~C!Mw~C!2

1

2
Mw

2~C!D
HK(C)

Pi~C!

D~C! SlnFuD~C!B0~C!2Q~C!Pi~C!u
D~C!B0~C! G2 1

2
Mw

2~C!D
Q~C!

P'~C!2Pi~C!

P'~C!

D~C!B0~C!

Pi~C!

Ti(C)
Pi~C!

D~C!

S(C)
P~C!

@D~C!#g
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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can be solved analytically at each iteration leading to
following explicit form of the density depending on the s
lected closure

rK5D
B

B0
UB02QTi

B2QTi
Ue[(R22R0

2)V2]/2Ti,

~21!

rMHD5DF11
1

2
~R22R0

2!V2
g21

g

D

PG1/~g21!

.

As described earlier, if there is a poloidal component of
flow, then Eq.~16! needs to be solved numerically. In th
paper, we focus our attention on relatively slow poloid
flows with a flow velocity smaller than the poloidal Alfve´n
velocity. Such flows are characterized by a poloidal Alfv´n
Mach number less than unityMAp,1 where MAp

5vpAm0r/Bp andBp is the poloidal component of the mag
netic field. Furthermore, poloidal flow is considered on
within the MHD framework and the Bernoulli equation
Eq. ~16! with W5WMHD . The roots of the Bernoulli equa
tion yield the plasma densityr which can be bracketed ac
cording to the following inequality:

A Bp
2F2

m0~2H1R2V2!
,r,F S H1

1

2
R2V2D g21

gS G1/~g21!

~22!

that can be easily derived from Eq.~16! and the definition of
WMHD . In the interval so defined, there can be either
sub-Alfvénic roots, 2 roots, or a single double root. In th
first case, the poloidal flow is too fast, and must be redu
in order for sub-Alfvénic roots to exist. When two roots ar
found, the ‘‘heavy’’ root corresponds to subsonic flow, wh
the ‘‘light’’ root corresponds to supersonic flow with respe
to the poloidal sound speedCsp5CsBp /B, where Cs

5Agp/r is the sound speed. Clearly, the two roots beco
coincident if the considered point is on a transonic surf
where the poloidal velocity varies from subsonic to sup
sonic. Since transonic equilibria are discontinuous,7 the Ber-
noulli solver will need to perform the following tasks fo
each iteration:

~1! Identify the grid point where the 2 solutions of~16! are
closest, and adjust the poloidal rotation velocity un
they are closer than a specified tolerance.

~2! Make sure that~16! has solutions in all grid points, vary
ing the poloidal flow until the condition is satisfied.

After identifying the point where the Bernoulli equatio
is degenerate~i.e., where the 2 solutions are coincident!, the
computational domain will be separated in two regions.
the inner region, the flow is assumed to be subsonic, so
‘‘heavy’’ solution will be used. The outer region is assum
to have supersonic flow, so the ‘‘light’’ solution will be cho
sen. A similar type of equilibrium could be found with th
opposite assumption~subsonic outer region and superson
inner region!, but this looks less interesting from the physic
point of view, as the sound speed vanishes at the plasma
and supersonic flow is more likely to develop near t
plasma edge instead of the plasma core.
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Some numerical difficulties in the code convergen
may arise when dealing with large poloidal flows in hig
beta plasmas. Indeed, when the poloidal sonic Mach num
M sp5vp /Csp is in the range

1

11bg
,M sp

2 ,S 1

11bg
D F11

1

4

bg

~11bg!2

Bu
2

B2G , ~23!

then the Grad–Shafranov–Bernoulli system becomes hy
bolic and the elliptic solver used in FLOW may not co
verge. Herebg5m0gp/B2 is assumed to be smaller tha
unity. Based on our past experience, we find that the num
cal algorithm is convergent as long as the hyperbolic reg
is sufficiently small requiring thatbBu

2/B2!1 as indicated
by ~23!. When the hyperbolic region is small and the alg
rithm is convergent, we expect the code results to be cor
except inside the small hyperbolic region where the magn
field could develop weak discontinuities proportional tob.
This conclusion is based on a singular perturbation anal
of the equilibrium equation suggesting that the elliptic so
tion found with FLOW would provide the so-called oute
and zeroth-order solution of the problem while the hyp
bolic corrections would only appear in the higherb-order
terms and be confined in the small hyperbolic region.

IV. FLOW RESULTS FOR EQUILIBRIA WITH
PRESSURE ANISOTROPY AND TOROIDAL FLOW

In this section, we use the code FLOW to compute a
symmetric equilibria with pressure anisotropy and toroid
flow with applications to NSTX. The poloidal flow is ne
glected by settingM u(C)5F(C)50. Because of its high
betas, large fast-particle population and large toroidal velo
ties, the NSTX plasma is an ideal configuration to stu
these effects on the equilibrium. Because NSTX data an
sis is typically carried out using available equilibrium an
transport codes such as PEST~Ref. 25!, EFIT ~Ref. 26!, and
TRANSP~Ref. 27! which do not include toroidal rotation, i
is likely that the code FLOW, described here, would ben
the NSTX work by retaining the effects of both pressu
anisotropy and plasma rotation and could be used in com
nation with TRANSP to take into account the changes of
equilibrium induced by finite rotation.

A quantitative analysis is performed by numerica
solving the equilibrium problem for an NSTX-like configu
ration including rotation and anisotropy. The free functio
of C used in the numerical study are power laws of t
poloidal flux approximating realistic NSTX equilibria. Th
free functionD(C) representing the density has been chos
to exhibit a rather flat profile while the parallel pressure
approximated with a fairly peaked function as shown belo

D~C![DE1~DC2DE!S C

Cc
D 0.1

, ~24!

Pi~C![Pi
E1~Pi

C2Pi
E!S C

Cc
D 3

. ~25!

Here Cc is the value ofC at the magnetic axis, and th
superscriptsE andC denote the values at the plasma boun
ary and magnetic axis, respectively. The pressure anisot
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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is included by varying the constant factors in the definition
of the free functionP'(C) describing the perpendicula
pressure

P'~C![
Pi~C!

11s
. ~26!

When neededDC and DE are adjusted to keep the plasm
mass constant. Similarly,Pi

E andPi
C are also adjusted whe

the total energy needs to be conserved. We first focus
attention on the effects of rotation. Figure 1 shows a serie
equilibria computed with the code FLOW assigning an
creasing rotation as input for the code. The toroidal so
Mach number is approximated with the following analy
function representing a velocity profile that is peaked in
center of the plasma column and nearly vanishes at the e

Mw~C![Mw
c S C

Cc
10.01D 0.2

, ~27!

whereMw
c approximates the sonic Mach number at the m

netic axis. The flow velocity is varied by increasing the p
rameterMw

c from subsonic to supersonic values. When p
forming this analysis, some care must be used in the ch
of the free functions ofC. In particular, since the plasm
total mass is not an input variable, a control must be p
formed in order to make sure that the same amount of m
is contained in the plasma for all cases. A few iterations
the definitions of the free functions allowed to conserve
plasma mass within an error<2%.

The most dramatic consequences of an increasing r
tion frequency is the growing shift of the density profi
towards the outward region of the plasma column. In Fig
the output of FLOW whenMw

c is varied from 0 to 1 is
shown. The picture consists of a line-cut along the midpla
of the density profile, showing an increasing shift of the de
sity peak with increasing rotation velocity. In particular, w
observe that a relatively slow~subsonic! rotation does not
produce a large variation of the profile. As the rotation

FIG. 1. Density shift for varying toroidal flow in an isotropic NSTX-lik
plasma.
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creases, the plasma is squeezed against the outboard s
the boundary. Since the boundary itself is fixed, this w
result in higher peaks and steeper gradients of the den
profile in the outboard region of the plasma. The shift b
comes large when the flow is about sonic. It is worthwhile
emphasize that the changes in the equilibrium profile p
duced by the presence of toroidal flow are only quantitati
and not qualitative. This also means that there is no dram
change in the equilibrium properties as a purely toroidal fl
goes from subsonic to supersonic. It should also be rem
bered thatMw

c only approximately represents the maximu
value of the sonic Mach number in the plasma, and that
actual Mach number will be more and more different fro
the free function ofC as the flow increases. Indeed, in th
represented equilibrium withMw

c equal to 1, the actual maxi
mum Mach number is about 1.5. This means that the e
libria shown in Fig. 1 do actually include both subsonic a
supersonic flow equilibria.

Another interesting feature that can be analyzed with
code FLOW is the effect of pressure anisotropy on the eq
librium ~see Fig. 2!. As described in Ref. 6, the effect o
anisotropy on the density profile is to increase the outw
shift of the density ifb i,b' and to decrease it ifb i.b' .
This is qualitatively expressed by the following expressi
of the density shift:

dr

r
5S 12

b'

b i
D dB

B
, ~28!

whered indicates a differential along the field lines, andb i ,'

are parallel and perpendicularb.
As anisotropy is varied, some care needs again to

used in order to guarantee that the total energy of the pla
is kept constant for all cases. This is again performed wit
few iterations on the definition of the free functions ofC,
ensuring a variation of both total mass and energy<2%.
The anisotropy is increased from an isotropic case (Pi(C)
5P'(C)) to a case withPi(C)52P'(C) and the param-

FIG. 2. Density profile shift in a static plasma for varying anisotropy for
NSTX-like equilibrium: s50 ~diamonds!, s50.5 ~squares!, s51.0
~circles!.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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eters[((Pi(C)2P'(C))/Pi(C) has been used as a me
sure of the anisotropy. In obtaining the results shown in F
2, the value ofs has been varied between 0 and 1, while
flow is introduced into the system. Details on the analy
expression of the free functions have been given in E
~24!–~26!. In agreement with the prediction of theory, a
increasing value ofs produces an increasing inward shift
the density profile.

Comparing Figs. 1 and 2, it is apparent that strong
isotropy (s;0.5– 1) has an effect on the density profile
the same order of that of a moderate flow. In order to confi
this, we can compute equilibria where flow and anisotro
are present at the same time. We select the equilibrium w
Mw

c 50.5 shown in Fig. 1, and gradually increase the anis
ropy, again varyings from 0 to 1. In the same way as befor
total energy and mass in the plasma are kept constant wit
error <2%. The resulting equilibria are shown in Fig.
Again, a line plot of density vsR is presented in the picture
It can be clearly seen that in this case an intermediate an
ropy (s50.5) completely balances the effect of toroidal r
tation, while a larger anisotropy (s51) results in a net in-
ward shift of the density profile.

The ability of the code to solve equilibrium problem
with both macroscopic flow and pressure anisotropy sugg
that FLOW can indeed be used to compute equilibria
evant to real experiments. Although this use is still in a p
liminary phase, the result of such an equilibrium calculati
relative to the NSTX machine, is shown in Figs. 4–7. Th
equilibrium has aspect ratio;1.5 and ellipticity;1.9. Here
all free functions ofC have been obtained from data pr
vided by the NSTX team. In the considered equilibrium,
roidal flow and anisotropy are included, and the kinetic c
sure has therefore been used to compute this equilibrium

Figure 4 shows the contour plot of the magnetic fluxC,
while Fig. 5 shows the line plot of the magnetic fluxC vs the
major radius of the plasma for two equilibria. The first o
~labeled ‘‘Flow’’! has been computed with the input defin
by the NSTX data, including toroidal rotation. The seco

FIG. 3. Density shift in an NSTX-like plasma with toroidal flow for varyin
anisotropy:s50 ~squares!, s50.5 ~circles!, s51.0 ~diamonds!.
Downloaded 21 Jan 2004 to 128.151.42.222. Redistribution subject to A
.

c
s.

-

y
th
t-

an

ot-

ts
l-
-
,

-
-

one has been obtained with the same input for all free fu
tions but the toroidal rotation, which has been set to 0. Fig
6 shows the line plot of the density for the two equilibr
with and without rotation, indicating a significant flow
induced shift of the profile peak. Finally, Fig. 7 shows a li
plot of the toroidal velocity along the midplane, with th
peak velocity corresponding to a sonic Mach number
;0.8. The plasma shape in this equilibrium is the same
has been used for the other equilibria in this same sect
and constructed to closely reproduce the NSTX data.

V. EQUILIBRIUM WITH POLOIDAL FLOW

Because of the presence of profile discontinuities a
hyperbolic regions, equilibria with poloidal flows are pa
ticularly challenging from the numerical point of view. Sinc
poloidal flows are typically damped in tokamaks by the ne
classical poloidal viscosity, a steady flow needs to be driv

FIG. 4. Contour plot of magnetic surfaces in an NSTX equilibrium.

FIG. 5. Comparison of magnetic flux line plots along the midplane with a
without flow in the same NSTX equilibrium.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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Different driving mechanisms have been proposed in rec
years~see, e.g., Refs. 28–30! and detailed calculations of th
neoclassical viscosity have been carried out in the differ
flow regimes~see Refs. 31 and 32!. It is worth mentioning
that neoclassical theories in the supersonic flow regim
have shown that the viscosity decreases as a power la
the Mach numbernu;M sp

22 when the poloidal velocity ex-
ceeds the poloidal sound speed (M sp.1). This finding sug-
gests that supersonic flows can be more easily driven
subsonic ones. Equilibria with a poloidal velocity below t
poloidal sound speed are only weakly affected by the fl
and therefore not particularly interesting for an in dep
analysis of their equilibrium characteristics. Far more int
esting are the moderately fast flows with a poloidal veloc
profile ranging from subsonic to supersonic with respec

FIG. 6. Comparison of density line plots along the midplane with and w
out flow in the same NSTX equilibrium.

FIG. 7. Line plot along the midplane of toroidal velocity in an NST
equilibrium.
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the poloidal sound speed. It is shown in Ref. 7 that su
flows exhibit radial discontinuities in the pressure, veloci
and density profiles at the flux surface where the flow
comes transonic. The relative jumps in the equilibrium qu
tities scale as;Ae, wheree5r t /R0 is the inverse aspec
ratio of the transonic surface. The origin of the discontinuo
behavior at the transonic surface can be explained using
following simple gas dynamics considerations for a low-b
large aspect ratio torus with a circular cross section an
poloidal flow directed counterclockwise in the (R,z) plane.

In such a toroidal plasma, because of the frozen-in l
two adjacent flux surfaces can be thought of as the walls
rigid ‘‘duct,’’ with the cross section decreasing in the polo
dal direction from the outer midplane (u50) to the inner
midplane (u56p). In other words, the projection on th
(R,z) plane of the streamlines coincides with the same p
jection of the flux surfaces. This situation is schematica
represented in Fig. 8. The inboard side~labeled ‘‘throat’’!
corresponds to the minimum cross section of the duct, w
the outboard side corresponds to the maximum cross sec

FIG. 9. Line plot of the poloidal sonic Mach number along the midpla
showing the transonic discontinuity on the outboard side.

-

FIG. 8. Schematic representation of the magnetic deLaval nozzle.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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If the poloidal flow is subsonic atu50 ~with respect to the
poloidal sound speedCsp5CsBp /B), then it will accelerate
along the duct, reaching the maximum velocity at the in
midplane. If the flow is sonic atu5p, it will be forced to
become subsonic again after the throat, because of the
odicity constraint, and due to the fact that shock-induc
discontinuities along the streamlines are not allowed
equilibrium.7 Under the same token, if the flow is superson
at u50, then it will decelerate along the duct, possibly b
coming sonic atu5p, but then it will be forced to accelerat
er
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again as the cross section increases. It follows that the fl
can only be sonic on the inboard sideu5p and can only be
either ‘‘well’’ subsonic or ‘‘well’’ supersonic on the outboard
side (u50). An interval of forbidden Mach number exist
on the outboard side and a profile ranging from subsonic
supersonic will therefore develop a discontinuity on the o
board side as the flow must ‘‘jump’’ from well subsonic t
well supersonic on a single flux surface.

The analysis in Ref. 7 shows that the solution of Eq.~16!
for a low b, large aspect ratio tokamak can be written as
r~u,C!

D~C!
;12

12M u~C!26A~M u~C!221!212~g11!eL~C!cosu

g11
, ~29!
or
ci-
e

sma
r

n.
-
ere
on

e

where L5@11(12Mw
2(C))2#, and Mw is the quasisonic

toroidal Mach number. This solution is valid up to first ord
in e1/2, wheree is the inverse aspect ratio at the transo
surface. In order to obtain sonic flow at a certain locati
Eq. ~29! must have two coincident solutions, i.e., the qua
tity under square root must vanish. Along a certain magn
flux surface (C5const.), the argument of the square root
however minimum foru5p. If the flow were sonic at any
other angular location, Eq.~29! would clearly have no solu
tion in all the region inboard of that point. This allows
conclude that the flow will be either sonic or supersonic
any angular location, but can be sonic only foru5p.

The outcome of the previous discussion is that a smo
transition between subsonic and supersonic flow is only p
sible at u5p, while everywhere else this can only occ
with a radial discontinuity. More precisely, the discontinu
can be expressed analytically using Eq.~29! and leading to
the following relative jump for the density:

@r#
r
t
2

r s
1

r
.A@eL# r t

cos
u

2
, ~30!

wherer t is the transonic radius. Similar jump conditions a
derived in Ref. 7 for the pressure, flow velocity, and Ma
number.

Equilibria showing the properties herein described c
be computed with FLOW for arbitrary aspect ratio a
plasma shapes. An equilibrium of this kind, with circul
cross section, is shown in Figs. 9–11. Such an equilibrium
computed starting from the following form of the free fun
tions:

B0~C!5B0V1~B0C2B0V!S C

CC
D 3

, ~31!

P~C!5PE1~PC2PE!S C

CC
D , ~32!

D~C!5DE1~DC2DE!A C

CC
, ~33!
,
-
ic

t

th
s-

n

is

M u~C!58M u
maxF C

CC
22S C

CC
D 2G if C<C t ,

16

9
M u

maxS C

CC
1

1

2D S 12
C

CC
D if C>C t . ~34!

It is important to recognize that the free function f
M u(C) is chosen with a parabolic profile with an unspe
fied valueM u

max at the transonic surface. The location of th
transonic surface is defined by the value ofC t , which can be
specified as a fraction of the maximum ofC occurring at the
magnetic axis. Here, we have chosenC t50.25CMAX to en-
force that the transonic surface be located near the pla
edge characterized byCedge50. The value of the paramete
M u

max represents the maximum value ofM u that guarantees
the existence of real solutions for the Bernoulli equatio
When C5C t , M u5M u

max and there are two distinct solu
tions except for a single point on the transonic surface wh
the two solutions merge into one. Such a point is typically

FIG. 10. Line plot ofb along the midplane for a transonic equilibrium. Th
outboard jump occurs at the transonic surface.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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the inboard side atu5p unless the plasma beta is suf
ciently large to cause the ‘‘throat’’ to shift from the inboa
to the outboard side. The value ofM u

max is not known a
priori , and must be determined numerically by incrementa
increasingM u

max until a single root of the Bernoulli equatio
is found. OnceC t and M u

max are known, the plasma can b
divided into an internal region withC.C t and external one
with C,C t . In both regions, the Bernoulli equation exhi
its two distinct solutions corresponding to a subsonic an
supersonic root with respect to the poloidal sound speed.
have chosen the subsonic root in the internal region and
supersonic in the outer one. Obviously, the profile will e
hibit a discontinuity at the transonic surface expect for
single point onC5C t where the two solutions merge.

Figures 9 and 10 contain line-cuts along the midplane
the poloidal Mach number (M sp5Vp /Csp) and of plasma
beta for a tokamak equilibrium with major radiusR053 and
minor radiusa51. Observe that both profiles are clear
discontinuous at the radiusR;3.85 corresponding to the
outboard location of the sonic surface, i.e., the locat
where discontinuities are expected to be largest from the
sults of theory. As expected, the profiles are continuous
the inboard side, where the solution moves smoothly fr
the supersonic to the subsonic branch at the sonic sur
~aroundR;2.3). Figure 11 shows a three-dimensional p
of the density in@m23# emphasizing the modulation of th
discontinuity alongu. The profile is continuous atu5p and
discontinuous elsewhere, with the size of the discontinu
increasing as one moves farther away fromu5p.

The results presented in this section have been obta
by settingMw(C)50, resulting in the minimization of the
toroidal flow. This will give, according to~30!, the maximum
size in discontinuities. In order to better resolve the disc
tinuities, we have also set the grid resolution to 5123512
points.

As a final comment on this paragraph, it is worthwhile

FIG. 11. 3D density plot for a transonic equilibrium showing the dens
jump at the transonic surface.
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spend a few words on the numerical properties of the
equation in this class of equilibria. As widely discussed
the literature, if the MHD approximation is used there is
narrow hyperbolic region for the GS equation close to
sonic surface, as described, e.g., in Ref 24. More precis
assumingb!1 andBu /B!1, it can be shown that the GS
equation is hyperbolic in the range expressed by Eq.~23!.
Direct substitution of realistic values, such as those used
the equilibrium presented in Figs. 9–11, in Eq.~23! shows
that the width of the hyperbolic region in term ofM sp

2 is less
than 0.1% and localized near theM u.1 value. This implies
that even though an elliptic solver is not appropriate to so
the GS equation in the hyperbolic region, the region of no
validity is so small that it does not affect the algorithm co
vergence and the final result is virtually independent of
hyperbolic region. Furthermore, the poloidal Mach numb
profile is discontinuous around the valueM sp51 in most of
the domain, with the exception of the zone on the so
surface aroundu5p. This implies that the hyperbolic regio
is removed from most of the computational domain and c
fined in a very narrow portion nearu50, M sp.1. As shown
in Fig. 8, however, the poloidal Mach number profile
rather steep in its continuous section, and that will make
width of the hyperbolic region extremely narrow in th
physical space. This argument is also strengthened by
fact that the plasmab is very small around the sonic surfac
as shown in Fig. 10. To confirm the validity of this concl
sion, a numerical study has been performed in order to id
tify the presence of a hyperbolic region in the equilibriu
represented in Figs. 9–11. The result of such study is
even with the maximum resolution commonly used in t
code (5123512 grid points!, no hyperbolic region could be
found.

VI. CONCLUSIONS

The effects of plasma flow on axisymmetric plasm
equilibria have been analyzed using the code FLOW. T
code solves the combined Grad–Shafranov–Bernoulli se
equations describing MHD equilibria with flow and finit
pressure anisotropy. Purely toroidal flow is investigated
the context of NSTX-like equilibria where the effects of flo
result in a significant outward shift of the plasma when t
flow velocity is in the range of the sound speed. Other i
portant alterations of the equilibrium profiles are caused
the finite pressure anisotropy causing an inward shift wh
pi.p' and an outward shift whenp'.pi .

The code FLOW is also used to investigate the effects
finite poloidal flow on tokamak equilibria. In particular, w
confirm the analytic results of Ref. 7 indicating that rad
discontinuities develop when the poloidal velocity profi
varies from subsonic to supersonic with respect to the po
dal sound speed. FLOW shows that the solvability of t
Bernoulli equation imposes a restriction on the admissi
values of the poloidal Mach number at any poloidal locati
with the exception ofu5p. Indeed, the flow profile can
smoothly vary from subsonic to supersonic only in the
board portion of the plasma column atu5p while it requires
a finite ‘‘jump’’ at any other poloidal location. The resultin
equilibrium profiles of pressure, density, and velocity exhi
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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a pedestal structure with a discontinuity at the transonic
face where the flow varies from ‘‘well subsonic’’ to ‘‘wel
supersonic.’’

ACKNOWLEDGMENTS

One of the authors~L.G.! would like to thank the
Princeton Plasma Physics Laboratory Theory Departm
and the NSTX team for the assistance provided with
analysis of the NSTX equilibrium data. The authors wou
also like to thank Dr. Gardiner for assisting with the co
development in its early stages.

This work has been supported by the U.S. Departmen
Energy under Contract No. DE-FG02-93ER54215.

1T. S. Taylor, H. St. John, A. D. Turnbullet al., Plasma Phys. Controlled
Fusion36, B229 ~1994!.

2T. S. Hahm and K. H. Burrel, Phys. Plasmas2, 1648~1995!.
3B. P. LeBlanc, R. E. Bell, S. Bernabeiet al., Phys. Rev. Lett.82, 331
~1999!.

4M. Ono, S. M. Kaye, Y.-K. M. Penget al., Nucl. Fusion40, 557 ~2000!.
5R. J. Taylor, J.-L. Gauvreau, M. Gilmore, P.-A. Gourdain, D.
LaFonteese, and L. W. Schmitz, Nucl. Fusion42, 46 ~2002!.

6R. Iacono, A. Bondeson, F. Troyon, and R. Gruber, Phys. Fluids B2, 1794
~1990!.

7R. Betti and J. P. Freidberg, Phys. Plasmas7, 2439~2000!.
8F. L. Waelbroeck, Phys. Plasmas3, 1047~1996!.
9C. Wahlberg and A. Bondeson, Phys. Plasmas7, 923 ~2000!.

10J. P. Graves, R. J. Hastie, and K. I. Hopcraft, Plasma Phys. Contro
Fusion42, 1049~2000!.

11M. W. Kissick, J. N. Leboeuf, S. C. Cowley, and J. M. Dawson, Ph
Plasmas8, 174 ~2001!.
Downloaded 21 Jan 2004 to 128.151.42.222. Redistribution subject to A
r-

nt
e

of

d

.

12R. Betti, Phys. Plasmas5, 3615~1998!.
13S. N. Bhattacharyya, Phys. Plasmas1, 614 ~1994!.
14R. L. Miller, F. L. Waelbroeck, A. B. Hassam, and R. E. Waltz, Phy

Plasmas2, 3676~1995!.
15D. J. Ward and A. Bondeson, Phys. Plasmas2, 1570~1995!.
16M. S. Chu, J. M. Greene, T. H. Jensen, R. L. Miller, A. Bondeson, R.

Johnson, and M. E. Manuel, Phys. Plasmas2, 2236~1995!.
17R. Betti and J. P. Freidberg, Phys. Rev. Lett.74, 2949~1995!.
18R. Fitzpatrick and A. Aydemir, Nucl. Fusion36, 11 ~1996!.
19S. Chandrasekar,Hydrodynamic and Hydromagnetic Stability~Dover,

New York, 1981!, p. 481.
20S. Semenzato, R. Gruber, and H. P. Zehrfeld, Comput. Phys. Rep.1, 389

~1984!.
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