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Numerical study of tokamak equilibria with arbitrary flow
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The effects of toroidal and poloidal flows on the equilibrium of tokamak plasmas are numerically
investigated using the code FLOW. The code is used to determine the changes in the profiles
induced by large toroidal flows on NSTX-like equilibfizzith NSTX being the National Spherical

Torus Experiment, M. Ono, S.M. Kaye, Y.-K.M. Pertjal., Nucl. Fusion40, 557 (2000] where

flows exceeding the sound speed lead to a considerable outward shift of the plasma. The code is also
used to study the effects of poloidal flow when the flow velocity profile varies from subsonic to
supersonic with respect to the poloidal sound speed. It is found that pressure and density profiles
develop a pedestal structure characterized by radial discontinuities at the transonic surface where the
poloidal velocity abruptly jumps from subsonic to supersonic values. These results confirm the
conclusions of the analytic theory of R. Betti and J. P. FreidpBigys. Plasmag, 2439 (2000],

derived for a lowg, large aspect ratio tokamak with a circular cross section2@®4 American
Institute of Physics.[DOI: 10.1063/1.163791]8

I. INTRODUCTION a fast toroidal flow would cause a significant outward shift of

) ) ) the plasma density profile proportional to the square of the

Despite the remarkable improvements in tokamak perafénic Mach numbersee, e.g., Ref.)6A more dramatic

formances with respect to energy transport and macroscopigange in the equilibrium is induced by transonic poloidal
stability properties, tokamak plasmas still present formidablg;,.s in the range of the poloidal sound speed. Note that we
challenges_, in the so-called highregimes. Itis intuitive t.hat define as transonic, an equilibrium with a flow velocity pro-
h|gh-'ﬁ' regimes are very favorgblg for energy prodqctlon byfile varying from subsonic to supersonic with respect to the
requiring relatively low magnetic fields while producing high poloidal sound speed. Indeed, it has been recently shown

power d_ensmes. However, h|gﬂ-reg|mes_are d|ff|_c_glt to d(see Ref. Y that radial discontinuities develop at the tran-
operate in, mostly because of macroscopic instabilities lead- . f here the velocity profile varies from subsonic
ing to the disruption of the plasma column and terminationSonlc surtace w yp . )
. . to supersonic. Both pressure and density profiles develop a
of the discharge. Another challenge for any magnetic con- .
finement device is the one represented by the anomaIOLPsedeStaI structure_wnh a_sharp drqp towards the plasnja_edge
energy transport governing the energy losses through th%nd ashe.a'r Igyer n p.0|0'da| velocity. Those sharp var!at|ons
plasma boundary, which greatly exceed the so-called classi? thg equilibrium profiles are not shocks but contgct discon-
cal predictions based on collisional transport theory. WhethetUities where the total pressure (plasfmaagnetic pres-
driven by magnetic or electrostatic turbulence, anomalouSUres is continuous across the discontintuity. -
transport causes a large increase in the energy losses and Flow modified equilibria will almost certainly exhibit
poses severe constraint on the amount of auxiliary powe?tab'“ty propgrues _d|fferent _from the s_tatlc eqU|I|br|a,_wh|ch
required to heat up the plasma to the high temperatiines neec_i_to be investigated with new klnd_s of n_onv_arlatlonal
the 10 keV rangerequired for thermonuclear ignition. stability codes. There have been some investigations of the
In the last decade, it has been repeatedly observed igffect of plasma flow and flow shear on macroscopic insta-
several device$ee, for examp|e, Refs. 1}_3]at when the bilities such as the intern&RefS. 8—11 and externéF’ls
plasma rotates either toroidally or poloidally, both the energykinks, the ballooning modeiRef. 14, and the resistive wall
transport as well as the macroscopic stability improve sigmode(RWM).****~®Most of this work has been carried out
nificantly. The plasma rotation can be either spontaneous der the case of purely toroidal rotation except for Ref. 11
driven by neutral beam injection or rf heating. The plasma ofvhere the flow is directed poloidally. For the most part, flow
some recent experiments such as the National Sphericghear(both toroidal and poloidalis found to be stabilizing,
Torus Experiment§NSTX) (Ref. 4 and the Electric Toka- Wwhile the bulk toroidal rotation can be either stabilizing or
mak (ET) (Ref. 5 are expected to rotate toroidally and po- destabilizing. While the stabilizing effects of bulk toroidal
loidally, respectively, with large flow velocities comparable rotation are due to the flow induced gyroscopic action
to the sound speed and/or the poloidal Ativepeed. Such the internal kink) and ac wall stabilization on RWNf1>~18
large velocities are likely to induce significant alterations ofthe destabilizing effects are induced by the dynamic centrifu-
the equilibrium configurations because of the large dynamigal force combined with the bad outboard magnetic field

forces and sub—super Alfai/sonic flow transitions. Indeed, curvature(mostly on the external kinké'3. One can specu-
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late that even flow shear, in some instances, may be destabirodel includes finite equilibrium flow velocity in both the

lizing as a result of the Kelvin—Helmoltz instability drive toroidal and poloidal directions, finite pressure anisotropy in

induced by the velocity gradientS.Therefore, one cannot the parallel and perpendicular directions and an adjustable

reach a general conclusion on the effect of flow on plasma&quation of state representing the standard ideal MHD clo-

stability, but needs to carry out a stability analysis on a cassure for isentropic/isothermal flows or the kinetic closure de-

by case basis with realistic flow velocity profiles and with rived from the guiding center constants of motion.

the flow modified equilibria. The basic MHD equations for mass and momentum con-
In this paper, we show the results of a numerical studyservation as well as the equilibrium Maxwell's equations can

carried out with the equilibrium code FLOW developed to be written in the standard form

study fixed boundary equilibria with arbitrary flows. FLOW

solves the Grad—Shafranov—Bernoulli system of equations V-(pv)=0, @)
with a multigrid approach including finite pressure anisot- <

ropy. The code input requires the assignment of a set of free pv-VV=JXB=V-P, 2
functions of the poloidal magnetic flu, which depend on V.B=0, 3)
the so-called closure equation governing the temper@ure

or entropy. Though, FLOW can solve the equilibrium equa-  ©,J=V XB, 4
tion with arbitrary flow, here we focus primarily on toroi-

dally rotating equilibria with flow velocities in the range of VX(vXB)=0, )
the sound speed and poloidally rotating plasmas with veloci- here

ties in the range of the poloidal sound speed. Other interest-

ing equilibria with poloidal velocities in the range of the - - (py—pL)

poloidal Alfven speed will be presented elsewhere. P=p, | +uoABB, A= 11082 ©)

Because of the transonic discontinuities, it is clear, that
the most challenging problem for an equilibrium code is tois the plasma pressure tensor. The closure equation for the
compute equilibria with transonic poloidal flows. To the bestpressure depends on the collisionality regime. Highly colli-
of the authors’ knowledge, only two codes have been previsional plasmas with the ion collision frequency greatly ex-
ously developed to compute compressible axisymmetri€eeding the ion cyclotron frequency are typically described
equilibria with poloidal flow. The codes CLICRef. 20 and by an isotropic pressurep(=p, =p) obeying the standard
FINESSE(Ref. 21 both use a finite element approach and asteady state form of the ideal MHD adiabatic equation
Picard iteration scheme to solve the Grad-Shafranov—
Bernoulli system of equations. The code CLIO was used to V'V—Elézo- 7)
determine the effect of subsonic flow on the Joint European p

Torus(JET) (Ref. 22 equilibria and the code FINESSE was |gtead, collisionless plasmas exhibit large thermal equilibra-

used to compute a variety of astrophysical and laboratory,,, of the temperature along the field lines leading to the
plasma configurations. However, it seems as none of thos@ondition

codes were ever used to study transonic poloidal flows and

associated contact discontinuities. It is possible that those B-VT=0, (8

codes could be easily modified to compute transonic equilib- )

ria and resolve transonic discontinuities, most likely by mi-WhereT is thg plasma temperature, apcand T are related

nor changes to the Bernoulli equations solver. It is Worththrough the ideal gas equation of stgte pT/A, whereA
=m;/(1+Z2). Equations(7) and (8) represent the so-called

mentioning that a set of simplified equilibrium equations CanMHD | q b i ved he fi loci
be derived by assuming poloidal flow incompressible, and by closure and can be easily solved once the tlow velocity

introducing a vorticity function, as shown in Ref. 23 in the andDmff;lgnetlc 1;|eld are dete_rmmed. q b di _
contest of stellarator equilibria. While relevant to large as- fiierent closure equations need to be used In aniso-

pect ratio stellarators, incompressible equilibria are not inter"OPiC collisionless plasmas. In this case, the parallg) (

esting for tokamaks, where the effects of compressibilityand perpendicularT, ) temperatures are not equilibrated and
need to be retained two closure equations are needed. In this paper, the aniso-

The present work is organized as follows: In Sec. I, thelropic equilibria are only considered in combination with

model and general equations are described. Details on tr%"e'Y toroidal rovy, without a poloidal cqmponent n Fhe
numerical solution are contained in Sec. Ill, while Sec. IvVelOCity. For a toroidally rotating plasma with a Maxwellian
distribution function depending on the guiding center con-

illustrates the results of equilibrium calculations in the pres- ) ! ;
ence of purely toroidal flow and plasma anisotropy. In secStants of motion, the parallel temperature Is uniform along
V, results are given for equilibria with poloidal flow and the the flux surfaces, and the perpendicular and parallel tempera-

development of discontinuous profiles. tures are related as indicated belbw:

T=Ty(V), T,~Ty(¥)

Il. GENERAL EQUATIONS B-O(WV)T(V)’ ©

We consider an axisymmetric toroidal plasma describedvhereB=|B| and, T ,(¥) and® (V) are free functions of the
by the ideal magnetohydrodynami¢®HD) model. The poloidal magnetic flux¥, which is an approximate constant
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of motion. The parallel and perpendicular pressures are rdake theB component of the momentum equation, which
lated to the corresponding temperatures through the standaadter a straightforward calculation yields the well known

relation Bernoulli equation
= - 1 [®(W)B]? 1
p=nT(¥), p.=nT,, (10 ﬂ[ (p) SIRQWPHW=H(Y), (19
0

wheren is the particle density. Equatiort8) and(10) repre-

sent the so-called kinetic closure appropriate for high temwhereH (V) is a free function of andW=W(p,B, V) is

perature anisotropic plasmas. the enthalpy functiofi,which depends on closure equations
We use the standard set of cylindrical coordinateselating pressure, density, and temperature. Depending on the

(R,¢,2), whereR is the major radius of the torug the  choice of the closurgEgs.(7) and(8) for the MHD closure

toroidal angle, and the height above the midplane. Under and Eqs(9) and(10) for the kinetic closurg one can derive

the assumption of axisymmetry, the magnetic field can béhe following expressions foN:

decomposed in a toroidal and a divergence free poloidal

component8=B &, +B,. The latter is expressed in terms WMHDZLS(‘P)py_l, a7
of the poloidal flux gradient according to the well-known =1
relation Wt g PIBTOTI(W)]
Ve, k=Ty(¥)In D(V)B : (18
Bp= R ) where D(W) is a free function characterizing the plasma

density as defined later in ERD).
It is important to observe that/ depends onV through
free functions likeS(¥) for the MHD model and® (W) for
the kinetic model. It follows that even thoudti is in general
(V) a function ofp, ¥, andB [W=W(p,¥,B)], its ¥ depen-
= B+RQ(V)8,. (12 dence can be arbitrary. It is worth mentioning that the kinetic
\/EP form of the enthalpy(18) is only correct for equilibria with-

Here®(V¥) andQ (W) are two free functions o¥ describing g:hﬁgﬁf\?\)n}?‘oﬁb\i’:ﬁs ;T:WMpggefﬁ]rsmln 's applicable to

(v, Observe that E12) incioates that the poloical come TS Xt Step s 1o take U components of the mo-
Y. P mentum equatioii2) in order to derive the Grad—Shafranov

Foorgijnatl %Ltmheofmt?:Ze?udnscggﬁlzilzgg f:;lf&))_wmle the equation for the poloidal magnetic flux. Adopting the MHD
P ' closure(14), one can rewrite the G—S equation that after a

whereV is the poloidal flux. A simple manipulation of Fara-
day’s law[Eg. (5)] yields the following relation for the equi-
librium flow in terms of a parallel and a toroidal component:

lengthy algebraic manipulation can be cast in the following
UPZ@BD, %:q)(qf) B,+RQ(V). (13 convenient forn?*
Viop Vrop

It is interesting to observe that a toroidal plasma cannot sus- V-
tain a purely poloidal flow, since the exchange of momentum

) (V\P) B, dR(¥) v-B dd(W)
=MW\ RZ 1=~ R ~qw _\/E dw

between the plasma and the magnetic field leads to a finite dQ(¥) dH(P)
toroidal velocity as well. Even though, one could choose the —Rpv, -p
i . e ) dwv dw
free functions® and () in order to minimize the toroidal
component of the flow, it is not possible to construct them in p? dS
such a way to render the toroidal flow exactly zero. The flow * y—1dv’ (193
velocity components in Eq13) can be used to solve the ) o _ o
MHD closure equation§7) and (8), leading to where the right-hand side is a linear combination of all the
free functions, ancM,ipE 2(W)/p represents the poloidal
p=S(¥)p?, (14  Alfvénic Mach number. Similarly, one can include the effect

. ) _ of finite anisotropy by adopting the kinetic closure E(®,
whereS(V) is a free function ofV, representing the plasma (1) and (18). Since the kinetic closure is derived in the

adiabat fory=5/3 and the plasma temperature for=1.  5pqence of poloidal flow, we s€t(W)=0 and rewrite the
Taking the&, component of the momentum equation 5_g equation in the following forr:

and using the axisymmetric properties of the equilibrium

leads to the following expressibifor the toroidal field: \A4 dTy(¥) B, dF(¥)
VA MR =P e TR v
2
5 ro P~ VBRER(V)Q(W) s
¢ 1-D3(W)/p—A ’ —vawd%f) _pdl;leP‘I')
whereF (W) is a free function of¥. Equation(15) reduces
to the standard forr8 ,R=F(¥) in the absence of poloidal tp IWy (19

flow (®(W¥)=0) and anisotropy4 =0). The next step is to ov’
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TABLE I. Physical meaning of the “intuitive” free functions. TABLE II. Relation between the two sets of free functio. is the posi-
tion of the geometric axis of the plasma.
Function Physical meaning
- Function Definition
D(¥) Density
P(¥) Isotropic pressure F(WP) RoBo(WV)
Pi(#) Parallel pressure M (V)
PL(#) Perpendicular pressure d(Y) VYP(W)D (V)5 )
Bo(¥) Toroidal component of the magnetic field 0
M (#) Toroidal sonic Mach number Q) /7 P(W) My(¥)—My(P) [Pi(W) M (W)
M (%) Poloidal sonic Mach number D(¥) Ro ' D(¥) R
PW) ([ 1 1
Hunp (V) yW(E+MH(W)M¢(W)—EM§(W))
_ o _ Hery  POD( DB -OWRW 1,
where the partial derivative ofV, with respect to¥ has K DY) DBy ) — M)
been taken at constaptandB. Observe that the equilibrium ow) P, (¥)—P,(¥) D(¥)By(¥)
model has been reduced to a system of three equations, a P.(V) Pi(W)
PDE (19) and two algebraic equation45), (16). This sys- T.(7) P,(P)
tem can be solved numerically once the free functions ' D(¥)
P(¥)

F(V), HW), Ty(¥), 6), Q) W)

(20) S(¥) [D(W)]

have been assigned.

Although the implementation of the problem in a nu-
merical solver is at this point relatively straightforward, the
definitions of the free functions are so far not intuitive. Equi-

fields profiles instead afl(V), ©(F), $(V), etc. However, sented in the following have been obtained with a grid of

one needs to recognize that n _the presence .Of flow and/ozsex 256 points. Convergence is defined with a condition on
anisotropy, the pressures, densities and velocities are not frt-{,-

. . X . fie residual of equatio19). In each iteration Eq(19) is
funcnon; an(zhcafnnott_be rgaqny ZSS'?ned' Folltowmg Ref. t7solved using an over relaxation method with a red—black
we combine the function&20) in order to generate a new se .algorithm. Equatior(19) is the only one requiring a bound-

of free functions Fh"?‘t are associated with .thef deswed_varléry condition for its solution. For fixed boundary equilibria,
ables. The association is based on the principle that in th

T o o . $ve setw = constant on the boundary and determine the value
limit of vanishing flow and infinite aspect ratio, tHaew)

. . ) of ¥ on the magnetic axis iteratively. Equati¢tb) does not
free functions exactly reproduce the desired variables. Thﬁose any particular challenge, and can be solved by standard
advantage of this approach is in the fact that the free funcfnethods Due to its algebrak,: nature, E6) can also be
. e _ Solved with a direct solver at each iteration. More precisely,
commonly used to describe standard equilibrium conﬂgura(;:1 combination of the Newton—Raphson and bisection meth-
tions. In the following, this set of free functions will be as- ods is used to accomplish the task
signed as input instead of the ones(20). The free functions representing the quasivariables of

Ip ordgr to include anisotropic pressure, oné more freel’able | are assigned as input parameters. If the MHD model
function with respect to the ones defined in Ref. 7 will beiS used, then the input free functions are

needed. In particular, quasipressure will be replaced by two
quasipressures, a parallel and a perpendicular one. The com-
plete list of free functions used as input to the code, and their

physical meaning is contained in Table I. The relation of the ] ] . . o )
new free functions to those i{20) is shown in Table Il. For epresenting a guasidensity, quasipressure, quasisonic poloi-

the kinetic closure the analysis has been restricted to the cadg! Mach number, quasisonic toroidal Mach number, and
with purely toroidal flow. quasitoroidal field, respectively. If the kinetic closure is used,

the quasiparallel B ,(¥)) and perpendicular pressures

(P, (¥)) need to be assigned instead of the isotropic pres-
Ill. NUMERICAL SOLUTION sureP(W). Such free functions are intuitive and can be eas-
ily assigned as input to the code for describing standard to-
(ij,amak equilibria. However, since the numerical solution is
Simplified by adopting the less intuitive functio$(WV),

D(V¥), P(¥), My(¥), My (¥), Bo(¥),

The code FLOW uses a multigrid approach for solving
the equilibrium equations. The algorithm can be summarize

as follows: O(V), V), S(¥), OW), T,(V), F(¥) in the implemen-

(1) The Bernoulli equatiori16) is solved forp. tation, the equations in Table Il are used in the code for the

(2) The Grad—Shafranov equatigh9) is solved forp. conversion between free functions.

(3) If the system is anisotropic, Eq15) is solved for the Notice that if the flow is purely toroidafi.e., (V)
toroidal component of the magnetic fiel], . =0, My4(¥)=0] the Bernoulli equatior{16) is trivial, and
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can be solved analytically at each iteration leading to the Some numerical difficulties in the code convergence
following explicit form of the density depending on the se- may arise when dealing with large poloidal flows in high
lected closure beta plasmas. Indeed, when the poloidal sonic Mach number
Mgy=v,/Cgpis in the range

pK:DE BO__@T"‘ el(RP-RO)Q2)/2T) 1 B, B2
1 —1DJY"1 2y 7 ; o
purp=D| 1+ = (R~ R2) 02 y—v then the Grad—Shafranov—Bernoulli system becomes hyper-
MHD 2 0 y P bolic and the elliptic solver used in FLOW may not con-

) o ] ] verge. Hereﬁ7=,u0yp/B2 is assumed to be smaller than
As described earlier, if there is a poloidal component of the,nity. Based on our past experience, we find that the numeri-
flow, then Eq.(16) needs to be solved numerically. In this 4| gigorithm is convergent as long as the hyperbolic region
paper, we focus our attention on relatively slow poloidalig gficiently small requiring thagB%B2<1 as indicated
flows_W|th a flow velocity smaller t_han the p0I0|d_aI A[fne by (23). When the hyperbolic region is small and the algo-
velocity. Such flows are characterized by a poloidal Atfve (iihm is convergent, we expect the code results to be correct

Mach number less than uniyMa,<<1 where Map,  except inside the small hyperbolic region where the magnetic
:”_pW/Bp andBy is the poloidal component of the mag- fie|d could develop weak discontinuities proportional 4o
netic field. Furthermore, poloidal flow is considered only This conclusion is based on a singular perturbation analysis
within the MHD framework and the Bernoulli equation is qf the equilibrium equation suggesting that the elliptic solu-
Eq. (16) with W=Wyyp . The roots of the Bernoulli equa- +{jon found with FLOW would provide the so-called outer
tion yield the plasma density which can be bracketed ac- anq zeroth-order solution of the problem while the hyper-

cording to the following inequality: bolic corrections would only appear in the high@morder
\/T S 1]U D terms and be confined in the small hyperbolic region.
o(2H T RZ0Z) P }

vS
that can be easﬂy derived frorr_1 E6) and the def|n|t|9n of In this section, we use the code FLOW to compute axi-
Wuhp - In the interval so defined, there can be either no,

. : symmetric equilibria with pressure anisotropy and toroidal
sub-Alfvenic roots, 2 roots, or a single double root. In the g0 "\ it applications to NSTX. The poloidal flow is ne-

first case, the poloidal flow is too fast, and must be reduced, . ;.4 by settingVl ,() =®(W¥)=0. Because of its high

in order for“sub-A,I,fveuc roots to exist. When tV_VO roots are betas, large fast-particle population and large toroidal veloci-
foun“d_, th? heavy” root corresponds to s_ubsonlc _ﬂOW’ Whlleties, the NSTX plasma is an ideal configuration to study
the "light rogt corresponds to supersonic flow with respect these effects on the equilibrium. Because NSTX data analy-
to the pplmdal sound speed,,=C.B,/B, where Cq sis is typically carried out using available equilibrium and
=V 7P/p is the sound speed. Clearly, the two roots becometransport codes such as PEGRef. 25, EFIT (Ref. 26, and
coincident if th? conS|der_ed point is on a transonic SurfaceI'RANSP(Ref. 27 which do not include toroidal rotation, it
whgre the poloidal \(elocny_vgrles fro.m supsonlc to supersq likely that the code FLOW, described here, would benefit
Sonic. Since trqnsomc equilibria are dlscontlnluathse Ber  the NSTX work by retaining the effects of both pressure
noullllsolvgr will need to perform the following tasks for anisotropy and plasma rotation and could be used in combi-
each iteration: nation with TRANSP to take into account the changes of the
(1) Identify the grid point where the 2 solutions (if6) are  equilibrium induced by finite rotation.
closest, and adjust the poloidal rotation velocity untii A quantitative analysis is performed by numerically
they are closer than a specified tolerance. solving the equilibrium problem for an NSTX-like configu-
(2) Make sure that16) has solutions in all grid points, vary- ration including rotation and anisotropy. The free functions
ing the poloidal flow until the condition is satisfied. ~ of ¥ used in the numerical study are power laws of the
poloidal flux approximating realistic NSTX equilibria. The
After identifying the point where the Bernoulli equation free functionD (V) representing the density has been chosen
is degeneraté.e., where the 2 solutions are coincidgrthe  to exhibit a rather flat profile while the parallel pressure is
computational domain will be separated in two regions. Inapproximated with a fairly peaked function as shown below:
the inner region, the flow is assumed to be subsonic, so the g\ 01
“heavy” solution will be used. The outer region is assumed  p(y)=DE+(D°— DE)(—> , (24)
to have supersonic flow, so the “light” solution will be cho- v,
sen. A similar type of equilibrium could be found with the 3
opposite assumptiofsubsonic outer region and supersonic P|(\If)EP|E+(P?—PE)(q,—) . (25
inner region, but this looks less interesting from the physical ¢
point of view, as the sound speed vanishes at the plasma edgkere V.. is the value of¥ at the magnetic axis, and the
and supersonic flow is more likely to develop near thesuperscript& andC denote the values at the plasma bound-
plasma edge instead of the plasma core. ary and magnetic axis, respectively. The pressure anisotropy

1
( H+ 3 R292>
(22 V- FLOW RESULTS FOR EQUILIBRIA WITH
PRESSURE ANISOTROPY AND TOROIDAL FLOW
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FIG. 1. Density shift for varying toroidal flow in an isotropic NSTX-like FIG. 2. Density profile shift in a static plasma for varying anisotropy for an
plasma. NSTX-like equilibrium: =0 (diamond$, o=0.5 (squares o=1.0
(circles.

is included by varying the constant facterin the definition  creases, the plasma is squeezed against the outboard side of
of the free functionP, (V) describing the perpendicular the boundary. Since the boundary itself is fixed, this will

pressure result in higher peaks and steeper gradients of the density
P,(T) profile in the outboard region of the plasma. The shift be-
P (V)= Epee (26) comes large when the flow is about sonic. It is worthwhile to

emphasize that the changes in the equilibrium profile pro-
When needed® and DE are adjusted to keep the plasma duced by the presence of toroidal flow are only quantitative,
mass constant. Similarl2| and P{” are also adjusted when and not qualitative. This also means that there is no dramatic
the total energy needs to be conserved. We first focus owhange in the equilibrium properties as a purely toroidal flow
attention on the effects of rotation. Figure 1 shows a series ajoes from subsonic to supersonic. It should also be remem-
equilibria computed with the code FLOW assigning an in-bered thaﬂ\/I; only approximately represents the maximum
creasing rotation as input for the code. The toroidal sonicvalue of the sonic Mach number in the plasma, and that the
Mach number is approximated with the following analytic actual Mach number will be more and more different from
function representing a velocity profile that is peaked in thethe free function of¥ as the flow increases. Indeed, in the
center of the plasma column and nearly vanishes at the edgepresented equilibrium witmg equal to 1, the actual maxi-
v 0.2 mum Mach number is about 1.5. This means that the equi-
_+o_01) , (27 libria shown in Fig. 1 do actually include both subsonic and
b4 supersonic flow equilibria.
whereM° approximates the sonic Mach number at the mag- ~ Another interesting feature that can be analyzed with the
netic axis. The flow velocity is varied by increasing the pa-code FLOW is the effect of pressure anisotropy on the equi-
rameterM¢, from subsonic to supersonic values. When perdibrium (see Fig. 2 As described in Ref. 6, the effect of
forming this analysis, some care must be used in the choicanisotropy on the density profile is to increase the outward
of the free functions of¥. In particular, since the plasma shift of the density if3,<3, and to decrease it i8> 8, .
total mass is not an input variable, a control must be perThis is qualitatively expressed by the following expression
formed in order to make sure that the same amount of mag¥ the density shift:
is contained in the plasma for all cases. A few iterations on p B,
the definitions of the free functions allowed to conserve the —= ( 1- ) (29
plasma mass within an erre2%. Bi
The most dramatic consequences of an increasing rotavhered indicates a differential along the field lines, a8,
tion frequency is the growing shift of the density profile are parallel and perpendiculgt
towards the outward region of the plasma column. In Fig. 1,  As anisotropy is varied, some care needs again to be
the output of FLOW Wheri\/lfo is varied from 0 to 1 is used in order to guarantee that the total energy of the plasma
shown. The picture consists of a line-cut along the midplanés kept constant for all cases. This is again performed with a
of the density profile, showing an increasing shift of the denfew iterations on the definition of the free functions Bf
sity peak with increasing rotation velocity. In particular, we ensuring a variation of both total mass and enetgg%.
observe that a relatively slovisubsoni¢ rotation does not The anisotropy is increased from an isotropic caBg('¥)
produce a large variation of the profile. As the rotation in-=P, (¥)) to a case withP (¥)=2P, (V) and the param-

M (¥)=M
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FIG. 3. Density shift in an NSTX-like plasma with toroidal flow for varying

FIG. 4. Contour plot of magnetic surfaces in an NSTX equilibrium.
anisotropy:oc =0 (squares o= 0.5 (circley, o= 1.0 (diamonds. P 9 q

one has been obtained with the same input for all free func-

etero=((P,("V)— P, (V))/P,(¥) has been used as a mea- yj,nq ¢ the toroidal rotation, which has been set to 0. Figure
sure of the anisotropy. In obta_unlng the results shown in Fi96 shows the line plot of the density for the two equilibria
2, the value oo has been varied between 0 and 1, while N0y ang without rotation, indicating a significant flow-

flow is i_ntroduced into the system. Details on fche a_nalyticinduced shift of the profile peak. Finally, Fig. 7 shows a line
expression of the free functions have been given in EdSyiot of the toroidal velocity along the midplane, with the
(24)—(26). In agreement with the prediction of theory, an oo velocity corresponding to a sonic Mach number of
increasing value ofr produces an increasing inward shift of _5 g 1he plasma shape in this equilibrium is the same that

the density profile. has been used for the other equilibria in this same section,

. Comparing Figs. 1 and 2, it is apparent that strong anyng constructed to closely reproduce the NSTX data.
isotropy (0~0.5—1) has an effect on the density profile of

thfa same order of that of a _rr_10(_jerate flow. In order to_ conﬂrn‘v EQUILIBRIUM WITH POLOIDAL FLOW
this, we can compute equilibria where flow and anisotropy
are present at the same time. We select the equilibrium with Because of the presence of profile discontinuities and
M¢=0.5 shown in Fig. 1, and gradually increase the anisothyperbolic regions, equilibria with poloidal flows are par-
ropy, again varyingr from 0 to 1. In the same way as before, ticularly challenging from the numerical point of view. Since
total energy and mass in the plasma are kept constant with groloidal flows are typically damped in tokamaks by the neo-
error <2%. The resulting equilibria are shown in Fig. 3. classical poloidal viscosity, a steady flow needs to be driven.
Again, a line plot of density VR is presented in the picture.

It can be clearly seen that in this case an intermediate anisot-

ropy (c=0.5) completely balances the effect of toroidal ro- F ' _m 'l""-\ 3
tation, while a larger anisotropyo(=1) results in a net in- 0.07 L Flow ™ B E
ward shift of the density profile. 0.06F /-’ S

The ability of the code to solve equilibrium problems UE A 3 ]
with both macroscopic flow and pressure anisotropy suggests 0.05 £ la No Flow '\ i
that FLOW can indeed be used to compute equilibria rel- : Ia /._._._.__.—o—‘*o\'\ ]
evant to real experiments. Although this use is stillina pre- g4 F /'./’ % -
liminary phase, the result of such an equilibrium calculation, r 4 °f ]
relative to the NSTX machine, is shown in Figs. 4—7. This 003F & % 1
equilibrium has aspect ratio 1.5 and ellipticity~1.9. Here ' § 9
all free functions of¥ have been obtained from data pro- 0.02 ¢ 1.4 e
vided by the NSTX team. In the considered equilibrium, to- . .i:
roidal flow and anisotropy are included, and the kinetic clo- 0.01 ;_1’1 ';;
sure has therefore been used to compute this equilibrium. .,‘ N R 4

Figure 4 shows the contour plot of the magnetic fiix 0 0.5 1.0 1.5
while Fig. 5 shows the line plot of the magnetic fi¥xvs the R (m)

major radius of the plasma for two equilibria. The first one

TC6332

(labeled “Flow”) has. been. comput-ed with t_he input defined FIG. 5. Comparison of magnetic flux line plots along the midplane with and
by the NSTX data, including toroidal rotation. The secondwithout flow in the same NSTX equilibrium.
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- R (m) the poloidal sound speed. It is shown in Ref. 7 that such

flows exhibit radial discontinuities in the pressure, velocity,
FIG. 6. Comparison of density line plots along the midplane with and with-and density profiles at the flux surface where the flow be-
out flow in the same NSTX equilibrium. . L . e

comes transonic. The relative jumps in the equilibrium quan-

tities scale as~ /e, wheree=r,/R, is the inverse aspect

Different driving mechanisms have been proposed in reced@tio of the transonic surface. The origin of the discontinuous
years(see, e.g., Refs. 28—8and detailed calculations of the behavior at the transonic surface can be explained using the
neoclassical viscosity have been carried out in the differenfo!lowing simple gas dynamics considerations for a low-beta
flow regimes(see Refs. 31 and 32lt is worth mentioning large aspect ratio torus with a circular cross section and a
that neoclassical theories in the supersonic flow regimeBoloidal flow directed counterclockwise in th&) plane.
have shown that the viscosity decreases as a power law of N Such a toroidal plasma, because of the frozen-in law,
the Mach numben/ngpz when the poloidal velocity ex- t\_N(_) a:jjacept f_qu surfaces can t_)e thought qf as_the walls qf a
ceeds the poloidal sound spedd §>1). This finding sug- rigid “duct,” with the cross section decreasing in the poloi-
gests that supersonic flows can be more easily driven thaf@ d|rect|011fiom the outer midplan&¢-0) to the inner
subsonic ones. Equilibria with a poloidal velocity below the Midplane ¢== ). In other words, the projection on the
poloidal sound speed are only weakly affected by the flowR:2) plane of the streamlines coincides with the same pro-
and therefore not particularly interesting for an in depthjectlon of the_ qu>_< surfaces._Th|s situation is schematically
analysis of their equilibrium characteristics. Far more inter/€Presented in Fig. 8. The inboard sidabeled “throat’)
esting are the moderately fast flows with a poloidal velocityCOT€SPonds to the minimum cross section of the duct, while
profile ranging from subsonic to supersonic with respect tghe outboard side corresponds to the maximum cross section.
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FIG. 7. Line plot along the midplane of toroidal velocity in an NSTX FIG. 9. Line plot of the poloidal sonic Mach number along the midplane
equilibrium. showing the transonic discontinuity on the outboard side.
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If the poloidal flow is subsonic a#=0 (with respect to the again as the cross section increases. It follows that the flow
poloidal sound spee@s,=C4B,/B), then it will accelerate can only be sonic on the inboard side- 7 and can only be
along the duct, reaching the maximum velocity at the innerither “well” subsonic or “well” supersonic on the outboard
midplane. If the flow is sonic af= 1, it will be forced to  side (#=0). An interval of forbidden Mach number exists
become subsonic again after the throat, because of the peon the outboard side and a profile ranging from subsonic to
odicity constraint, and due to the fact that shock-inducedsupersonic will therefore develop a discontinuity on the out-
discontinuities along the streamlines are not allowed aboard side as the flow must “jump” from well subsonic to
equilibrium! Under the same token, if the flow is supersonicwell supersonic on a single flux surface.

at 6=0, then it will decelerate along the duct, possibly be-  The analysis in Ref. 7 shows that the solution of Ed)
coming sonic ap= r, but then it will be forced to accelerate for a low 3, large aspect ratio tokamak can be written as

p(0.%)  1-M (P2 (M y(P)2—1)2+2(y+1)eA(V)cosh

D(V) Y+ 1 ’ 29
|
where A =[1+(1-MZ2(¥))?], and M,, is the quasisonic S V2]
toroidal Mach number. This solution is valid up to first order ~ My(V)=8M ;™) 7 —2| F— if T<W,
in €2, wheree is the inverse aspect ratio at the transonic ¢ ¢
surface. In order to obtain sonic flow at a certain location, 16 /¥ 1 v _
Eg. (29 must have two coincident solutions, i.e., the quan- §M0 \II_C+ 2 1- Ve if w=v,. (34)

tity under square root must vanish. Along a certain magnetic
flux surface ¢ =const.), the argument of the square root is
however minimum ford= . If the flow were sonic at any

It is important to recognize that the free function for
M () is chosen with a parabolic profile with an unspeci-

other angular location, Eq29) would clearly have no solu- fied Va“_JeM 5 at _the tr_ansonic surface. The Io_cation of the
tion in all the region inboard of that point. This allows to trans_qnlc suriace IS defined by th(_a valuelqf, Wh".:h can be
conclude that the flow will be either sonic or supersonic atsPeC'f'e.d asa fraction of the maximum gfoccurring at the
any angular location, but can be sonic only o+ . magnetic axis. Here, we have chosgg=0.25¥ yax to en-

The outcome of the previous discussion is that a smootltnorce that the transonic surface be located near the plasma

transition between subsonic and supersonic flow is only pos@drgg( characterized bye"g_e: 0. The value of the parameter
represents the maximum value Mf, that guarantees

sible at /=, while everywhere else this can only occur h0 ; : | soluti for th li :
with a radial discontinuity. More precisely, the discontinuity (€ €xistence of real solutions for the Bernoulli equation.

— _ max H
can be expressed analytically using E29) and leading to When\lf—\lftf, M= M|0 and therr]e are tWO_d'St'?Ct So“ﬁ'
the following relative jump for the density: tions except for a single point on the transonic surface where

the two solutions merge into one. Such a point is typically on
.
r
[p] 2

th \/[eA]rt cosg, (30

wherer is the transonic radius. Similar jump conditions are
derived in Ref. 7 for the pressure, flow velocity, and Mach 031
number. I

Equilibria showing the properties herein described can
be computed with FLOW for arbitrary aspect ratio and

plasma shapes. An equilibrium of this kind, with circular 0.2 ]
cross section, is shown in Figs. 9—11. Such an equilibrium is I 1
computed starting from the following form of the free func- |
tions: 1
0.1 .
) 3 L i
Bo(W)=Bgy+(Boc—Bov) ( ‘If_> : (3D |
c
N 0.0 L AP I RETERT B B . |
P(W)=Pg+(Pc— PE)(\[T) , (32 2.0 2.5 3.0 35 4.0
¢ R (m)
TC6337
4
D(V)=Dg+(Dc—Dg) \/ 5 (33 FIG. 10. Line plot ofg along the midplane for a transonic equilibrium. The
\I’C outboard jump occurs at the transonic surface.
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spend a few words on the numerical properties of the GS
5.9 % 1019 equation in this class of equilibria. As widely discussed in
the literature, if the MHD approximation is used there is a
narrow hyperbolic region for the GS equation close to the
sonic surface, as described, e.g., in Ref 24. More precisely,
assumingB<<1 andB,/B<1, it can be shown that the GS
equation is hyperbolic in the range expressed by £8).
Direct substitution of realistic values, such as those used for
the equilibrium presented in Figs. 9-11, in E83) shows
that the width of the hyperbolic region in term mgp is less
than 0.1% and localized near tie,=1 value. This implies
that even though an elliptic solver is not appropriate to solve
the GS equation in the hyperbolic region, the region of non-
validity is so small that it does not affect the algorithm con-
vergence and the final result is virtually independent of the
hyperbolic region. Furthermore, the poloidal Mach number
— : profile is discontinuous around the vali¥e,,=1 in most of

the domain, with the exception of the zone on the sonic

2.9x 1019

7.6 x 1017

TC6338 surface around= . This implies that the hyperbolic region
FIG. 11. 3D density plot for a transonic equilibrium showing the density '§ rem_oved from most of the computational domain and con-
jump at the transonic surface. fined in a very narrow portion ne#=0, Mg,~1. As shown

in Fig. 8, however, the poloidal Mach number profile is
rather steep in its continuous section, and that will make the

the inboard side at= unless the plasma beta is suffi- width of the hyperbolic region extremely narrow in the
ciently large to cause the “throat” to shift from the inboard physical space. This argument is also strengthened by the
to the outboard side. The value MY* is not knowna  fact that the plasmg@ is very small around the sonic surface,
priori, and must be determined numerically by incrementallyas shown in Fig. 10. To confirm the validity of this conclu-
increasingM 3 until a single root of the Bernoulli equation sion, a numerical study has been performed in order to iden-
is found. Once¥, and M} are known, the plasma can be tify the presence of a hyperbolic region in the equilibrium
divided into an internal region witd’ >W¥, and external one represented in Figs. 9—11. The result of such study is that
with ¥ <W,. In both regions, the Bernoulli equation exhib- even with the maximum resolution commonly used in the
its two distinct solutions corresponding to a subsonic and &ode (51X 512 grid point$, no hyperbolic region could be
supersonic root with respect to the poloidal sound speed. Wound.
have chosen the subsonic root in the internal region and the
supersonic in the outer one. Obviously, the profile will ex- VI CONCLUSIONS
hibit a discontinuity at the transonic surface expect for the  The effects of plasma flow on axisymmetric plasma
single point on¥ =W, where the two solutions merge. equilibria have been analyzed using the code FLOW. The

Figures 9 and 10 contain line-cuts along the midplane otode solves the combined Grad—Shafranov—Bernoulli set of
the poloidal Mach numberMs,=V,/Cg) and of plasma equations describing MHD equilibria with flow and finite
beta for a tokamak equilibrium with major radiRg=3 and  pressure anisotropy. Purely toroidal flow is investigated in
minor radiusa=1. Observe that both profiles are clearly the context of NSTX-like equilibria where the effects of flow
discontinuous at the radiuR~3.85 corresponding to the result in a significant outward shift of the plasma when the
outboard location of the sonic surface, i.e., the locatiorflow velocity is in the range of the sound speed. Other im-
where discontinuities are expected to be largest from the reportant alterations of the equilibrium profiles are caused by
sults of theory. As expected, the profiles are continuous otthe finite pressure anisotropy causing an inward shift when
the inboard side, where the solution moves smoothly fronmp,>p, and an outward shift whep, >p,.
the supersonic to the subsonic branch at the sonic surface The code FLOW is also used to investigate the effects of
(aroundR~2.3). Figure 11 shows a three-dimensional plotfinite poloidal flow on tokamak equilibria. In particular, we
of the density iflm~3] emphasizing the modulation of the confirm the analytic results of Ref. 7 indicating that radial
discontinuity alongd. The profile is continuous &= and  discontinuities develop when the poloidal velocity profile
discontinuous elsewhere, with the size of the discontinuityvaries from subsonic to supersonic with respect to the poloi-
increasing as one moves farther away frém . dal sound speed. FLOW shows that the solvability of the

The results presented in this section have been obtaind8ernoulli equation imposes a restriction on the admissible
by settingM ,(¥) =0, resulting in the minimization of the values of the poloidal Mach number at any poloidal location
toroidal flow. This will give, according t630), the maximum  with the exception ofd=. Indeed, the flow profile can
size in discontinuities. In order to better resolve the disconsmoothly vary from subsonic to supersonic only in the in-
tinuities, we have also set the grid resolution to 812  board portion of the plasma column @&t 7 while it requires
points. a finite “jump” at any other poloidal location. The resulting

As a final comment on this paragraph, it is worthwhile to equilibrium profiles of pressure, density, and velocity exhibit
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