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Continuous-, derivative-, and differentiable-restrictions
of measurable functions
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Jack B. Brown [Auburn, Ala.)

Abstract. We review che known facts and establish zome new rezultz concerning
continuons restrictions, derdvalive resteiebions, and JiTereotioble-resteielions of Lebesgue
measnrable, univerzally measurable. and Marceewski measnrable tunctione, as well as
funections wiich bave the Baire properties i che wide and restricted senses. We alzo
disrnss some known examples and present a nomber of new caomples Lo show chial Lhe
theorems are sharp.,

1. Introduction. “Measuralilily™ means measurability with respect to
e o Lhe sr-alpebras:
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where U = the Borel sets and &7, L, and (5) represcent Lhe universally messor-
able, Lebesgue measurable, and Marcacwski measurable sels, resecLived v,
H, represents the sets with the Baire properly (restricted sense) and B,
reproesenis The seis wich the Baire properly (widde sense). The classes B
[0 By, and Booare well konown and delinibions can be found in 1ﬂ|_, and
elsewhere. A& ol M o2 L7O0 M s measurable with respect to the completion
ol every Borel measore on the space [13]0 A et A = {8} if every perfoct
submet of the space has a perfect subset which is a subset of or misses A
(gee | LA and [19]). The propervies I¥, 17, {4}, T, and T, hove meaning in
any complete separable metric space without isolated points, and L has s
nsual meaning in the reals, k. A will be used to denote Lebesgue measure.

The o-ideals associated with Lhese o-alpgebeas are Lhe countalle sets.
the universal nall sets, G,y the Lebesgoe noll serss Ly vhe Maresew<ki ngll
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sots, (&) the perlectly meagre or always first category sets, AFC, and
the first category sets, PO The g-uleals consist of the sets, cvery subset
of which belomps to the corresponding o-algebra, and these classes arc of
conrse related as follows:
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2. Lebesgue measurable functions. The best known thecrem of the
tvpe we are inberested in is the following:

THROREM 1. If [ & — £ 45 L-measurable, then

1) there exists @ non Ly set M (indeed, for every & = 0, there erists A
with MMT) < 2) sueh that flM is continuous |12,

DY there episls o co-fyy sel M oand o continuous (e.e. differentioble) o
E — T such that A — FY|A [13].

31 there exists a perfect set ' such that [|P

(1) we rruervee bome T
(110 28 0 {peladive Lo Py [11].
(i) = g| 7 for some 0 g - 25— 221

Remarks, Parts 1) and 2] are sometimes referred to as "Losin’s st
andd 2nd Theorems”. Part 33 waos originally proved for continuous functions,
Wil Lhe prools Tor the measurable case follow casily from part 1} and the
results inalicated o Lhe references given.

Fxanmrerm 170 I b5 well known that von cannot make the set M of part
1) be eo-Ty. even for g 737 [Baire-1) Dunclion. For example, if O, Oz
15 a sequence of disjoint Canlor sels such Thal AL, L), ]’ = (], angl
flx) Lin for x = €4, and fi{x) — 0 otherwise, then f s such a £
function. This example also shows that voo cannol make The sel A ol part
1) e co (&™) because if M is i:r_‘l—{-HD}: Af intersects every Cantor sel. This
menns that M owould be dense in every O and also dense in (G0 00007,
s that flAf could not be continuous at the elements of AL 717

FxamPLE 12, It is known that wou can malke the set A of part 1) be
dense in K hecanse of Blumberg's Theorem [2] but that vou cannot malke A
sitnulianenusly dense aond non-Lg because of the cxample described above,
Cleder has aelnally shinen (see Lhe prool of Example 2 of [6]) that vou cannot
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make the st AL of part 1] cirmnltaneonsly dense and of cardinality o (you
can obtain this for H, and (4] measurable f.oas we will see helow ).

FxavpLe L3 11 is known that yon canmol make the set M ol part 1)
non T, even (assining CHY for a Li-measurable £ such as that described
in Bxample 1 oof 141 That same exatn ple shows Lhat you cannot make the
el A of part 2] be non TTC 1 cuch an A and Foexisted. fi 00 conld be

eviended to a Borel Tinction g @ & — T3
corFOTaot & s that g,V is continuous [t
Rt it would Tollow that & 772V is non I

continnos, This is & conlradietion.

FxanrLE 1.4, Known continnos b
auch as the almost nowhers approximatel

nik [-'?:1

Then g could be restricted woa
his [ollows Mom Thenrem 2 helow ),
(*and fI{M NI =y

(A NN s

wlly mon-dilferentiable functions,
v dilforentiable functions of Jar-
showe thal you canmod make the set ol part. 3) he non L or non-1C

Mearation, Before discussing the next fwo examples, we need to de-
e cerlain notations. 77 denotes lhe 7 times continuonsly differcntiable
functions as ususl. L denotes the o times differentiable functions. =1t
(with the quotes] dunotes he functions which ace differentiable in Lhe ex-
tonded sense, Le. allowing +oc as ™ wible derivative walues [continualty of

Lhe funetion is regqnired ). M

deniies those “137 funelions fosuch that

thee extended real-valned funclion f' iw continuons in the cxtended sonse.

Tr general, 07 denotos those functions fin (o

U yneh that 4771 is in

sppte ] and ™7 denoles those [unctions fin =" such thal Fil i contin

Lons in the extended sense. TH <o <

1. then Lip™ denotes Lhose funelions

fanch tha {{f{e] — Fld e - wt iy wa bounded set, and CHF7 denotes

those functions £ in €7 such that fisin Lip”

au Tollows:
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 These properlics are related
Lip' + Lip®

Dl o :-:Dln .

I.I.{""'l i

where (0 denotes the continuons functisns. Wote Lhat %l ¢ e not

the same.  No implications belween these

diagram buerlel.

properlics not indicated 1n the

Examri i 1,5, The guestion of whether the function g ol 3]l el
be made to be CF eoen for condinuous I, was slated in M. A Olevskil
annonnced 1hal he had obtained a solution to this problem in his lecture
At the 13ih Sommer Synposinm L1 Tteal Analysis held i June, 1994 L1
particular, he announced Lthat there oxists @ Lip' [ A -~ o =uch that [var
overy 0 < o < 1 and every g € £ 10 the intersection f g is countabie.
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(17 is a summary of Olevskil’s tall and includes a sketeh ol how that ex
ample is to be constrieled. Let riw) — 1 for D < m <0 172 and izl = 1
lor 172 < o« L, andd lel r e periodically extended to K. Then, {or small
ernough g ¢ (0, 1) and for rapidly increasing integers Lo b Lhe Tunelion
-
Fl::;e.'::l — J }:q.ﬂ-ﬂi.ﬁnﬂ if

il I

will hawve | he desired properties, Bl is the set ol positive integers. The come-
plete prool ol Lhis has not appeared yel, hot This anthor was able to work
ont a prool e s own satisfaction that the example worls, for example,
when g — 0L and v, — o™l We also noticed in Lhe process that [ has no
aneonntable intersecion with any % g« B — B hal that & docs hove o
prrfeed snlersection wilh s g R — B We now prove Lhis latter fact.
W will be pritharily iowerested in the derivative fnnelion Flal = Fila),
which is the function defined by the infimte smn inside The integral sign
abiove, Lhis Mnetion s delined oonly at the o's outside of Lthe connlable sct
of mumbers (k™ 0k an integer, w2 ) For each oo TLowe will lind 1t
convenient to notice that the praph ol f lies in the anion of a4 cerlain col-
Lo of 2(x™! disjoint “hoxes™ (interiors of reclangles with sides parallel
Liv Lhe axes),

For 11 — 1, for example, it is cosy Lo see that the geapl ol f lies in the
nnion of the two Boses (00 e (300, 107900 and (5, 1= [ 8/, JIREREIIND
We denote the ordinales ol the middles of vhese two Twowes with Lhe generic
nolation miy — L. 1. The heighl of both boxes iz fip = 2/90 and Lhe width
nf Both boxes 15wy, = 172

Vor no= 2, 2°01' = 24 disjoint boxes are shosen from cach of the twa
hoxes of Stame 1, ax helicated i Figure 1
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We denote the (4 different) ordinates of the middles of the resulting 153
Boxes by the generic notation me — my &+ (112 The height of all 24 boxes
is by = 20,0170 and the width of all 24 boxes is wy — 172 - 41,

o peneral. al Stage @, o™ in 17771 digjoint boxes are chosen from
each of the 20w — 17 ' boxes of Stage 0 1 in a similar fashion to the
above.  We denode The (2% dlillerent) ordinates of the middles of The re-
sulting 2in™1) bowes by the penerie notalion me, = e, + 01070 The
hetght of all 20n™!) boxes iz hy = 200070 and the widih of all bowes s
wy, o~ 1020 )0 Notice that as ninereases, the boxes are metting very nar-
row, in that lim, o Ry S, — 200

If for cach n, I, denotes the union of the 2(n"!] boxes of Stage n, then
the graph of f is coual to the set {7,y M-

MNow we will dlescribe a porfect set 2 2 00, 1] and o *C%" fanction & such
hal Fle) — e Tor cach w0 L We will actually describe the derivative
g — ol i

First, we pick lwo hoxes Sy oand O {wilh X-projections fyoaml £, re-
spectivelv) from amons the 24 hoxes constrocted inside Lhe bhox (0, 5] =
(RS, LOAO0) i Stagee 2 abweee Gaee Figare 110 Bos By owill be Lhe "apper”
hax to the left of but closese to the sertical Tine theengh the point o — 25
and box by will be the “lower™ box to the right of but closest to the same
vertical line. In cthis first step, we can see that J, = 195 — 2744, 25 — 1/14]
and f; — [ 254 1A18, 25 4 2718],

Let sy denote the slope of the slanted hoe extending [vown the lower lef
corner of the box by to the upper right corner of the box 5. Notice that
sp — el 2710007, for a negative constant e, and that the slope of a line
Letweren any point ol box g and any point of box by is less than 5o,

Aben nobiee thal becaose ol che sviooetey and Che Tractal oatoare ol Lhe
oraph of . 06 s troe that 000 < = <0 1724w — (26 — 1724 — =, A
o= 254 172 4 e, then

b it

j‘ fiee)de — J iy il where oy -1
" .

MNext, we will pick boxes boo oand by (fwith X oprogections Ty and Fiyq,
respectively ) to be teo of the 37729 (otice that this is an even integer)
Liozeass constrocted al Stage 3 above nside box By, Box bog will be the “apper”
oz Lo Lhee Left ol ot closest to the vertical line through the midpoint of
fooanad Do by owill D the “loseer™ box Go Lhe right of bat closest 1o Lthe
sarme verbical  lioee Boxes G oand b Dwilhh X -projections fiq aond £,
respectively ) will be chosen inoa sinolar Tashioen aEede box Gy,

Nowr, suppmese o 3 and we have deseribed f5oand fy o every binary
sequence o © {0, 13" We will pick boxes by oand fue (with XN -projections
fan and 41, respectively) to be two of the w00 — 10" U (notice that this
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is an cven integer) boxes constructed at Stage nabove inaide bos 6. Bos
bin will be the "upper™ box to Lthe left of butl closest 1o Lhe verlical line
through the midpoint of £, and bog by owill be che Slowee™ Taos b Lhe righi,
ol but closest Lo che same vertical [ine,

It o« {I:],l]“. let 5,40 denote the slope o dhe slanted Hine extending,
frenne Lhe lower el corner ol The box by b The apper right corner of the
s Dy Nodiee Lhal &, 0 — el + 137 | 1!}{-!_]""" 1: liie Lhe same nepative
vornstant o indlieated above, and that the slope of o line between any point
el Do rgy moned sy prsind o box By is Tess than &, .

Also nehice Lhiat hecanse of Lhe svoamelry and the fractal nature of the
wraph of L0 is teae thar 00 -0 e 10201, @ i distance £ to the left of
Lhe ripchit ened of T, and vois distanes © fo the righe of the left end of Fj,

then
o v
Jl‘ fla)de = J m,, di
Ef u
whare iy, s the ordinace of the midpoint of box 6.

The perfect el Po— (fy 0 Ty o (Fup W B W g Wi 710, and the
funetion giz) is defined to be equal to the function f(x) for » € 7. Sup
pose [, ) i a sepment contisuous to the perfect set /7. There is a first n
such that u and © are separated by intervals Ty and £ at Stage w0 (e for
some o = {0, 11" Then the point {w, glu)) 15 on the lower edge of box
bag aud the point (v, gle)) is on the upper edge of box by . Furthermore,
w 1y the same distance to the left of the right end of L as ¢ s 1o Lhe
right of the left end of £y, We define g on the interval [uw, v as follows.
Connect the point {u, giu)) to the point (v, g{0]] wilh a decreasing (1"
Lnoction ¢ which has derivadive oo al bobhe s and e, has derivadive Tess
I b .wwl.f"‘.? Al every pueinl of :_-'u.,-.lr], andd which is syrmmetrie ahout the point
mitlway between (o, glu)) aml (oo glel) This can be accomplished by piec-
ing Lopel her two small cirenlar ares smanating from the two end points, and
Lhen connecting the ares by oacstraiphe Tine. Tt follows from che symmetry
RIEY

f el de = f fiepde = I My da
Lt il L
where o, ix the ordinate of the middle point of box by,

The Tunelicn g is delined 1o the left of the left end of the perfect sec [
andd do the right of the right end of P oo be “O8 and to make F oand G
tateh up at the left end of 70 T follows that Fle) = Gz} for every © € I

ILoalso fodlovwws fromn the constraction of g that g'(n) = —oa for every
roe PPothan gois differentiable in the ordinary sense for all other », and that
g is O o that F is SC7" This completes the areument.
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The above construction has led the authar to helieve thal | he following
i% priobably truce,

CONIECTURE LG, For coery continuous £ 5 — B, there cotsts a 902"
G- s W owueh that f g s wneountable,

We are not al ihis stage able to provide a proof of Lhis conjecture. Hy
contrast we are able to give the following example, which shows thal Ghe
function g of 33{ii] cannot be made 1o he 002 [or even “LFE™)

FxasPLe 1.7, Phere cxists a B function F o3 B owhich has no
wnenwntable mterseelion with any 0% 90 T = B We will piece Logether
conntably many copies of the cxample constructed in the prool of hoo-
retn 22 of [1], which states thor for every £ = U there erists a perfoot el
PO L] et AP = L — = and o eontinuons Fo B — B such that 17y
s finete for ey DY g 0 010 ¢ 3 Tt was poinded ontoin 3] that Lhis
function § also has the property Lhat fx 0 fle) = glel) has no bidalerml
et poents awed ol mosi feately wmany one seded lmd points for crery I
o U.l] + 4

Wow, 4o begin the construction. For sach lo, Bl 1) Tt Pla B be s
perfect subset £ ol b with AMF) — (- ad/2. and lel fla b -
bies o continuous Tonetion T F I with the proporties deseriboed alioyve.
Also assume thal f o« b is mereasing and non negative A s the case in | he
example ol 11 Tet &% — 201 and £ - AT List the components of
01y ) oas Pl sl i o 7= 1,2 L Tor cach dolel Py Pl ),
let fr; = o 5, gl and lel €0 = Py L Py L B oL Tor the b step,
assume £ oand f g5 have heen defined Tor all Joand o), — 0 L
Fioia UVF 1o o0 List the comiponents of LTV Qe as {ln, b )
1.2,...} . For each 4, lol B o= Pl el fis - Flog ot and let

'|:|-_-;',-| [— QE A F;-_l L P-.L LI Lot ¢ — [ﬂ' r] [.!:..;Jf L. EJ;; L. ] i~ 15 i
dense (7,0 of measwre werm. et g, 1] — & be a continmms Creasing
uon-nepative himction such that g" o) = o for every r oo (. Heorder ane

vename {00 G f T sy — 120000 as HELLY 0 = 24, b Tor each 7,
el g s |00 LD — & e a 0™ function such (sl
glaed = Lite =+ 13w g o) gl 1 14
lor every a0 (D0 1] and Tet & = 0 be simall enough that
gl + 184+ 1) < g L) — & fila) < gl k1

lorevery o 0 M Let fla) - gle) e 03, and let Sl = gfe) 4 8 f )
if e P The finetion f s f2! (ine Tact upper scodcontinuous). Suppose
there exists o “I%7 function fe : 0,11 — % wuch hat the set Af — fa
Fle) = gla)}p s uncountable. Tet Q be o perlecl snbeet of A4 S s
differentiable on A and g' — —nc on €4 Q67 is linite. Then Chere IS an §
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such that Q% is uneountaide, Thos, ie Telliws Lhal [ has an nncewntalble
. . . R . ; S . . . .
intersection with the “0°7 funetion (5 — g0 /00, which ixa contradiction.

3. Functions with the DBaire property. The second most familiar
hesrem of the type we are considering here 15 part 1) of the following for
funelions with Lhe Baire property ™, which we are calling the 7, measurable
Funciions,

TueoreyM 20 0 0 — B s By cmensrnable, Hen

1) there prists o co-0'C set Mo suel thed [V s comidinnmsg ([T6 and 870,

21 there comsts o co FC set M oand a DY function F osuch that JIM —
KA

1 there ewists o porfoct set Fosuch that f|I7

(1] #= vk [T,
(i) is =D {velatioe fo P15,
hil] — gl for some "CTT g R — T A

Prool, Part 11 is sometimes called the Nikodvin Kuratowski Theoraim
and the prool can be fonnd in [16 and 4], Part 2] is new and the proof will
Followar ensily Cronm Theore .14 of the paper [18] of Petruska and Laczkovich.
That theorem implies Lhal o ALM) = 0 and f = g M for some olog -
|0, 1] — &, then [ — WA Jor some devivateee &2 [U1] - R To prove
2. first ler Mg be che sel Trome pact 11 of the theorem. Lhen, let M be
a co-I'C G, subsel of My osoch Thal AA) — 00 fIM can be extended to
n B g - |00 — T Te follovws fronm Lhe resoll gquodadd above that flM =
g A — RAT for some derivative oo 001 — B Then lel # be a £ fuoetion
such that £ — & This proves part 230 Part 3% was nod staled explicil ]y Tor
1, measurable functions ariginally, but follows Tram parl 13 aml Lhe resulls
concerning coutinuons functions in the papers referenced above. Nove Lhat
(i) of part 31 actually implies (i) of part 3}, which was nol che case in
1 heorem 1.

Fxanrim 210 1 s known that vou cannot make the set A7 of part 1)
non-fap, even (assuming CH) for a O measurable [ osuch as that described
in Faample 2 ol (4]0 Thal saone cxample shows that vou cannot inake the
set A af pert 20 b non-Ly el lave accontinuous &0 0,1 5 sach thad
Py = fla) Torevery a2 A0 1 auch an A4 and £ existed, A4 could be
extended toa Borel Tunction g 0 4 — 30 Then g could be restricted to o sct
N oof large measure <o that g & = continuons, Bul il vou make ALNT large
enongh, it would follow that A0 N is non=-Ty and SO O0NY — gl M 71N
= continuous. This s a contracdiction

Frawmenr 2220 We cannol remove the guotation marks [romn (i) and
it el part 3% becanse i was shown in Example 3.1 of 3] that there 15 a
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B-measurable {001 — B with ne 23 restriction to any perfect set, We
now shaow Chat OH binplies The exislence of 3 Be-measurable funciion which
has this property. Assume CH, and lew {5, o g b he a well ordering of
Lhie perfect sobsels of [001]0 Let Hp he a & Ly relatively dense subsct of
oo lel 67 — M0 Tet f) bee w comtinuous increasing Dunction with domain
(71 el that el = +o0 for every & € (7. Now suppose that o < wy . anld
i G, and [y have heen defined for every & < o (where the Hy are (05
setg ] For each 30 a0 let O, 4 be the maxiual relatively open subsel ol £
incwhich Hq g dense (€, 4 mizht be emply) and let I, denote the relalive
miterior of Py gL O o (07, may be ewpty |- Note that the (60, 50 0 < o}
must be digjoint and thav |, . s i relatively fiest category in {5, Thus,
we can let T, be o Gy Ly relatively dense subsel ol £5, Y g Moo Wi ran
wt &, — I, [Ur_-]{_,_“_l:ﬂ_,f; il ':-.:JH-:_-II_J]., and let fo bea fonelion defined on O,
which is continuons increasing with ['le) — —so on B, and which agrees
with fooon Ho 00, i Tor <2 o Ll [ be the union of the £, on the union
ol the Hand Tew [ be arbitrarily defined on the rest of [J l]_ It is clear
Lhat 8 # — B s any perfeen subset of 0 L] then &G, 1 o dense relatively
Crg wnimed of Posuch chat [ G s continuons. This s equivalent to f being
Fe-measurable (see [1G[) 1t is also clear that no f|8, is L because [)07,
will havie derivative identically equal 1o + o0

4. Marcezewski measnrable fonetions, The cheorem Tor (5] measa
ralide Jor “Marcaswski messurabile™ ] funetions i the following.

Treowen b IFF OB B s (s -noaswralde . S

L)t eists o perfectly dense subset Moof 2 (every open subsel of ¥
coadbaing o peviect subset of M) such fhat fIAT s continuous [4],

20 Hhere censts oopaenfeedly dense subael M of B oand & DY functien F
Foo A seh thead AT — FYIAT,

At dsame as 3 of Theormn 21

ool Part 1) was proved o [0 To prove 21 we could take the set A1
ol parl Traned lel M Deca perfectly dense subzen of A such that A =10,
Then (04 comld e continmonsly extended 1o a G oset, and that Tuoction
coulid chen b exeended toa B g - |0 1] — % Then we can call on the resnli
of Potruska ancd Lacekovich used carher to conclude that § A — g M — 047
for some derivative b (00 1]+ B Then, let £ beoa similive of & oand chie
prool of part 2] s obtained, Again, part 3] was ool original Ty siaded for
La 0 neasurable functions ot the prool Tllows Team el F1oanad the resiles
COTLCOTTING contimins functions which appear in the relirences given,

Exacipne L Teas known that vou cannob make Lhe sel Mool pars 1]
e non Ly oor onow T (assuming O for (si-measarable J <och as thac
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deseribwed in Fxample 3 of [4]. Thal <ame example shows that vou cannot
take the set M oof part 2] bee nom-Lyoor non-FC and have a continuous
Frofihbl — & soeh chan FYie) — flwe) for every w € A The reasoning is
sitnilar tor that of Fxample 1.3 and Example 201

FExarmrre 3.2 T was already pointed out in Example 11 that vou cannot
make the set M of part 1] be co-(s"), even if f is a B function. Neither can
vou make the set M be co (") and have a continuous 7 - [0, 1] — B such
that I'[x) — flx) for everv » & A, even [or the B function flr) = 1/
fwith (0] — 03 Il such an F oand M existed, then (7 Lo (r} =on a
co (&™) set (Luis the natural log function on (0,17}, Dut since the set where
(1" Ln)" exists 1s a Borel set, it follows that (£ L)' exisls and is e
on a co-countable seto WoGhereione Tollows chal 87— L is constant on (0, 1]|:

bt Lhis comtradicts Lhe assumption That 3 0 continoons om [0, 10
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